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AHOTALIA

ABSTRACT

®opmyniosaHHAa npobaemu. Y HAyKoBUX OOCMIOMEHHAX 3
couiosnoeii, oceimu, Gi3uKu, Ximii ma iHWUX HayK 8UKOPUCMOBYHOMbCA
mMemoou KopenayiliHoeo aHanizy. 3a 0ornomoezolo KoegiyieHmis
Kopenauyii eusHa4arome icHy8aHHA 36°A3Ky Mix< 0eoma i binewe
8ubipkamu OaHux.

BukopucmaHHA  KoegiyieHmie Kopenayii Hadae moxcausicme
00cnidHUKY 3’acysamu, Yu iCHYE 38’A30K Mix< 08oma Habopamu OaHUX,
a MAKoX Xxapakmep ybo2o 38°A3KY: cunbHuli yu cnabkud, npamul yu
obepHeHuli. 3ae80aKu memodam Kopenayii docnioHuK mae Oiesuli
iHCMpymeHm 017 NidmeepoMeHHsA YU CrPOCMy8aHHs 2inomesu.

Baxcnuse micye y 3acmocysaHHi KopenayiliHozo aHanizy Ha
npakmuuyi eidizparoms 3acobu iHopmauiliHux mexHonoeili. Li
3acobu  HAOawMb  MOMAUBICMb  3MeHWUmMuU 4ac 06pobKu
pesynbmamie Haykosux 00CniOxeHb y Kinbka pasig. [MpoepamHi
3acobu, AKi 8UKOPUCMOBYIOMbLCA M0 YAC KopeAaayiliHozo aHasisy,
8aPIOIOMbCA Y WUPOKOMY CrieKmpi: 00 HUX HaAexame i eneKmpoHHi
mabauyi MS Excel, i mamemamuyHuli nakem STATISTICA, i mosa
npoepamysaHHsA R. CrinbHUM HedosiKom 3a3Ha4YeHux 3acobis IT € me,
wo 0ocnidHUK, AKul ix euKopucmosgye, rnoguHeH mamu nesHuli
pigeHb mamemamuyHoi nidzomosku (STATISTICA), abo Hasuuyku
npozpamysaHHs (moea R), abo 8ukoHysamu 8g8edeHHs OaHUX 8pYyYHY
(MS Excel). BuHukae cynepe4Hicme mix moxcausocmamu IKT ons
KopenAyiliHo2o aHanisy i mum, K 80HU 3ACMOCO8YHOMbCA 30Pa3.

Mamepianu i memodu. [1id 4ac 8UKOHAHHA OOCAIOHEHHA MU
8UKopucmanu maki Memoodu: aHani3 i cCuHme3 HayKoeoi nimepamypu
3 KopenayiliHoeo aHanizy, meopii anzopummie, 06’€kMHO-

Formulation of the problem. In scientific research in sociology,
education, physics, chemistry and other sciences, methods of
correlation analysis are used. Correlation coefficients are used to
determine the existence of a relationship between two or more
data samples. The use of correlation coefficients allows the
researcher to determine whether there is a relationship between
two data sets and the nature of that relationship: strong or weak,
direct or inverse. Thanks to correlation methods, the researcher
has an effective tool for confirming or disproving a hypothesis.
Information technology tools play an important role in the
application of correlation analysis in practice. These tools enable
reducing the processing time for scientific research results by
several times. Software tools used in correlation analysis vary
widely, from MS Excel spreadsheets to STATISTICA and the R
programming language. A common drawback of these IT tools is
that the researcher using them must have a certain level of
mathematical training (STATISTICA), programming skills (R), or
manual data entry skills (MS Excel). There is a discrepancy
between the capabilities of ICT for correlation analysis and how
they are currently used.

Materials and methods. During the research, we used the
following methods: analysis and synthesis of scientific literature
on correlation analysis, algorithm theory, object-oriented
programming, and the foundations of scientific research;
comparative analysis of algorithms for calculating Pearson,
Spearman, and Kendall correlation coefficients; algorithmic

© The Author(s) 2026
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OpIEHMOBAHO20 MPO2PAMYBAHHSA, OCHO8 HAYKOBUX OOCIOHEHD;
nopigHANbHUL aHANi3 anzopummie pPo3pPaxyHKy KoediyieHmis
Kopenauii MipcoHa, CnipmeHa, KeHdanna; anzopummiyHuli memod
0717 nobydosu anzopummis PO3PaxXyHKY Kopenayii; memoou
06'€KMHO-0PIEHMOBAHO20  NPO2PAMYBAHHA 048  MPO2PAMHOI
po3pobreHux anzopummis; Memodu Kopenayii; mecmyeaHHHA
obyucnosanbHoi  cknadHocmi anzopummie; mecmyeaHHA
MmoYyHoCMi; mecmyeaHHA BUHAMKOBUX cumyauili (Mponyck 3Ha4eHs,
pi3Hi po3mipu 8ubipokK), mecmysaHHA cmabineHocmi.

Pe3ynemamu. PeanizosaHo mogoto C# anzopummu ob4ucneHHA
Kopenauii lMipcoHa, CnipmeHa i KeHOanna. [1i0 4ac po3pobru
BUKOPUCMAHO  KOMIMOHEHMHo-opieHmosaHuli i  06'ekmHo-
opieHmosaHuli nNioxodu y npo2pamysaHHi. Anzopummu ob64YucneHHs
Kopenauii MipcoHa, CnipmeHa i KeHdanna npedcmaesneHi mosoto CH y
8u2na0i npoepamHoi 6ibniomeku y popmami DLL, ska cknadaemoca
3 5 knacis. Po3pobneHi knacu i memoou 011 ob4ucneHHA Kopenayii
MipcoHa, CnipmeHa i KeHdanna. O6’€KMUBHOK HOBU3HOK €
npo2pamMHa  peanizayia  anzopummy  0BYUCAEHHA  Kopenayii
Kendanna 0na naamgopmu .NET. [0Aa po3paxyHKy 6Ka3aHux
KoegpiuieHmie kKopenauii po3pobneHo dodamok CorrAnalyzer, do
K020 MIOK/0YEeHO cmeopeHy npozpamHy bibaiomeky. Po3pobneHi
6ibniomeky i 000amoK 00yinbHO 8UKOPUCMOBY8aMU y Nedaz2o2i4Hux,
MCUX0/02IYHUX, COYion02iYHUX OOCNIOHEHHAX O BU3HAYEHHS
387A3Ky Mix 08oma subipkamu.

BucHoeKku. Memodu Kopenauii 3acmocosytomscs 0418 8U3HAYEHHSA
38°A3Ky Mixc dsoma subipkamu. Halibinbw 4acmo 8uKopucmosyomscs
Kopensayii lMipcoHa, CnipmeHa i KeHdanna. KoediyieHmu Kopenauii
MipcoHa, CnipmeHa i KeHOanna 8i0pi3HAOMbCA 30 MPUHUUMOM i
an20pUMMOM  PO3PaxyHKY. Ha ocHosi pesysnbmamie mecmyeaHHA
moyYHocmi, 064uCt08aIbHOI CKAAOHOCMI | BUHAMKIE BU3HA4EHO
npudamHicms po3pobaeHux Memodie 078 30CMOCY8AHHA M0 Yac
06pobKu pesynbmamie excnepumeHmy. [1aa mozo, ujob cmeoprosaHa
npoepamHa 6ibniomeka a6naa1a coboro nomyxHul iHcmpymeHm 018
8U3HAYeHHA 368°A3Ky Mmixc eubipkamu, e Hili peanizosaHi eci mpu
memoou  Kopenayii.  bibniomeky 018  po3paxyHKy — Kopenayil
peanizosaHo y suenadi komnoHeHma (¢atiin DLL), akul iHme2poeaHo y
dodamok CorrAnalyzer, HanucaHul mosoto C#. Jlodamok CorrAnalyzer
npusHaveHuli 008 8U3HAYEHHSA 38°A3KY MIiX( HesenuKumu eubipkamu
(6o 1000 3HayeHs).

Y nepcniekmusi po3pobseHy npozpamHy 6ibsiomeky AoyinbHo
00MoBHUMU Kaacamu O pPo3paxyHKy Kopenayii Memeotosa i
KOHKopOayii.

method for constructing correlation calculation algorithms;
object-oriented  programming  methods  for  software
development of developed algorithms; correlation methods;
computational complexity testing; accuracy testing; exception
testing (handling missing values, different sample sizes);
numerical stability testing.

Results. Algorithms for calculating Pearson, Spearman, and
Kendall correlations have been implemented in the C# language.
During development, component-oriented and object-oriented
approaches in programming were used. Algorithms for
calculating Pearson, Spearman, and Kendall correlations are
presented in the C# language in the form of a program library in
DLL format, which consists of 5 classes. Classes and methods for
calculating Pearson, Spearman, and Kendall correlations have
been developed. The objective novelty is the software
implementation of the algorithm for calculating Kendall
correlations for the .NET platform. To calculate the specified
correlation coefficients, the CorrAnalyzer application has been
developed, which connects to the program library created. The
developed library and application are recommended for use in
pedagogical, psychological, and sociological research to
determine the relationship between the two samples.

Conclusions. Correlation methods are used to determine the
relationship between two samples. The most commonly used are
Pearson, Spearman, and Kendall correlations. The Pearson,
Spearman, and Kendall correlation coefficients differ in their
principles and calculation algorithms. Based on testing results for
accuracy, computational complexity, and exceptions, the
suitability of the developed methods for processing experimental
results was determined. To make the software library a powerful
tool for determining relationships between samples, all three of
the above correlation methods are implemented in it. The library
for calculating correlation is implemented as a component (DLL)
that is integrated into the CorrAnalyzer application, written in C#.
The CorrAnalyzer application is designed to determine the
relationship between small samples (up to 1000 values).

In the future, it is advisable to supplement the developed
software library with classes for calculating the Matthews
correlation and concordance.
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INTRODUCTION

Formulation of the problem. Scientific research in sociology, education, physics, chemistry, and other sciences uses
methods of correlation analysis. Correlation coefficients are used to determine the existence of a relationship between two or
more data samples. Using correlation coefficients allows the researcher to find out whether there is a relationship between two
data sets, as well as the nature of this relationship: strong or weak, direct or inverse. Thanks to correlation methods, the
researcher has an effective tool for confirming or disproving a hypothesis. Information technology tools play an important role
in the application of correlation analysis in practice.

Existing solutions do not provide the necessary functionality (Math.NET Numerics, ML.NET do not have tools for
calculating Kendall correlation), data entry automation (STATISTICA, MathCAD, MATLAB, Accord.NET), and are designed for
outdated .NET platforms (Math.NET Numerics, Accord.NET). The proposed solution is aimed at developing a library and
integrating it into a software tool that will fully automate data processing and calculate Pearson, Spearman, and Kendall
correlations for given samples.

These tools make it possible to reduce the processing time of scientific research results by several times. Software tools
used in correlation analysis vary widely, from MS Excel spreadsheets to STATISTICA and the R programming language. A common
drawback of these IT tools is that the researcher using them must have a certain level of mathematical training (STATISTICA),
programming skills (R), or manual data entry skills (MS Excel). There is a discrepancy between the capabilities of ICT for correlation
analysis and how they are currently used.

Existing software tools provide limited functionality (for example, the Math.NET Numerics library provides Pearson and
Spearman correlation calculations, and does not calculate Kendall correlation, MS Excel, MatCAD and MATLAB software tools do
not provide the necessary automation of correlation calculations), some libraries do not contain modern implementations
(the latest version of Math.NET Numerics was released in April 2022, the latest version of Accord.NET was released in November
2017). Implementing correlation calculation algorithms as a library is advisable, since support for existing libraries (Math.NET
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Numerics, Pandas) may be discontinued by developers. In addition, when developing a software tool that integrates many
functions (including automation of data processing, report generation, etc.), it is advisable to use your own library so that the
functionality of the software tool can be expanded in the future by expanding the functionality of the library (for example,
calculating Matthews correlation, concordance, etc.). Therefore, the software implementation of Pearson, Spearman, and
Kendall correlation algorithms, designed for the modern version of .NET, is relevant.

Analysis of actual research. Scientific sources on the research problem, in our opinion, can be conditionally divided into
the following categories: 1) studies that reveal the mathematical foundations of correlation analysis; 2) studies devoted to the
use of software tools and programming languages in correlation analysis. Let us analyze the scientific studies of the first group.
N.J. Gogtay and U.M. Thatte, in their article (Gogtay & Thatte, 2017), reveal the basic principles of correlation analysis. They
determine that correlation can be positive (direct), negative (inverse), or absent. By the strength of the connection, correlation
can be strong, weak, or zero. Therefore, correlation can be, for example, strong positive or strong negative, etc. Researchers
indicate that during correlation analysis, the following factors must be taken into account: 1) correlation analysis is inappropriate
to use when the input data for calculations are the values of the same variable in the same or different time intervals; 2) it is
advisable to plot a scatter plot during correlation analysis; 3) an outlier (a value that rarely occurs in the samples) can significantly
affect the correlation coefficient; 4) correlation analysis should not be performed if there is a nonlinear relationship between
different variables; 5) if the input data contain two separate groups of values that are significantly different, the calculations may
indicate a correlation (when in fact there may not be one); 6) the sample size should be calculated beforehand. If the samples
are small, the calculations may show the existence of a direct relationship (when in fact this is not the case); 7) if one sample
consists of data that are included in the second sample, the calculations may show the existence of a direct relationship.
M. Franzece and A. luliano (2018), in their study, examine such types of correlation as covariance, Pearson, Spearman, and
Kendall correlation coefficients. In their article, the researchers show confidence intervals and graphs of all types of distributions,
examples of applying different methods to small samples, and for data analysis, including the use of the R software tool to
calculate correlation. S. Senthilnathan (2019), in his article, notes that in software tools that perform correlation analysis, two
coefficients are mainly used: Pearson and Spearman. S. Senthilnathan, in the article, shows the principle of interpreting
correlation coefficients in scientific research in the social sciences. P. Schober and T. R. Vetter (2020), in their article, demonstrate
examples of the application of Pearson correlation and Spearman correlation in medical research.

Cicuttin et al. (2022) in their article demonstrate the results of developing their own correlation method, which is similar
to the Pearson correlation coefficient, and also prove the validity of the developed method as a result of studying impulses.

T. J. Cleophas and A. H. Zwinderman (2018) offer their own approach to determining the correlation between two
continuous variables, which consists of applying Bayesian linear correlation analysis. R.J. Janse, T. Hoekstra, J. K. J. Jager, C. Zoccali,
G. Tripepi, F.W. Dekker, and M. van Diepen, in their article, reveal the main limitations and hidden moments of correlation analysis
(Janse et al., 2021). The article considers issues related to correlation: variance and its interpretation, linearity of correlation, range
of observations for correlation, non-causality of correlation, agreement between methods, intraclass coefficient, 95% agreement
limit, and Bland-Altman plot. J. Chen, G. Wang, and G. B. Giannakis, in their article, propose a new approach in multi-species canonical
correlation analysis with graph regularization, as well as a dual approach adapted for cases when the number of data pairs is less
than the size of the data vector (Chen et al., 2019). Let us analyze the second group's research in more detail. D. Makowski, M. S. Ben-
Shachar, I. Patil, and D. Liidecke in their article give examples of calculating the following types of correlation: linear (Pearson), rank
(Spearman, Kendall), two-weighted average, distance correlation, percent curvature correlation, Shepherd's Pi correlation, point-
biserial and biserial correlation, polychoric, tetrachoric, partial, multilevel (Makowski et al., 2020). The article also provides the results
of calculating the correlation using a program in the R language. But there is no assessment of their characteristics, such as time
complexity and accuracy. The developed application is posted on the resource (https://github.com/easystats/correlation).
Disadvantages: the created application is not intended for the .NET platform.

S. Yadav (2018) indicates that two correlation coefficients are most often used: Pearson and Spearman, and also
demonstrates graphs depicting different types of relationships. The article also gives examples of calculating correlation
coefficients using the SPSS software.

J.-Ch. Yoo and T.H. Han (2009) in their article demonstrate a fast algorithm for calculating the normalized cross-
correlation without using the multiplication operation, as well as the results of testing the algorithm on a sample of 100,000 test
signals. A correlation calculation algorithm for signal processing is developed.

W.N. Arifin (2018) developed a calculator for calculating sample sizes used in statistical analysis. Using this calculator,
scientists can calculate sample size for Cronbach's alpha, intraclass correlation, kappa, and Pearson's correlation coefficient.
B. Winter (2019), in his book, provides examples of calculating Pearson's correlation using R. R. Vallat (2018), in his article,
describes a Python package called Pingouin, which is designed to automate statistical calculations, including the calculation of
repeated measures correlation coefficients and robust correlations. This package is built on the basis of the Pandas library. In our
opinion, this package has only one drawback: it is built on the basis of third-party software, support for which may be discontinued
by the developers.

The article (Rayhan, 2025) compares the Pearson, Spearman, and Kendall correlation methods based on the following
criteria: type (parametric or nonparametric), data type (for which the method is appropriate), and limitations. The article also
provides heat maps for the specified methods, generated using the KARL Lab Correlation Tool (developed by the article's authors).
This software tool is written in Python using Streamlit, Pandas, NumPy, SciPy, Matplotlib, and Seaborn libraries. Disadvantages:
the developed software tool is not focused on the .NET platform, uses third-party software, and is also intended for use in the
field of Data Science and business analytics.

0. Derevyanchuk (2025), in his article, describes the software implementation of the Pearson correlation algorithm in
Python in the form of the software tool egres_ed_25. The article also presents the results of research into the relationship
between the study of different disciplines by university students. The developed software tool uses the third-party library
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Matplotlib. The article does not disclose the accuracy and time complexity of the developed algorithm that calculates the Pearson
correlation.

Let's analyze the software tools with which you can calculate correlation. These include STATISTICA, SPSS, Microsoft
Excel, the Math.NET Numerics library, and the built-in Correlation method of the C# language.

Using STATISTICA and SPSS, you can calculate Pearson and Spearman correlation coefficients. However, these software
tools are paid.

Microsoft Excel provides the ability to calculate the Pearson correlation between two samples using the built-in Correl
function. Other correlation coefficients are not calculated.

The software tool FinnCorr (Dakilir, 2024) is a powerful tool for financial analysis and includes a function for calculating
Pearson correlation. Disadvantage: limited functionality (only calculates Pearson correlation).

The CorrelEstimator library (Mith0304, 2015) provides the ability to calculate Kendall correlation and is designed for
use on the .NET platform. Disadvantages: unstable operation, limited functionality.

The Math.NET Numerics library is a powerful tool for performing algebraic and statistical calculations: probability
distribution, pseudorandom number generation, matrix operations, complex numbers, linear regression, curve fitting, financial
statistics, Monte Carlo method, Fourier transform, and others (Ruegg, 2025).

The Math.NET Numerics library contains functions for calculating Pearson and Spearman correlations, but does not
have a function for calculating Kendall correlations. However, in cases where the data distribution is not normal, there are a large
number of identical values, and when the sample size is small, it is advisable to use Kendall correlations. The library we have
developed provides the calculation of Kendall correlations.

The time complexity of the algorithm for calculating the Pearson correlation is O(n). In this library, the method for
determining the Pearson correlation is optimized so that the number of passes through the data array is minimal (usually
2 passes). Therefore, the Correlation.Pearson() method of the Math.NET Numerics library will be efficient for large samples. The
algorithm makes two passes through the data arrays: 1. The first one is to find the average values. 2. The second one is to calculate
the numerator and denominator. Each pass has a complexity of O(n). All other operations (division, root, multiplication) are O(1).
So, the total complexity: T(n)=0(n)+0O(n)+0(1)=0(n).

For Spearman correlation, the complexity of the algorithm is calculated as follows: 1) ranking: sorting the array
O(n\log n); 2) calculating averages and sums: one pass O(n). Total complexity: T(n)=0(n log n)+0(n)=0(n log n).

The Accord.NET library is designed for machine learning, but it includes functions for calculating Pearson, Spearman,
and Kendall correlations. However, the latest version of Accord.NET was released in 2017, so new versions of the .NET Framework
require a new implementation of this library.

Pearson correlation calculation (in Accord.NET library Pearson correlation realized as a structure PearsonCorrelation in
Accord.Math.Distances namespace): 1) first, the average values of the arrays are calculated; 2) then one pass is made for the
numerator and denominator. Algorithm complexity: Calculating the averages: one pass through the array — O(n), calculating the
sums of deviations: one more pass — O(n). Final operations: constant — O(1). Total algorithm complexity: T(n)=0(n).

Accord.net does not have built-in methods for calculating Spearman and Kendall correlations. For these, you must use
ranking functions and write the method for calculating the correlation manually (Measures Methods, 2017).

Results of testing built-in methods for calculating correlation of the Math.NET Numerics and Accord.NET libraries. To
process 2 samples of 1000000 elements, the Math.NET Numeric library spends 161483 clock cycles, the Accord.NET library —
787329 clock cycles. The result of the Correlation.Pearson(x, y) method of the Math.NET Numeric library is a number, the Pearson
correlation coefficient, in the Measures. Using the Correlation(xy) method of the Accord.NET library, the result is a correlation
matrix. This matrix should be further processed using other functions to obtain the Pearson correlation coefficient. From the
above data, we can conclude that the Math.NET Numerics library is more suitable for use in the application, since it works faster
and using the Accord.NET library requires writing additional code. For the Correlation.Spearman(x, y) method of the Math.NET
Numeric library, the test results are as follows: for samples of 1000000 values each, the processing time was 6792208 clock cycles.

API development testing. To use the methods of the Math.NET Numerics library, it is enough to connect the library and
call the corresponding method, so according to the "API development" criterion, this library can be assessed at a high level. To
use the methods of the Accord.NET library, you need to connect the library itself and write additional code to get the result
(for the Pearson or Spearman criterion) in the form of a number, not a matrix. Therefore, according to the "API development"
criterion, the Accord.NET library is assessed at an average level.

The analyzed articles contain a description of correlation methods (Pearson, Spearman and Kendall), a comparative
analysis of Pearson, Spearman and Kendall correlation methods, a description of the software implementation of correlation
methods, a description of the developed applications and their application to determine the accuracy of some correlation
methods (mainly Pearson and those developed by the authors), The comparative analysis of Pearson, Spearman and Kendall
correlation methods is relative, the authors do not evaluate the developed algorithms using clear metrics (time complexity of the
algorithms and their accuracy). The applications developed by the authors are mostly written in Python and use third-party
libraries. That is why we consider it advisable to develop our own library for calculating correlation, which will calculate the
Pearson, Spearman, and Kendall correlation coefficients.

The purpose of the article is to reveal the features of the software implementation of algorithms for calculating
Pearson, Spearman, and Kendall correlations in the C# language as a separate component.

METHODS OF THE RESEARCH

During the research, we used the following methods:
— analysis and synthesis of scientific literature on correlation analysis, algorithm theory, object-oriented programming,
and the foundations of scientific research;
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— comparative analysis of algorithms for calculating Pearson, Spearman, and Kendall correlation coefficients;
— algorithmic method for constructing correlation calculation algorithms;
— object-oriented programming methods for software development of developed algorithms;
— correlation methods;
— computational complexity testing;
— accuracy testing;
— exception testing (handling missing values, different sample sizes);
— numerical stability testing;
The developed algorithms are implemented in C# for the .NET 4.7 platform in the Microsoft Visual Studio 2022
environment.
Testing the computational complexity of all three developed methods was carried out using built-in methods of C Sharp.
During testing, we determined the time complexity of the algorithm for arrays of 1000, 2000, 4000 and 8000 random numbers.
During testing, clock cycles were counted. Testing was carried out 5 times, and the average number of cycles required to process
the array was determined.
Methodology for testing the accuracy of calculations performed by the algorithm:
1. Calculation of Pearson correlation using MS Excel for arrays of 100, 500 and 1000 numbers.
2. Calculation of Pearson correlation performed by the developed method.
3. Comparison of the obtained values using MS Excel and the developed method.
Testing the accuracy of the Spearman correlation algorithm was carried out for the following sample sizes: 100, 500,
and 1000 random numbers. The result was then compared with calculations performed in MS Excel.

RESULTS OF RESEARCH

Let us first consider the algorithm for calculating the Pearson correlation coefficient. It is described in (Cleophas &

Zwinderman, 2018) and is calculated using the formula:
_ nEi(xy)-Cix) Civi) (1)

N A i M

Where x, y; are the values of both samples.

Fig. 1 shows the algorithm for calculating Pearson's correlation. The main features of the algorithm:

1) to calculate the Pearson's correlation coefficient, a table of values is required (i.e., a two-dimensional array);

2) the first two columns of the array are filled with values, and the other three are calculated;

3) before entering data into the array, they are checked for gaps and symbolic values. If these bugs are present, the
input of the values of x and y is skipped;

4) as new values of x;, y; are added to the array, their sums, sums of squares, sums of products are calculated;

5) the data contained in the cells of the array are fixed;

6) after the data entry is completed, the Pearson correlation is calculated;

7) itis possible to combine the calculation of the Pearson correlation and the class constructor.

Tx

Fig.1. Algorithm for calculating Pearson's correlation
Source: author's development
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The PearsArray class has been developed to calculate Pearson's correlation. Class members: RecordsArray fields (two-
dimensional array of values), N (number of rows), Sx, Sy (sums of samples x and y, respectively), Sx2 and Sy2 (sums of squares of
samples x and y), Sxy (sum of products xy), r (correlation coefficient). Class methods: PearsArray (constructor), SetArray (setting
array values), Correlation (returns correlation coefficient), Conclusion (determines and returns conclusion).

Let us consider the results of testing the developed method for calculating Pearson correlation. The results of the time-
complexity test are shown in Fig. 2.

Pearson Correlation Method
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Fig.2. Results of testing the time complexity of the algorithm for calculating the Pearson correlation method
Source: author's research

The figure shows that the time complexity of the algorithm O is directly proportional to the sample size (O(n)).

Results of testing the accuracy of the developed method for calculating Pearson correlation. The algorithm for
calculating Pearson's correlation was tested for accuracy on samples of 100, 500, and 1000, and the results were compared with
those calculated in MS Excel.

Table 1. Results of testing the accuracy of calculations using the Pearson correlation method

Sample size Calculation results Calculation results in Absolute error
of the method MS Excel
100 -0.118945878 -0.118945878
500 0.009701465 0.009701465
1000 -0.024792625 -0.024792625

Source: author's research

Therefore, the developed algorithm achieves a calculation accuracy of up to 0.000000001.

Testing for missing values and unequal samples was performed during the creation of the PearsArray class instance. If
a missing value was detected in one of the samples or if the samples had different lengths, an exception was thrown in the
PearsArray class constructor and the creation of the class instance was stopped.

Let's consider the algorithm for calculating Spearman's correlation and its software implementation.

The sequence of calculating Spearman's correlation is disclosed in (Gogtay & Thatte, 2017). Spearman's correlation is
calculated by the formula:
_ EXRE)i—R()i)?

n-(n2-1)

=1 (2)

A feature of Spearman's correlation is that it calculates the ranks of the sample x and the sample y separately. Features
of the algorithm:

1) the data for calculations can be presented in the form of a two-dimensional array;

2) the first two columns of the array are filled with the initial data, the other three columns of the array contain the
calculated data;

3) to determine the rank of each value from the samples x and y, it is necessary to make a pass through the array;

4) after calculating the ranks, another pass through the array should be made to calculate the square of the difference
in ranks, the sum of the ranks, and the sum of the squares of the ranks;

5) in the next step, the correlation coefficient is calculated;

6) each row of the table should be implemented as an instance of the SpRecord class; the correctness of the entered
data is checked in the class constructor; if the entered non-numeric value or the value is omitted, an exception is generated, and
the algorithm proceeds to the next step;

7) It is advisable to organize the entire data table as an array of SpRecord class objects.

To calculate Spearman's correlation, the SpRecord class (related sample values) and the SpArray class (contains all data
for calculations) were created.

The SpRecord class has the fields valX, valY (related sample values), RankX and RankY (respectively, the ranks of the x
and y values), dif2 (the square of the difference in ranks of x and y). Class methods: constructor.

The SpArray class is an array of SpRecord records and has the following fields: SpRecord (array of records), N (number
of records), Sx and Sy (sum of ranks of the first and second samples), Sdif (sum of square differences), r (correlation coefficient),
concl (conclusion). SpRecord class methods: SpArray (constructor), AddRecord (add record to array), Correlation (returns
correlation coefficient), Conclusion (returns conclusion about the existence of relationships).

11
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Fig.3. Algorithm for calculating Spearman's correlation
Source: author's development

The results of testing the time complexity of the algorithm for calculating the Spearman correlation are shown in Fig. 4.
The figure shows that the algorithm's time complexity is proportional to the square of the sample size (O(n”2)). The graph of the
O function has the form of a parabola.
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Fig. 4. Results of testing the computational complexity of the algorithm for calculating the Spearman correlation
Source: author's development

The results of testing the accuracy of the developed algorithm for determining the Spearman correlation coefficient are
given in Table 2.
Table 2. Results of testing the accuracy of calculations using the Spearman correlation method

sample size Calculation results Calculation results in Absolute error
of the method MS Excel
100 0.058919892 0,058919892 0
500 0.05650007 0.05650007 0
1000 0.04927515 0.04927515 0

Source: author's research

Therefore, the developed algorithm provides calculation accuracy up to 0.00000001.

Testing for missing values and unequal samples was performed during the creation of the SpArray class instance. If a
missing value was detected in one of the samples or if the samples had different lengths, an exception was thrown in the SpArray
class constructor, and the creation of the class instance was stopped.

12
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Let's consider the algorithm for calculating the Kendall correlation and its software implementation.
The sequence for calculating the Kendall correlation is given in (Franzece & luliano, 2018). The Kendall correlation
coefficient is calculated using the formula:
_ XpP-30
n(n-1)/2

(3)

Features of the algorithm for calculating the Kendall correlation coefficient:

1) a table of values is used for calculations, in which the elements of the samples x and y are linked to each other; each
pair of such linked values is combined into an instance of the KendRecord class; valid values are checked in the KendRecord class
constructor; in case of incorrect data, an exception is generated, in this case an instance of the KendRecord class is not created;

2) the table has 6 columns: the values of the samples x and y are entered in the first 2 columns, the next two columns
are the ranks of the values x and y, respectively, the last two columns are the number of coincidences and inversions, respectively;

3) during calculations, the rows of the table are sorted in ascending order (by the rank of the sample x, and the linked
values of the sample y must be moved);

4) subsequently, for each value of the sample y, the number of coincidences and inversions is calculated.
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Fig. 5. Schematic of the algorithm for calculating the Kendall correlation coefficient
Source: author's development

To calculate the Kendall correlation, the KendRecord and KendArray classes were developed. KendRecord is a linked

pair of values from both samples and has the following fields: valX and valY (linked values of both samples), RankX and RankY
(ranks of x and y values), P (number of matches), Q (number of inversions). Class methods: KendRecord (constructor).

13
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The KendArray class is an array of records (objects of the KendRecord class) and contains the following fields: records
(array of values), N (number of elements in each sample), P (sum of matches), Q (sum of inversions), tau (Kendall correlation
coefficient), concl (conclusion). Class methods: KendRecord (constructor), AddRecord (adds a record to the array), Correlation
(returns the correlation coefficient), Conclusion (returns the conclusion).

The results of testing the time complexity of the algorithm for calculating the Kendall correlation method are shown in
Fig. 6. The figure shows that the time complexity of the algorithm is proportional to the square of the sample size (O(n42)). The
graph of the O function has the form of a parabola.
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Fig. 6. Results of testing the computational complexity of the algorithm for calculating the Kendall correlation method
Source: author's development

The results of testing the accuracy of the developed algorithm for determining the Spearman correlation coefficient are
given in Table 3.
Table 3. Results of testing the accuracy of calculations using the Kendall correlation method

Sample size Calculation results Calculation results in Absolute error
of the method MS Excel
100 -0.655959 -0.655959 0
500 0.591991984 0.591991984 0
1000 0.391101101 0.391101101 0

Source: author's research

Therefore, the developed algorithm provides calculation accuracy up to 0.00000001.

Testing for missing values and unequal samples was performed during the creation of the KendArray class instance. If
a missing value was detected in one of the samples or if the samples had different lengths, an exception was thrown in the
KendArray class constructor, and the creation of the class instance was stopped.

All developed classes are arranged in one component (module) and implemented in C#. The class diagram of the
CSCorrelation library is shown in Fig. 7. The members of each class are described earlier.
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Fig. 7. Contents of the CSCorrelation library
Source: author's development
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The developed DLL library is connected to the CorrAnalyzer application (Fig. 8).

The application for calculating correlations consists of a main form and a secondary form. The main form displays a
calculation table. This table has a different appearance for Pearson correlation (Fig. 8), Spearman correlation (Fig. 9), and Kendall
correlation (Fig. 10).
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Fig. 8. CorrAnalyzer application (calculation of Pearson correlation)
Source: author's development

w5 Coarslatian Snalyzer - Combnatyzer 1.0 = a £

Input  Show  Caloulation  Report  Graph

Processing data
Humber Samgie X Samge ¥ Pk X Aark Y L3 ey 2
1] _2 7 2 S T 7 .49 |
2 a 1 T .] .ﬁ -]
[ 22 7 5 fa l2 |e
N I 15 P " s
5 i 35 4 E K] I
le 27 ) g s o o
|7 4 .i 5 .T .2 .l
.5 2 1 3 .‘ .2 -‘
] n 7 n (1] 1 1
I'1n 1 = 1 I In In
Lo 0554545454545  Conalusion The connection is strang, direct

Dt 25-12-26 Time 08:03:23 AM <02 Cosrelstion type Spearman

Fig. 9. CorrAnalyzer application (calculation of Spearman correlation)
Source: author's development
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Fig. 10. CorrAnalyzer application (Kendall correlation calculation)
Source: author's development

The additional form displays a frequency graph to determine the type of distribution of sample values: normal,
exponential, etc. (Fig. 11).

To check the accuracy of calculations in MS Excel, we created a random data set consisting of 2 samples of 11 values
each. The calculated values of Pearson's, Spearman's, and Kendall's correlations are 0.695, 0.556, and 0.384, respectively. For the
CorrAnalyzer application, the calculated value of Pearson's correlation for this sample is 0.697, Spearman's correlation is 0.554,
and Kendall's correlation is 0.383. Thus, the accuracy of the calculations of this application is up to the third decimal place. It
follows that the created application is advisable to use for relatively small samples (up to 1000 values).
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DISCUSSION

When developing a software tool for the .NET platform that calculates correlation, you can use the free .NET Numerics
and Accord libraries. But their functionality is limited, so when developing such a program, you need to write your own methods,
for example, to calculate the Kendall correlation. The approach proposed in the article involves developing your own library for
calculating Pearson, Spearman, and Kendall correlations and integrating them into one library. The proposed approach is more
rational from the perspective of further development of software tools, as it enables the addition of methods for calculating
concordance, Matthews correlation, etc., thereby significantly expanding the functionality of the developed library.

CONCLUSIONS AND PERSPECTIVES FOR FURTHER RESEARCH

Correlation methods are used to determine the relationship between two samples. The most commonly used are
Pearson, Spearman, and Kendall correlations. The Pearson, Spearman, and Kendall correlation coefficients differ in their
principles and calculation algorithms. To make the software library a powerful tool for determining relationships between
samples, all three of the above correlation methods are implemented in it. The library for calculating correlation is implemented
as a component (DLL) that is integrated into the CorrAnalyzer application, written in C#. The CorrAnalyzer application is designed
to determine the relationship between small samples (up to 1000 values).

During the research, software implementations of algorithms for calculating Pearson, Spearman, and Kendall
correlations were developed as a library for the .NET platform. The authors' contribution is a software implementation of the
algorithm for calculating Kendall correlations for the .NET platform, since the most common .NET libraries, Numerics and Accord,
do not have such a function. The developed methods for calculating Pearson, Spearman, and Kendall correlations were tested
for time complexity, accuracy, and failure rates (due to missing values and unequal sample sizes). All methods demonstrated
sufficient accuracy (the calculations were checked in MS Excel). The time complexity of the developed methods for calculating
Pearson and Spearman correlations is of the same order as the corresponding methods of the .NET Numerics and Accord libraries.
The time complexity of the algorithm for calculating the Kendall correlation is O(n”2), since it uses ranking. Research limitations:
testing of computational accuracy was limited to sample sizes of 100, 500, and 1000 random numbers, since the library under
development is intended for processing the results of pedagogical research, and the number of values is limited to these sizes.

In the future, it is advisable to test the developed algorithm for calculating the Kendall correlation on samples of sizes
2000, 4000, and larger, using more random numbers.

In the future, it is advisable to supplement the developed software library with classes for calculating the Matthews
correlation coefficient and the concordance.
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ABSTRACT

@PopmyniosaHHA npobaemu. Y cmammi npedcmasneHo
pe3ynbmamu  po3pobKU ma NPAKMUYHO20 BMPOBAOHEHHSA
aneopummiyHoi cucmemu 04 asmomamusayii  nid2omosKku
dudaKkmu4yHUX mamepiasnie 3 po30diny mpuzoHomempii. OCHOBHA
i0es 0ocnidxeHHA rpyHmMyemoca Ha nepexodi 8i0 mpaduyiliHo2o
mexaHiyHozo nidbopy 3ada4 00 modeni pesepcusHo20
KOHCMPYOBAHHA pieHAHb. 3anponoHosaHuli nioxio nepedbayae,
Wo npoepamHuli anzopumm 2eHepye Mamemamu4Hy ymosy,
suxo0s4u i3 3a30ase2idb 8U3Ha4YeHoi 8i0noeidi (kopeHis), wo oae
MOMUBICML  8YUMEND  MUMMEBD CMEOP8AMU  8e/UKy
Kinbkicme sapiamueHux 3a80aHb 0OHAKOB020 PiBHA CKAAOHOCMI
0715 3a6e3neyeHHs iHOUBIOYabHOI MPAEKMOPIT HABYAHHA.

Mamepianu i memodu. TexHiyHa peanizayia cucmemu
BUKOHOHA MOB0I0 Mpo2pamysaHHa Python 3 3any4eHHAM
6ibniomeku cumeosnbHux obyucaeHb SymPy. ¥ pobomi demanbHo
onucaHo po3pobreHy apximekmypy Kaacie, Wo o0Xomnaoms piHi
munu mpu2oHOMemMpPUYHUX PiBHAHbL: 8i0 6a308ux 00 0OHOPIOHUX
ma makux, wo po3e’azyomeca memodom 68e0eHHA HOo8oI
3MIHHOI. Bat/1u80t0 MexHiYHOK XapaKmMepucmuKor an20pummy
€ asmomamuyHa eepugikayia obaacmi donycmumux 3Ha4eHb ma
Qpinbmpayis cMopPoHHIX KopeHie wie Ha emani cuHmesy ymosu
3a00a4i, W0 2apaHmye abcoaAMHYy MAMemMamu4yHy Mmo4HiCmob
KOM(HO20 2eHepo8aH020 30680aHHS.

Pesyabmamu. OnucaHa cucmema € echeKmusHoo He auwe 017
onepamusHo20 KOHMPOA 3HAHb, a U 0na opeaHizayii
camocmiliHoi pobomu y4Hie y ducmaHyiliHomy ma 3miwaHomy
¢opmamax.  HassHicme  a8MOMAMUYHO  32eHEPOBAHUX
MnoKpoKosux  po3e’sa3kie  0o3gonae  30obysauyam  ocsimu
camocmiliHO ornaHosysamu an20pUMMU PO38°A3AHHA CKAAOHUX
30800Hb, MIHIMI3ylO4U MPO2aAUHU Yy 3HAHHAX 6e3 nocmiliHo2o
8mpyyaHHAa  nedazoea.  E¢pekmueHicms  3anponoHosaHoi
MemoOuKu nepesipeHo Mid Yyac NpakmuyHoi anpobayii Ha 6a3i
niyeto 'y YepHiseywkili obnacmi. AHani3  pesynsmamis
eKcriepuMeHmy [oKas3as, WO cucmemamuyHe BUKOPUCMAHHA
epcoHani308aHUX 30800Hb 00380/U0 YYHAM Kpawe 3aceoimu
mMemodu mpu2oOHOMempUYHUX fepemeopeHb, a cepedHili 6an
ycniwHocmi 8 ekcriepumeHmanbHuUx 2pynax 3pic Ha 15-20%.

BucHOBKU. Asmopamu B8CMAHOB/EHO, WO BMPOB8AOHEHHSA
maKkux yugposux HCMpymeHmie Cymmeso pPO38AHMAXCYE
8YuMers, 38iMbHAKOYU Yac 0119 MEOPYOi Memoou4Hoi disabHocmi
ma iHOugidyanbHOI pobomu 3 yYHAMU. Y 8UCHOBKAX BU3HAYEHO
nepcrnekmusu MacuwmabysaHHA pesepcusHo20 anzopummy 017
iHWUX mem Kypcy anzebpu ma Mamemamu4yHo20 aHani3y.

Formulation of the problem. The article presents the results of
developing and implementing an algorithmic system to automate
the preparation of trigonometry didactic materials. The core
research idea is based on a transition from the traditional
mechanical selection of problems to a model of reverse equation
construction. The proposed approach implies that the software
algorithm generates a mathematical condition based on a
predetermined set of answers (roots), enabling the teacher to
instantly create a vast number of variable tasks of the same
complexity level to ensure a personalized learning trajectory.

Materials and methods. The system's  technical
implementation is implemented in Python using the SymPy
symbolic computation library. The paper details the developed
class architecture, covering various types of trigonometric
equations, from basic ones to homogeneous equations and those
solved by the variable-substitution method. A crucial technical
characteristic of the algorithm is the automatic verification of the
domain of permissible values and the filtering of extraneous roots
during problem condition synthesis, which guarantees the
absolute mathematical accuracy of each generated task.

Results. The described system is effective not only for rapid
knowledge assessment but also for organizing students'
independent work in distance and blended learning formats. The
availability of automatically generated step-by-step solutions
allows students to independently master algorithms for solving
complex problems, minimizing knowledge gaps without constant
teacher intervention. The effectiveness of the proposed
methodology was verified during practical testing at a lyceum in
the Chernivtsi region. Analysis of the experimental results showed
that the systematic use of personalized tasks enabled students to
better master trigonometric transformations, and the average
academic performance in the experimental groups increased by
15-20%.

Conclusions. The authors demonstrate that implementing these
digital tools significantly reduces teachers' workload, freeing up
time for creative pedagogical activities and individualized work
with students. The conclusions identify opportunities to scale the
reverse algorithm to other topics in the algebra and mathematical
analysis course.

© The Author(s) 2026
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BCTYN

NocraHoBKa npobiemu. CyyacHWiM OCBITHIM NpoCTip YKpaiHU NeperKMBae eTan akTUBHOI LndpoBoi TpaHchopmalii, Lo
BMMAra€ Big, BUMTENA MaTeMaTMKM HOBMX NiAXoAiB A0 OpraHisauii HaB4anbHOro npouecy. B ymoBax 3miluaHOro HaB4aHHA
0Cc061MBO rocTPO NOCTalOTb NUTAHHA 3abe3neyeHHA 06'EKTUBHOIO KOHTPOJIIO 3HaHb Ta AOTPMMaHHA aKaZeMiuHoi 406poYecHOCTi.
TpaaunuiiHi meToam NiAroTOBKM ANAAKTUMHUX MaTepianis, Lo 6a3ytoTbCa Ha CTaTUYHMX NigPYyYHUKaX, MOCTYNOBO BTPAYaloTb CBOIO
edeKTMBHICTb Yepes WUPOKY AOCTYMNHICTb LNMPPOBUX 36iPOK roTOBOro AOMALIHBOIO 3aBAAHHSA, AKi HIBENIOOTb i4e caMoCTiMHOT
poboTV y4yHA. BogHoyac pyyHe CTBOPEHHA BYMTENEM YHIKAa/NbHUX BapiaHTIB KOHTPOJbHWUX POGIT ANA KOXKHOIO YYHA €
TPYAOMICTKMM NPOLLECOM, L0 HACTO YHEMOXKIMBIIOE peaiisaLito iHAMBIAYanbHOro NiAxXxoAy B YMOBAX BE/IMKOI KiJIbKOCTi YUHIB.

AKTyanbHIiCTb TeEMWU AOCAiIgKEHHA 3yMOBJIEHA HarasbHO NoTpebot Po3B'A3aHHA MPOTUPIYYA MiXK HeobXxigHicTio
336e3neyYeHHA KOXHOFo YYHA YHIKaNbHMM HABYa/IbHMM 3aBAAHHAM Ta OOMEXEHWMM 4YacoBMMM pecypcamu negarora.
BUKOPUCTaHHA Cy4acHMX 3acobiB MaTeEMaTUYHOTO MOAE/NOBAHHA Ta reHepaTUBHUX MOAENEN 4,03BOSE aBTOMATU3YBATU PYTUHHI
npoLecu CTBOPEHHA 3aBAaHb. 3aCTOCYBaHHA MOBM NporpamyBaHHA Python y noeaHaHHi 3 6ibnioTekammn cMmMBONbHUX 0BYUCIEHD
BiIKPMBAE MOXNUBOCTI ANA CTBOPEHHA a4anTUBHMX 3aBAaHb, WO BiANOBIAAIOTb BUMOraM LLKINbHOT MPOrpaMmu Ta BPaxoByOTb
iHAMBIAYyanbHi ocobamnBoCTi yyHiB. TakKMM YMHOM, po3pobKa METOAMKM BUKOPUCTAHHA aBTOMATU30BAHMX CUCTEM reHepaui
3aBAaHb € CBOEYACHOIO BiAMNOBIAAI0 HA BUKAUKM CyHaCHOI OCBITH.

HaykoBa HOBWM3HA OAep)KaHWX Pe3ynbTaTiB MOAArae B TOMY, WO Brepwe O6rPYHTOBAaHO AOUiNbHICTb MOEAHAHHA
6ibnioTekM CMMBOIBHUX 06YMCNEHb SYyMPY 3 METOAUYHUMUM BUMOTaMM YKPATHCbKOI LWWKOIN 419 aBTOMATMU3aL,ii KOHTPOJItO 3HAHb.
YpockoHaneHi nigxoamn no avdepeHuialii HABYaHHA Yepes BNPOBAAKEHHA PeBEPCUMBHUX aiTOPUTMIB reHepaLii, AKi rapaHTyoTb
OTPMMaHHA METOAMYHO AOLINbHUX («KPAaCUMBUX») Bignosigen.

AHani3 ocTaHHiX gocnigXeHb i nybnikauiin. Y HM3Li cydacHUX AocCniaXKeHb OBrpyHTOBYETbCA 3HAYHMIA MOTeHLUian
BE/IMKUX MOBHUX MOZENeN Ta iHTeNeKTyaNbHUX CUCTEM Y reHepaLii MaTemMaTUYHOTO KOHTEeHTY aAna STEM-aucumnnib, wo cnpune
NiABULLEHHIO AKOCTI OCBITHLOT 4iarHOCTMKM Ta aBTOMAaTM3aLii CTBOpeHHA HaBYanbHMX MaTepianis (Chan et al., 2025). 3okpema,
po3pobKa HbaratoareHTHUX GpPeNMBOPKIB 415 reHepyBaHHA MAaTEMATUYHMX 33434 AEMOHCTPYE ePEKTUBHICTb aBTOMATU30BAHOIO
nigxoady, fAKWA 3abesnedyye 6inbw ToyHe GOPMyNIOBAHHA 3aBAAHb | CMPUAE PaLiOHAaNbHOMY PO3MOAiINY KOFHITUBHOIO
HaBaHTaXKEHHA MiX y4acHMKamM ocBiTHboro npouecy (Karbasi et al., 2025).

Baknuse micue B LbOMY KOHTEKCTi MOCifatloTb CUCTEMU CUMBOJIbHUX 064YMCneHb. BUKOPUCTAHHA iIHCTPYMEHTIB Ha 6asi
6ibniotekn SymPy gns aHanisy Ta aBTOMATU30BAHOIO PO3B'A3yBaHHSA PiBHAHb PO3LIMPHOE MOMKIMBOCTI AOCNIOKEHHA CTPYKTYpU
MaTEMATUYHUX OB’EKTIB i NOrNMOBAOE KOHLENTyasbHe PO3yMiHHA HaB4yanbHoro matepiany (Ali & Khusro, 2024). Okpemi
[OCNIAKEHHA TaKOXK 3acBiavytoTb ePpeKTUBHICTb 3acToCyBaHHA 4aT-b60TiB, 30Kpema Ha ocHoBi ChatGPT, y npoueci BUBYEHHSA
TPUTOHOMETPUYHUX TOTOXKHOCTEW Yy CTapLUii LWKOAI, WO NO3UTUBHO BMJIMBAE HA PO3BUTOK NOMYHOTO MUC/IEHHA Ta HAaBYasbHOI
moTuBaL,ii 3406yBavis ocsiTu (Fitri et al., 2025).

AHani3 HaBeAeHUX NpaLb AAE NiACTAaBN CTBEPAKYBATH, LLLO PEriOHabHI aKLLEHTU A0CNIAXKEHb MatoTb NEBHI BiAMIHHOCTI:
30Kpema, asiicbKi HayKOBLi aKTUBHILE 30CepeaKyroTbCA Ha BUKOpUCTaHHI ChatGPT y wKinbHOMY Kypci maTeMaTuKK, Toai Ak
€BPOMENCbKI Ta amMepuKaHCbKi aBTOPW YacTile [OCNigKYOTb MOoTeHWwian SymPy y BWKN3AaHHI BULLOT MaTeMaTUKM
(maTemaTuuHOro aHanisy, NiHilMHoi anrebpu) Ta B po3pobui BiaKpUTUX CUCTEM aBTOMATUYHOTO PO3B’A3yBaHHA PiBHAHL. BogHoYac
33CTOCYBAaHHA CUMBOJbBHUX OBYMCAOBANbHUX CUCTEM Y LWKINBHOMY KypCi MaTeMaTWKWM Hapasi 3a/iMILaeTbCcA HefoCTaTHbO
npeacTaBNeHUM Y HayKoBUX Nybnikauiax.

Y UbOMYy KOHTEKCTi ocobnumeoi yBarn noTpebye NUTaHHA iHTerpauii 3a3HayeHuX MNiAXOA4iB Y CUCTEMY HaBYaHHA
MaTEeMaTUKM CTapLLOI WKOAM YKPaTHK.

OpraHisalifa HaBYaHHA MaTeMaTUKM B CyYacCHi YKPATHCbKi CTapLii WKOANi FPYHTYETbCA Ha NpUHUMNAX npodinbHoi
poudepeHuialii, WwWo nepeabayaloTb YiTKe PO3MEXKYBaHHSA 3MICTY OCBiTM Ha piBHi CTaHZAPTy, Ha piBHI npodinbHOro Ta
nornnbneHoro. Takuit Nigxis 3yMOBNIOE CYTTEBI BiAMIHHOCTI B METOAMYHUX CUCTEMAX HaBYaHHA, 06cA3i HAaBYAaNbHOrO Yacy Ta
BMMOrax 40 MaTeMaTU4yHOi KOMNETEeHTHOCTI YYHiB. 3MiCTOBa NiHIA « TPUFOHOMETPUYHI PIBHAHHA Ta HEPIBHOCTI» € iIHANMKATOPOM
uiei audepeHuiauji, OCKiIbKM AEMOHCTPYE nepexid Big, CYyTO MPUKNAAHOTO CRAPUNHATTA MaTeMaTUYHUX mogenei (piBeHb
CTaHAapTy) A0 FMBOKOro TEOPETMYHOrO aHanisy Ta AOCAIAHWMUBKOI AianbHOCTI (NpodinbHMI Ta NornnMbaeHnn pisHi). AHani3
HOPMaTMBHMX LOKYMEHTIB, 30KpemMa HaBYaNbHUX Nporpam, 3aTeepaKeHnx MiHicTepcTBOM OCBITU i HayKu YKpaiHu (2017a,b,c),
[,03BOIAE BUABUTY creundiky BUKNaAAHHA LEl TEMU AN KOXKHOT KaTeropii 3406yBavyis ocBiTH.

AHani3 HaBYa/NbHO-METOAMYHOrO 3abe3neyeHHA [03BOJIAE MPOCTEXUTU TpaHCHOPMALLiD NPOrpaMHUX BUMOT Y
KOHKPEeTHi AMAAKTUYHI MaTepiann. PO3rnAaHyTI NigpyYHUKM AEMOHCTPYHOTb Pi3Hi aBTOPCbKi KOHUeNuii BUKNAAAHHA Temu, Lo
BM/IMBAIOTb HA CTPYKTYPY 3aBAaHb 411 po3pobatoBaHOI iHGopMaL,inHoi cuctemu.

MigpyyHuk A. T. Mep3nsaka («Anrebpa i noyaTku aHanisy. 10 knac. MpodinbHWUI piBEHbY, LLLO TAKOXK BUKOPUCTOBYETLCA
ONA NOrNMB6NEHOro BMBYEHHA) XapaKTEPU3YETbCA BUCOKMM PiBHEM TEOPETUYHOrO y3arasbHEeHHA Ta MaTemMaTUYHOI CTPOrocTi
(Mep3nskK Ta iH., 2018).

Y nigpyyHuky €. M. HeniHa (npodinbHMI piBeHb) peanisaoBaHO METOAMUKY, CNPAMOBAHY Ha GOPMYBaHHSA y3araibHeHuX
cnocobis gianbHocti (Henin, 2018).
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MigpyuHuk O. C. Ictepa (npodinbHuiA piBeHb) GOKYCYETbCA Ha YiTKIM anroputmisauii HaB4anbHoro npouecy (lctep &
€priHa, 2018).

MpoBeneHW aHani3 HaBYaNbHO-METOAMYHOI NiTepaTypyn Ta HOPMATUBHUX LOKYMEHTIB AO3BONSAE BUABUTU KNHOHOBY
npobaemy: BUMTENlb MaTEMATUKM MPALLIOE B YMOBAX 3HAYHOI BapiaTMBHOCTI BUMOT Ta NiaxoAis. AKWO AnA piBHA CTaHZapTy
NPIOPUTETHUM € 3aCBOEHHA ANTOPUTMIB PO3B'A3yBaHHA HAMNPOCTIWMX PiBHAHL (WabnOHHA AiAnbHICTL), TO nNpodinbHMIA Ta
nornnbaeHnit piBHI BUMAratoTb Bif Y4YHIB THYYKOCTi MMUCAEHHA, BMiHHA KOMBGiHYBaTM pi3Hi meToau (3amiHa, pO3KnagaHHs,
BBeAEHHSA SOMOMIXKHOIO KyTa), NpoBOAMTM AocnigxeHHA O[3 Ta npaLtoBaTh 3 NapameTpamu.

Cy4yacHMI pPUHOK OCBiTHbOrO M3 NPONOHYE iIHCTPYMEHTW, OPIEHTOBAHI MepeBa)kHO Ha aBTOMATUYHE PO3B’A3YyBAHHSA
33Ja4 yYHeMm, a He Ha reHepawilo AUAAKTUYHUX MaTepianis yuntenem (BonaHcbka & Jlemiwko, 2017). CUcTeMM CUMBOBHOT
maTtemaTuku, Taki sk WolframAlpha, 3abe3neyyioTb BMCOKY TOYHICTb Ta MOKPOKOBIi PO3B’A3KM, NpoTe ¢yHKUIOHYOTb fK
iHTENEeKTyaNbHi KaNnbKyNATOPY, WO BMMAratoTb PyYHOro BBEAEHHA KOMKHOMO PiBHAHHA. Mob6inbHi 3acTocyHKM Tuny Photomath
6a3ytoTbcs Ha TexHonorii OCR i € iIHCTPYMEHTaMM «CMOKMBAHHAY» FOTOBOIrO KOHTEHTY, LLO CTBOPIOE PU3MKU AN aKaZeMiYHOT
[,06poYecHOCTi Ta He BUPILLYE Npobiemy CTBOPEHHA HOBMX 3aBAaHb.

IHTEpaKTMBHI cepepoBuLia, 30Kpema GeoGebra, maloTb MNOTYKHWUW MOTEHLUian AnA Bisyanisauii Ta AMHamiyHOro
LOCNIAXKEHHA TPUTOHOMETPUYHUX QYHKLiN, NpoTe He NPWUCTOCOBaHIi ANA LWBMAKOI MNiATOTOBKM CTAaTUYHUX PO3LATKOBUX
maTepianis. CneujanizoBaHi cepsicM Ha KwTanT Symbolab nponoHyoTh pexumm TpeHyBaHHA 3 aBTOMATUYHOM MNeEPEBiPKO
BignoBigei, oAHaK BOHW MpaLoloTb y GopmaTi OHNANH-TPEHAXKepPiB ANA iHAMBIAYaNbHUX KOPUCTYyBadiB. oZeH i3 3a3HaYeHUX
33c06iB He [03BO/IAE BUMTE/IO OMEPATUBHO 3reHepyBaTU MaKeT YHiKa/lbHUX BapiaHTiB KOHTPOAbHUX pobiT y dopmati PDF i3
NOBHOIO AeTasli3auieto po3B’A3KiB, WO 1 06rPYHTOBYE AOLINBHICTL PO3PO6KM 3aNpPONOHOBAHOT CUCTEMMU.

OTKe, aHani3 HopmaTuBHOI 6a3n Ta meToguyHOro 3abesneyeHHA MiATBEPAMB CYTTEBY PO36OiXKHICTb Yy BMMOrax Ao
BMBYEHHA TPUTOHOMETPIi 3anexHo Big npodinto HaByaHHA. CKNAAHICTb OMAaHYBaHHA TeMW 3yYMOBJ/IEHA BWCOKMM piBHEM
abCTpaKLii Ta pU3MKOM BUHWUKHEHHA TUNOBMX NOMMUJIOK (BTpaTa KOPEeHiB, NOsSBa CTOPOHHIX PO3B’A3KiB), WO noTpebye rnnboKoi
nudepeHuiaLii 3aBaaHb.

Monpu HaABHICTb NOTYKHUX 0BUMCNIOBANBHUX CUCTEM, HA PUHKY OCBITHBOTO M3 cnocTepiraeTbca AediLnT IHCTPYMEHTIB
ONS aBTOMATM30BaHOIO CTBOPEHHA BapiaTUBHONO KOHTEHTY. CynepeyHicTb MiXK HeobXiAHICTIO iHAMBIAyani3auii HaBYaHHA Ta
OOMEKEHICTIO iCHYIYMX CepBiCiB (WO MNpauioloTb MNepeBaXKHO fAK KaNbKyNATOpWU) OOFPYHTOBYE aKTyasbHICTb PO3POOKM
cnewianizoBaHOi cMCTEMU AN1A reHepaLlii TPUrOHOMETPUYHMX PIBHAHD i3 THYYKMM HaNaLTYBaHHAM CKAaAHOCTI.

MeTa pocnig}KeHHs: [0/10BHOIO mMeTol poboTU € TeopeTUyHe Ob6I'pyHTYyBaHHA, Po3pobKa Ta eKcrnepuMeHTasbHa
nepesipka MeTOAUKM BUKOPWUCTAHHA ABTOMATM30BAHOI CUCTEMM reHepaLlii TPUrOHOMETPUYHUX PiBHAHb ANA MiABULLEHHA
edeKTMBHOCTI HaBYaHHA anrebpu B 3aKNagax 3araNbHoi cepefHbOT OCBITU.

METOAM AOCNIAMEHHA

JocnipxeHHs 6a3yeTbcA Ha KOMMNNEKCHOMY NOEAHAHHI aHani3y HayKoBO-nNeAaroriyHoi fiTepaTypu Ta MeToAiB
aNrTOpUTMIYHOTO MoOZentoBaHHA. [porpamHa peanisauia cucTtemun 3gjlicHioBanacs 3acobamm  06’eKTHO-OpPiEHTOBAHOIO
nporpamyBaHHs (moBa Python, 6ibnioteka SymPy). EKcnepvmeHTasbHa NepeBipKa 3anponoHOBaHOI METOAMKM NpoBoANUNacsA y
nepwomy cemecTpi 2025-2026 HaBYanbHOro pPoKy Ha 6asi niueto y YepHiBeLbKiit obnacTi. Y gocnigxeHHi B3aamn yyactb 29 yuHis
10-ro Knacy (3 HMx 15 ocib yBilWAM A0 eKCnepMMEHTaNbHOI rpynn Ta 14 — A0 KOHTPOAbLHOI). JNA NepeBipKM 3HaHb Ta BMiHb 6y0
po3po6aeHO KOMNNEKC AiarHOCTUYHMX 3aBAaHb, WO BK/OYaB: PO3B’A3aHHA 6a30BMX TPUTOHOMETPUYHMX PIBHAHb, PiBHAHD, WO
3BOAATLCA A0 KBALPATHWUX, Ta OOHOPIAHUX PiBHAHb MepLIoro i Apyroro nopsaakis. EQekTuBHiCTb nigxoay ouiHoBanaca 3a
pe3ynbTaTaMu MOPIBHANIBHOINO aHanidy aKaAeMiYyHOi YCMIWHOCTI KOHTPOJIbHOI Ta eKcrnepumeHTasbHOi rpyn. OCHOBHUMMU
KpUTEPIAMM OLHIOBAaHHA BU3HAYEHO AKICTb 3aCBOEHHSA aNrOPUTMIB PO3B’A3YBaHHA TPUFOHOMETPUYHUX PIBHAHb, @ TAKOXK PiBEHb
CaMOCTIMHOCTI Y4YHiB, NPOAEMOHCTPOBAHWMI Mg, Yac OMaHyBaHHA MaTepiasy 33 AOMNOMOrold aBTOMATU30BAHWUX MOKPOKOBUX
po3B’s3KiB.

PE3Y/IbTATU AOCNIAXKEHHA

1 MeToan4Hi 0c06AMBOCTI Ta aNropuTMi3aLia po3B’A3aHHA

ApXiTEeKTypa NpOrpaMHOro nNpoAyKTy OXOMJIOE reHepaLlito KNOYOBUX KaaciB TPUFOHOMETPUYHUX PiBHAHb, peanisaLito
aNropuTMiB PO3B’A3aHHA AKMUX BPAXOBYE METOAMYHI 0COBAMBOCTI X PO3B’A3aHHA Ta TMMOBI MOMWAKKM y4HiB (BogHapyk Ta iH.,
2024). 3ynMHUMOCA Y CTaTTi KOPOTKO HA AEAKUX TUNAX PiBHAHD.

1.1 PiBHAHHA, W0 3BOAATLCA A0 KBAaAPAaTHUX

Y MexKax peasnisoBaHOi Mogeni MeTos, 3aMiHN 3MiHHOT PO3rALAETLCA He /ML AK 3acib 3BeAeHHS TPUrOHOMETPUYHOTO
PiBHAHHA A0 anrebpaiyHOro, a M AK IHCTPYMEHT NPEBEHTUBHOMO NOAOMAHHA TUNOBUX NOMUOK YYHIB. ANTOPUTM reHepauii Ta
pO3B’A3aHHA BPaXOBYE TaKi KAOYOBI acNeKTu:

e ABTOMAaTM3aLiA TOTOXHWX MepeTBOpeHb: Nporpama 6as3yeTbca Ha CUCTEMI TPUFOHOMETPUYHUX TOTOXKHOCTEW, L0
[,03BONAIOTL 3BECTU BCi QYHKLIT 4O €AMHOrO aprymeHTy. Lle miHiMi3ye NOMUIKK, NOB’A3aHi 3 HENpPaBWJIbHUM 3aCTOCYBaHHAM
dopmyn (3okpema, dopmyn noagiliHoro Kyta cos 2x = 2cos? x —1 =1 — 2sin? x = cos? x — sin? x, AKi YacTo nayTalOTb
YYHi).

e KOHTpo/nb 0651acTi 3HaYeHb: MPOrPamMHUI MOAYNb 34iACHIOE 060B'A3KOBY BepudiKaLito KOPeHiB OTPMMaHOro
KBaZpaTHOro piBHAHHA. AKWO t = sin x, t = cOS X, cMCTema aBTOMATUYHO AKLEHTYE yBary Ha ymoBi |t| < 1 . Y noKpokoBux
po3B’A3Kax, WO reHepyoTbca 60TOM, Lel eTan BUAINEHO AK KPUTUUHUI, WO NPUBYAE YYHIB A0 BifCiIlOBaHHA CTOPOHHIX KOPEHiB
Ha eTani NoBepHeHHA 40 NOYATKOBOI 3MiHHOI.

e KOpeKTHiCTb ¢iHaNbHOro eTany: OCKifIbKM MOMW/IKM Ha eTani po3B’A3yBaHHA HAWMPOCTIWMX PiBHAHL Sin x = a,
CoS X = a, tg X = a € HalbinblW MacoBMMM, y NPOrpami peasnisoBaHO YiTKy NOriKy BUBEAEHHA 3arasibHUX GOPMYN KOPEHIB 3
ypaxyBaHHAM NepiognNYHOCTI.
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TaKa CTpyKTypa aNroputmy A03BOAAE 3MICTUTU QOKYC i3 MEXAHIYHMX 06YMCNEHb HA KOHLENTyalbHe PO3yMiHHA meToay
3aMiHU, Ae KOXKEH KPOK NPOrpamu C/lyrye MeToANYHOO MifKa3Ko A8 YCYHEHHA NPOraivH Y 3HaHHAX.

1.2 OpHOpiAHI TPUrOHOMETPUUHI PiBHAHHA

OfHOPIAHUMWU TPUTOHOMETPUYHUMM PIBHAHHAMMU N-TO CTENeHA Ha3WBalTb PIBHAHHA, Y AKWUX YCi AOLAHKM MaloTb
OZLHaKOBMW CyMapHWUI cTeNiHb Wo[o sin X i cos Xx:

apsin™ x + a;sin™ ! xcos x + -+ + a,cos™ x = 0,
be ag, aq, - - ., Ay — AIACHI YNCNA, He BCi PiBHI HytO.

CneumdiyHa CTPYKTYpa LbOro piBHAHHA LO3BOAE 3aCTOCOBYBATU YHIBEPCANbHWUIA aNrOPUTM 3BEAEHHA A0 anrebpaiyHoro
PIBHAHHA WAAXOM AineHHa Ha cos™ x abo sin™ x (3anexHo Big CTPYKTYpH), OTPUMYHOUM PiBHAHHA Woao tg x abo ctg x.

MeToAMYHI acneKTM Ta aBTOMaTU3aLia KoOHTpoto. Mpu po3pobui anroputmy reHepalii Ta po3s’sa3aHHA ocobaunBy yBary
NpUAiNeHo AeKiNbKOM MeTOAUYHUM BUKIMKaM:

e [lpobnema HagmipHoi nepeBipkn O3. Y WKIiNbHIN NPaKTUL YYHI YaCTO BUKOHYIOTb GOpPMasbHy NepesipKy YMoBM
cos x # 0, He po3ymitoun ii noriYHOro NiArpyHTA. MporpamHUin MoayNb aKLLEHTYE yBary Ha TOMY, WO A8 OAHOPIAHUX PiIBHAHb
ToukM, ae cosx = 0, anpiopi He € KopeHAMM (OCKiNbKM COS X Ta Sin X He HabyBalOTb HYy/NbOBWMX 3Ha4YeHb ogHoYacHo). Lie
[,03BOJISIE ANTOPUTMY NPONOHYBATM NAaKOHIYHI PO3B’A3KM 6e3 3aliBUX 06YMCNEeHb, PO3BMBAOYM B YYHIB KPUTUYHE CTABNEHHA A0
CTaHZAPTHUX NpoLeayp.

e TuNoBI NOMWUAKK po3ni3HaBaHHA. HalluyacTilwe y4yHi NayTaloTb OAHOPIAHI PiBHAHHA 3 HEOAHOPIAHUMM (HanpuKnag,
asin x + bcos x = ¢ npu ¢ # 0). Mporpama reHepye cUCTEMY KOHTPNPUKNAZIB, WO AONOMAarae Bi3yanisyBati BigMiHHICTb Mix
OAHOPIAHOI CTPYKTYPOI Ta PIBHAHHAMM, AKi NOTPebyloTb BUKOPUCTAHHA GOPMyN MOABIMHOIO aprymeHTy abo BBeAeHHA
[0NOMIXKHOTO KyTa.

o [loMWIKM BMBOPY CTENeHA Npu AiNeHHi. Y PiBHAHHAX BULMX CTENEHIB YYHi HEepPiAKO AiNATb Ha COS X 3aMiCTb Ha
cos™ x. [lporpamHa peani3auis MOKPOKOBOTO pPO3B’A3KY aBTOMATMHYHO BWAINAE MaKCMManbHWUIA CTEMiHb AK AiNbHUK,
CYMPOBOAXKYIOUM Lie KOMeHTapeMm: "MaKCUMasbHMIA CTeMiHb Y PIBHAHHI — 1, TOMY A4iAnMmo Ha cos™ x". [Ina aBTomaTtusauii npouecy
B CMUCTeMi peani3oBaHO K/iac, AKMI Ha eTani CUHTe3y YMOBWM NepeBipsAe€ CyMapHWIA CTeniHb KOXHOrO MOHOMa. fKWO ymoBa
OAHOPIAHOCTI MopyweHa (Hanpukaaa, Yepes HaABHICTb BiIHOTO YneHa), aAropuTM MPOMNOHYE 3BEeAEHHA A0 OAHOPIAHOro
PIBHAHHA Yepe3 OCHOBHY TPUTOHOMETPUYHY TOTOXHICTb (1 = sin? x + cos? x), WO € BaX/MBOIO MeTOAMYHOI BNPaBOIO ANA
YYHiB NpodiNbHUX KNacis.

1.3 PiBHAHHA, W0 MicTATb 06epHEeHi TPUrOHOMETPUUHI QYHKUT

Po6oTa 3 piBHAHHAMMW, WO MICTATb OOEpPHEHiI TPUroHOMETPUYHI PyHKLii, nepenbavae BigmoBy Bif WABNOHHMX
nepeTBOPeHb HAa KOPUCTb IMMOOKOro aHanisy obnacteit BUSHAUYEHHA Ta 3HAYeHb. OCKiIbKM KOMNO3ULT NpAMUX Ta 06epHEHMUX
oyHKUIN (HanpuKknag, sin(arcsin x) = x) € TOTOXHUMM IMLIE Ha OBMEXEHUX NPOMIXKKaX, NPOrPaMHUIA aNroOpPUTM BK/KOYAE
0608B’A3KoBUI eTan BepudiKalii ymoB iCHyBaHHA PO3B’A3KiB, WO MiHIMI3ye PU3MK NOABM CTOPOHHIX KOPEHIB Yy MNiACYMKOBUX
AVMAAKTUYHUX MaTepianax. Ha BiamiHy Big yuHiB, fKi 4acTo irHopyoTb obmexeHHs |x| < 1, 6i6nioteka SymPy nossonse
aBTOMATU3YBATU MEPEBIPKY LMX YMOB LUe Ha eTani iHiuiani3auii 06’ekTiB Knacy piBHAHb.

2 Po3po6Ka nporpamHoro 3abesneyeHHA ANA reHepauii 3aBgaHb

2.1 O6rpyHTYBaHHA BUBOPY TEXHONOrIA pO3pOo6KMN

Bubip iHCTpymeHTapilo ansa peanisauii nporpamMHOi cUCTemmM reHepalii TPUFOHOMETPUYHUX PiBHAHbL 6a3yBaBcA Ha
aHanisi cneundikm npegmeTHoOi 061acTi, AKA BUMArae BUCOKOT TOYHOCTI MaTeMaTUUYHMX 0BUYMCAEHb, THYYKOCTI Y MaHinyatoBaHHi
CMMBONIBHUMM BUpPa3aMM Ta MOXK/IMBOCTI AUHAMIYHOTO pPO3WMpPEHHA ¢yHKUioHany. KnioyoBum 3aBgaHHAM po3pobKku €
CTBOPEHHSA afanTUBHOI CUCTEMM, 34aTHOI He MLLe reHepyBaTh MaTemMaTUYHi 3a4adi, ane 1 GopmyBaTM NOKPOKOBI NOACHEHHS iX
pO3B’A3aHHSA, WO HaKIa[AE CYTTEBI 0OMeXeHHA Ha BUBip MOBM NporpamyBaHHs Ta 6ibnioTek.

OCHOBHOI MOBOIO peanisauii 6yno obpaHo Python. JaHuii BUGip 06yMOBAEHMI HAABHICTIO PO3BUHEHOI EKOCUCTEMM
L1151 HAYKOBMX Ta MaTeEMaTUYHUX 06YMCNIEHD, @ TAKOXK BUCOKMM PiBHEM abCTpaKL,i, LLLO AO3BOAE 30CEPEANTUCS Ha aITOPUTMIYHIN
CKNa[oBiM 3afadi, MiHIMI3ylouM BUTPATM Yacy Ha BUPIiLIEHHA HWU3bKOPIBHEBMX MUTAHb YNpPaBAiHHA Nam’ATTio. IHTepnpeToBaHa
npvpoaa MoBM Ta AMHAMIYHa TUNi3aLia 3a6e3nevyroTb MOXKANBICTb WBUAKOTO MPOTOTUNYBAHHA CKNAL4HUX arTOPUTMIB reHepaLii,
O € KPUTUYHO BAXKNMBMM Ha eTani nigbopy napameTpiB ANA OTPUMAHHA «TabAUYHUXY» 3HAUYEHb TPUFOHOMETPUYHUX DYHKLIN.
Kpim TOro, CMHTaKCUYHa NaKoHIYHICTb Python cnpuse nigTpymLi YMCTOTU KOAyY Ta MOro YNTabeNbHOCTI, Lo € BaXKIMBUM GaKTOpOM
npwv peanisaw,ii cKnagHoi 6i3HeC-N0riKM MaTeMaTUYHUX NEPETBOPEHD.

LleHTpanbHUM KOMMNOHEHTOM cucTeMW € BibnioTeka CMMBOJIBHOI MaTeMaTUKM SymPy. BMKOPUCTaHHA 4YMCeNbHUX
meToaiB (Hanpuknag, 6ibniotekn NumPy) y AaHOMY KOHTEKCTI € HeAOLiIbHUM, OCKiZIbKM OCBITHI 33Jayi BMMaralTb TOYHWUX
aHanNiTMYHKUX po3s’askie (y BUraaai Apobis, KOpeHiB, Yucen ), a He iX HabAMKEHUX AECATKOBMX 3HayeHb. SymPy gossonse
onepyBaTM MaTeMaTUYHUMM OB’€EKTaMM Yy CMMBONBbHOMY BUIAAZLI, LLO A3€ 3MOTY BMKOHYBATM TaKi onepaLii, AK CnpoLeHHA
BMPa3iB, PO3KPUTTA AYXKOK, 3HAXOAKEHHA KOPEHiB PiBHAHb Yy 3ara/ibHOMy BUIAALj Ta NepeBipKy TOTOXKHOcTel. Came 3aBAAKM
byHKUioHany uiei  6ibnioTekM peanizoBaHO MexaHi3MM  MepeBipKM  BAacTMBOCTEN  KoedilieHTiB  (LinoymcenbHicTb,
ippaLioHanbHICTb), WO HeobxigHO Ans GinbTpaLii HeKopeKTHMX abo 3aHaATO CKAAAHUX ANA WKINbHOMO KypCy BapiaHTIB PiBHAHbD.

ApXiTeKTypa NporpamHoro Komnaekcy nobyaosaHa Ha NpUHLMNAx 06’eKTHO-OpPiEHTOBAHOrO NporpamyBaHHa (O0MN), wo
[,03BO/IMIO CTBOPUTU MOZY/NbHY Ta PO3WMPIOBAHY cuctemy. Byno BMKOpUCTAHO naTepH NPOEKTyBaHHA «LLUabnoHHWA meToa»
(Template Method), peanizoBaHuit yepes 6a3oBuit abCTPaKTHUIA Knac. Lielt Knac BU3HAYaE 3aranbHUii CKeneT anroputmy pobotm
3 PiBHAHHAM: iHiLiani3aLito, reHepalito napameTpis, Po3B’A3aHHA Ta GOPMYBAHHA NOKPOKOBOIrO NOACHEHHS, TOA| AK KOHKPETHI
nigKnacu peanisytoTo cneuudivuHy N0riKy AN KOXKHOO TUMY TPUFOHOMETPUYHUX PiBHAHb (HaNpUKNaa, O4HOPILAHUX, CUMETPUYHUX
UM TaKMX, WO PO3B’A3YIOTbCA METOZOM 3amiHM). Takuin niaxig 3abesnedvye AOTPUMAHHA MPUHUMNY BiAKPUTOCTI/3aKPUTOCTI
(Open/Closed Principle), go3BonsauM fopaBaTM HOBI TMNM piBHAHb 6e3 moamdikauii icHylouoro Kogy 6a30B0i Noriku.
Monimopdiam ao3Bonse cuctemi yHidikoBaHO 06pobAATU Pi3HI TUNKU PiBHAHb, BUKAMKAlOYM BiAMNOBIAHI MeToaM reHepauii Ta
PO3B’A3aHHA 3a/1EXKHO Bif, KOHTEKCTY.
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OcobnuBy yBary NpuaineHo anropuTmivHoMy niaxo4y A0 reHepauii 3aga4. 3amicTb NPAMOro MeTo4y, AKMI NoArae y
BMNagKoBOMY BMOOPI KoedilieHTIB 3 NOAANbLIOKD NEPEeBiPKOD AMCKPMMIHAHTA, BY/N0 3aCTOCOBAaHO METOJ «3BOPOTHOMO
iHXMHipUHry». CyTb meTofy MNOAArae y neplioyeproBoMy BMOOPI «rapHUx» (TabAMYHWUX) KOPeHiB abo MPOMIKHMX 3HayYeHb
3MiHHOI, Ha OCHOBI AKMX 3a gonomorolo Teopemn Bieta abo obepHEHUX TPUTOHOMETPUYUHWMX MepeTBOPeHb 06uYMCAIoTLCA
HeobXxigHi KoedilieHTV piBHAHHA. Lle rapaHTye, Wo 3reHepoBaHi 3a4a4i 3aBXXAM MaTUMYTb PO3B’A30K Y MeXKaXx LWKiZIbHOT Nporpamm
Ta 6yayTb METOAMYHO KOPEKTHMMM. Peanisauia uboro nigxody BMMarana BUKOPUCTAHHA MOXKuBocTel Python ans po6otu 3
paLioHaNbHUMM YMCNAMM Ta iPPALLIOHANBHOCTAMM, LLLO TaKoX 3abesneuyetbea HibnioTekoto SymPy.

[Ona BipobpaxkeHHA maTeMaTUYHUX GOPMYAN Y 3PO3YMIZIOMY AA KOPUCTYBaya BUFNALI BUKOPUCTAHO MOBY PO3MITKM
LaTeX. BoHa € cTaHgapTom Ae-daKTo y HayKOoBil CNiNbHOTI 418 TUNOrpadikm ckAafHUX MaTeEMATUYHMX BUPasiB. IHTerpauia SymPy
[,03BO/IE aBTOMATUYHO KOHBEPTYBaTM BHYTPIWHI 06’€KTU Nporpamu (CMMBOAbHI BUpa3n) y LaTeX-pagku. Lie 3abesneuye BUCOKY
AKICTb Bi3yanisaL,ii yMOB 3aZa4 Ta KPOKiB pO3B’A3aHHA, 403BOAOYM KOPEKTHO Bifobpakath apobu, cTeneHi, rpeubki nitepun Ta
MaTeMaTuyHi onepatopu. Y noeaHaHHi 3 wabnoHHummn pagkamm (f-strings) mosu Python, ue gossonnno nobyaysaTu rHyYKy
CUCTeMY reHepaLlii TEKCTOBUX NMOACHEHb, Ae AMHAMIYHO NiACTaBNAOTbCA 0BUMCNeH] 3HaYeHHA Ta dopmynu.

TakMM YMHOM, KOMMJIEKCHE BUMKOPUCTaHHA moBWu Python, 6ibnioTekn cumBonbHUX obumcneHb SymPy, 06’eKTHO-
OpiEHTOBAHOI apXiTEKTYpWU Ta MOBM PO3MITKM LaTeX cTBOpOE HaginHui dyHAAMeHT ana OYHKLIOHYBaHHA cucTeMu. Takui
TEXHOJI0TYHMI cTeK 3abe3neyye HeobXigHY TOYHICTb MaTeMaTUYHUX ONepaLLii, THYYKICTb Y HanaluTyBaHHI CKAAHOCTI 3aBAaHb Ta
BMCOKY AIKICTb BMXiZHWX MaTepianis.

2.2 ApxitekTypa po3pobneHoi cuctemu

MpoeKTYyBaHHA apXiTeKTypu iHGOpMaLLiiHOT cMCTeMM reHepalLiii HaBYaIbHOTO MaTEMATUYHOTO KOHTEHTY 34iicCHIOBanocA
3 JOTPUMAHHAM MNPUHUMNIB CUCTEMHOIO aHanidy Ta 06’eKTHO-opieHTOBaHOro nigxoay. [0NOBHOK MeTOK MNpu po3pobui
apXiTEKTYPHOrO pilleHHA 6yN0 CTBOPEHHA FHYYKOro, MOAY/NbHOMO CepefoBULLA, AKEe A03BO/AE NIETKO iHTErpyBaTW HOBI TMMU
MaTeMaTU4HMX 33434 6e3 HeobXigHOCTI BHECEHHA 3MiH Y HadABHe AAPO cuCTEMU. ApXITEKTYpa NPOrpamMHOro 3acoby moxe 6ytu
KnacudikoBaHa Ak baraTopiBHeBa, A€ YiTKO PO3MENKOBaHi Wapu BisHec-N0rikKM (MaTemMaTMyHE MOZENOBAHHA), yNpaBiHHA
OaHVMM (CMMBOJIbHI 06YMCNEHHSA) Ta NPEACTaBAEHHs (reHepaLia LaTeX-40KymeHTiB).

LleHTpanbHUM esleMeHTOM apXiTeKTypu € iepapxiyHa CTPyKTypa Knacis, nobygosaHa Ha 6asi abcTpakTHOro Kiaacy
TrigonometricEquation. Lei knac suctynae dyHAaameHTanbHUM byaiBenbHUM BIOKOM CUCTEMM, BU3HAYalOUM YHidiKOBaHWUIA
iHTepdelic Ana BCiX TUNIB TPUrOHOMETPUYHUX PiBHAHb. Y HbOMY iHKancy/bOBaHO 3arajbHi MexaHi3mu, HeobxiaHi ana
dYHKLIOHYBaHHA 6yAb-AKOro MaTtemaTuyHOro o6’eKkTa cucTemu: iHiuianisauito CMMBONBHUX 3MiHHUX 6ibnioTekn SymPy,
YNPaBAiHHA XUTTEBUM LMKIOM 06’€KTa PIBHAHHA, @ TAKOXX MeToAM eKcnopTy pe3ynbTaTis y dopmat PDF.

[na 3abesneyeHHA po3WMPIOBAHOCTI cMcTemMM Byno 3aCTOCOBAHO NOBEAIHKOBUIA NaTEPH NPOEKTYBaHHA «LLlabnoHHW
meTog» (Template Method). Y 6a3oBomy Knaci peanisaoBaHO KapKac OCHOBHOIO a/firopuTMy 06po6KK PiBHAHHA B KOHCTPYKTOPI
__init__, AKNI NOCNif0BHO BUK/IMKAE METOAM FeHepaLii YyMOBM, po3B’A3aHHA Ta GopMyBaHHA NOACHEHb. Mpu LboMy cami meToam
_generate(), _solve() Ta _build_solution_steps() oronoweHi sk abcTpakTHi abo MicTATb 6a30By peanisauito, WO nignarae
nepeBM3HAYEHHIO B AOYipHIX Knacax. Takuii Nigxia rapaHTye, Wo A0AaBaHHA HOBOTO TUMY PIBHAHHA (HanpuKkAag, pPiBHAHHA, WO
pO3B’A3YETbCA BBEAEHHAM AOMNOMIKHOIO KyTa) BUMArae nnwe CTBOPEHHA HOBOFO KNacy-CnafKoeMLA Ta peanisauii cneundiyHoi
ONA HbOTO MaTeMaTUYHOI /IOTIKM, 3anuwarydm iHOPACTPYKTYPHUIN Kog He3MiHHWM. Lle 3abesneyye BMKOHAHHA MpUHUMMY
BiakpuTtocTi/3akputocTi (Open/Closed Principle) SOLID (Puc. 1).

Plese we *pti ndsrithen tre’ tr wadie berditio
(&) Tripznometrict quaticn
" #equition abj : sympy Eq
#solution_obj : sympy.Set -
Nemplats Mothed Patiam 1 | #stens : st Toplefsr, ar] {§) ruedpocumen
Bowaisae umnert anrapumey; Febrinhiad - Dict{dr, &ny| P
1 genentz)) ==+ _init_{) et —
2w rqenerate pdlifenzmasgtr) T | FRRELE
et i Fget_equalion Jatex]} - str
@ CuadraticTrighguation :@1 PoserfeductionEquation |
=
= 1 | -specil case_map - Dict Aemuls_map : Dict = - £} PeducibleTatoemgenesuskouztion | —

@ simplestEquation -general formula map : Dick o | € LinearCombinztionEqu ation - — :\g ded: .-.Juaim‘ @Inwsen'lrj:qauﬂon
| ity e Dt 'j-g;”:f”" e |2 guent) ; ]
# generata)} = s Y £ aphve} # generats)) # genamty|
£ sabel| :_;‘g'en‘\.;mm. A errnsr: ¢ _formak_homageneous Jatexi, B, C) # solved) ¥ sohe()
£ build_salutinn_steps) el & foreeat_polyvomial Jaleis, B, C,var)| | & build solation Steps) | #_build_solutine stepsl)

# saive sub equationdf, arg, val, n)
# formet_polynamial latex(A, B, O var)

& buld saketian_stepal)
# bulld_solution stepst) # buiid_solition steps)

Puc. 1. YacTkoBa giarpama Knacis po3po6aeHoi cuctemu
Jxrepeno: asmopcbKa po3pobka

CneuianisoBaHi Knacu, Taki sk HomogeneousEquation (ogHopigHi piBHAHHA) abo InverseTrigEquation (piBHAHHA 3
06epHEHUMUN TPUTOHOMETPUUHUMM GYHKLAMM), BUCTYNAIOTb AK KOHTEMHEPU ANs cneundiuyHmx anroputmis. Hanpuknag, knac
QuadraticTrigEquation MicTUTb NOTiKy 3BeAEeHHA TPUTOHOMETPUYHOTO PIBHAHHA [0 anrebpaiyHOro KBagpPaTHOrO PiBHAHHA
LUAAXOM 3aMiHM 3MiHHOI, BK/IOYaouM NepeBipKy ANCKPMMiHAHTa Ta GinbTpaLito KOpeHis, WO He BXOAATb A0 061aCTi BUSHAYEHHS.
Taka iHKancynAuia A03BONAE i30/1t0BaTU CKAAAHICTb OKPEMMUX MaTeMaTUYHUX MeToZiB, pobaaumn 3araibHy CTPYKTYpY CUCTEMM
Npo30poto Ta KePOBaHO. pK LLbOMY aNroOPUTM NPOXOANTL Yepes BY30/1 NepeBipKu TUNY PiBHAHHA, Ae 414 OAHOPIAHUX CTPYKTYP
3aCTOCOBYETHCA ONTUMI30BaHMI WAX 6e3 HaaMLKoBKX 0b6uncneHs 013.
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Bak/MBOO OCOBAMBICTIO AapXITEKTYPU € Niaxig, A0 ynpasniHHA faHMmu. CUCTema BiLAMOBAAETLCA Bif BUKOPWUCTAHHA
NPUMITUBHUX TUMIB AaHUX (4MCEN 3 NJaBalOYO0 KOMOK) Ha KOPUCTb CUMBOJIbHUX 06’eKTiB BibnioTekn SymPy. Lle no3sonse
YHUKHYTU MOMMJ/IOK OKPYFNEHHA, BAACTUBMX MALUMHHIA apudmeTuui, Ta 36epiraTu maTtemaTUyHi KOHCTAHTU Yy iX TOYHOMY
aHaNITUYHOMY BUIAAAI NPOTAFOM YCbOrO UMKAY OOPOO6KW. BHYTPIWHIN CTaH KOXKHOTO 06’eKTa piBHAHHA 36epiraeTbca vy
cneujianisoBaHOMY CNOBHUKY aTpubyTiB self.variables. Lleit cnoBHMK BUKOHYE pOSib KOHTEKCTHOIO CXOBMLLA, KYAM Nig vac reHepauii
3anucytoTbCA 3reHepoBaHi KoedilieHTN, MPOMIXKHI 3MiHHI Ta KOpeHi.

BUKOPUCTAHHA €EAMHOIO KOHTEKCTHOIO CXOBULLLA € KPUTUYHO BaXKAMBUM AN eTany GopMyBaHHA METOANYHUX NOACHEHb.
Mpw reHepaLii NOKPOKOBOro Po3B’A3aHHA CUCTEMA 3BEPTAETLCA [0 LbOr0 CNOBHUKA AR AMHAMIYHOTO 3aNOBHEHHA TEKCTOBUX
wabnoHis. Lle [03BONAE CTBOPHOBATM a4anTUBHI MNOACHEHHA, A€ TEeKCT 3MIHIOETbCA 3aneXHO Big, 3HayeHb KoedilieHTiB
(Hanpuknag, Bnbip dopmynm KopeHiB a4na napHoro abo HenapHoro KoediuieHTa, abo 3miHa 3HaKy B Gopmyi 3anexHO Big uBepTi
OAMHWNYHOrO Kona).

2.3 AnropuTm reHepadii Ta nepeBipKU KOPEKTHOCTI TPUFOHOMETPUYHUX PIBHAHDb

OCHOBHMM BMKAWKOM MpPY aBTOMATM30BaHil reHepaLii MaTemaTUYHMX 334a4 HAaBYAIbHOTO XapaKTepy € 3abe3neyeHHsn
OVAAKTUYHOI LLiHHOCTI OTPMMaHoro matepiany. NMpamuii meToa reHepa,ii, LWo noaarae y BMnaAKoBomy BUBOPi YNCNOBUX 3HAYEHD
KoedilieHTIB PiBHAHHA, Y KOHTEKCTI TPUFOHOMETPIl € HeepeKTUBHUM. Lie 3ymoBAEHO TUM, WO A0BiNbHMI Habip KoediuieHTiB 3
BWCOKO MMOBIPHICTIO NPU3BOAWTb 10 NOABM ippaLioHa/IbHUX AUCKPUMIHAHTIB, HETabNMYHUX 3HAUYEHb 0O6EePHEHMX TPUTOHOMETPUYHUX
bYHKUiM abo BigCyTHOCTI A4iMcHUX KopeHiB B3arani. [na BUpilleHHn Liei npobaemu y po3pobaeHiin cucTemi 3acToCOBaHO CTpaTerito
KOHCTPYKTUBHOI reHepalLiii, BiAomMy ik MeToa, «3BOPOTHOTO iHXUHIpUHIY» abo meToz reHepalii «Big, signosigi».

Ona Kknacy piBHAHb, WO 3BOAATLCA A0 anrebpaiyHux (KBagpaTHUX BiAHOCHO OAHIiEl TPUTOHOMETPUYHOI GYHKLI,
OAHOPIAHMX TOLLO), aATOPUTM iHILLIFOETBCA BUBOPOM MHOMKMHM AOMNYCTUMMX 3HAYEHb 3aMiHM 3MiHHOI . Y cucTemi cdopmoBaHo
nonepeaHbo BU3HAYEHI NyAU AMAAKTUYHO AOLiNbHUX 3HayYeHb. Jo uboro Habopy BXoAaTb Lini uucna, pauioHanbHi Apobu Ta
ippauioHanbHi yMcna, Wo BigNOBIAATL TABNMYHUM 3HAUEHHAM TPUTOHOMETPUYHUX DYHKLI.

Bnok-cxema anropuTmy reHepadii 4N TakuUX piBHAHb NpeAcTaBieHa Ha PUCYHKY 2 Ta CKNAHAETbCA 3 HACTYMHMX eTanis:

1. CroxaCTMyHWMi BMGIp KOpeHiB. 3 nyay AONYCTUMMX 3HAYe€Hb BUMNAZKOBMM YMHOM OOMpPaETbCA napa KopeHis. Ha
LbOMY eTani 3aCTOCOBYOTbCA GiNbTPU CYMICHOCTI: HANPUKAAA, AN PiBHAHb BIGHOCHO CMHYCA Ta KOCMHYCA BiAKMAAOTLCA NapH,
ne obnaga KopeHi 33 MoZynem NepeBuLLYIOTb OAMHULLIO, OCKINIbKY Le Npu3Beae A0 BigCyTHOCTI po3B’A3KiB.

2. MNobyposa anrebpaiyHoro aapa. Ha ocHosi Teopemu Bieta dopmMyeTbcs 3BeeHe KBagpaTHe PiBHAHHA.

3. Hopmanisauia koediujieHTiB. OCKiNIbKM OTpUMaHi  KoedilieHTU MOXKyTb 6yTM apoboBumn abo MmicTUTH
ippaLioHanbHOCTI Yy 3HAaMEeHHWKaX, BMKOHYETbCA Mpoueaypa MPUBEAEHHA A0 LUinoyncenbHoro abo cTaHAapTHOroO
ippauioHanbHoro Burnaay. Cuctema ob4MCNtOE HaiMeHLLEe ChifibHe KpaTHe 3HaMEHHMUKIB YCix KoediliEHTIB Ta LOMHOKYE Ha HbOTO
BCe piBHAHHA. Lle 403BONAE OTPUMATU PIBHAHHA BUMNALY, WO € 3BUYHUM ANA WKINbHUX NiAPYYHUKIB.

4. TpaHchopmalis y TPUrOHOMETPUYHUI BUMNAA. 3MiHHA 3aMIHIOETbCA HA BiAMNOBIAHY TPUFOHOMETPUYHY GYHKL, 0.

1
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®

Puc. 2. BNOK-cxema anropuTmy reHepauii KBagpaTHUX TPUrOHOMETPUUHUX PIBHAHD
cepeno: asmopcoka po3pobka

Ona pisHAHb Buay (LinearCombinationEquation) 3acTtocoByeTbcA iHWWIA Niaxia, OCKiAbKM npamuii BMBIp 4acto
NpV3BOAMTb A0 KHEKPACMBOIO» 3HAYEHHA AOMNOMINKHOIO KyTa , AKE HEMOXK/IMBO 064YNCANTUN Be3 KanbKynaTopa.

Anroputm 6asyeTbea Ha dikcaL,ii LiboBOro AONOMIKHOIO KyTa. Mpouec reHepal,ii BifAbyBaETbCA Y TaKil NOCNIAOBHOCTI:

ObupaeTbca H6axkaHUI KyT 3CyBY 3 MHOMMHM TabNMYHUX KyTiB, HAaNpUKAag,
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O6upaeTbea baxkaHa amnAiTy4a — rinoTeHy3a TPUKYTHUKA KOediLLiEHTIB.

KoediLieHTM po3paxoByrOTbCA AK KaTeTU NPAMOKYTHOIO TPUKYTHUKA.

BinbHWUI YneH 06MpaEeTbCA AK AOOYTOK aMNAiTyAM Ha TabIMYHe 3HaYeHH:A cMHyca abo KOCUHYca. TakUI Niaxia rapaHTye,
O NPU AiNEHHI PIBHAHHA YYHI OTPUMAIOTL BMi3HAaBaHi 3HAYEHHA TPUFOHOMETPUYHUX GYHKLM, WO A03BOAUTL 3rOPHYTU BUPA3 Y
dopmyny cuHyca abo KocMHyca Cymu.

Bak/IMBOIO CKNAZLOBOO anropuTMivyHOro 3abesnedyeHHs € baraTopiBHEBa cMCTEMA NEPEBiIPKM KOPEKTHOCTI (Banigau,ii)
3reHepoBaHUX 3a4a4. MNepeBipKa 34iMCHIOETLCA AIK HA eTani reHepaLii napameTpiB, TaK i Ha eTani GopMyBaHHA KiHLEeBOro ob’ekTa
PiBHAHHA.

Mepwwnit piBeHb Banigauii — nepesipka 061acTi BUSHAYEHHA Ta MHOMMHW 3HaYeHb. 1A PiBHAHb CUCTEMA aBTOMATUYHO
BiACTeXYE, WO6 xo4a 6 OAMH i3 KOpeHiB anrebpaiyHoro piBHAHHA-aHanora Hanexae Bigpisky [-1; 1]. AKwWoO uA ymoBa He
BUKOHYETbCA, TEHEPYETbCA BUK/IOYHA CUTYyaLifl, AKA NEepPexontoeETbCA KepyluMm aaropuMtmom, i npouec reHepauii
nepe3anycKaeTbca 3 HOBUMM NapameTpamu. [na piBHAHb 3 TAHTEHCOM Ta KOTAaHTEHCOM NepeBiPAETHLCA, LWOD aprymeHT GyHKLT He
NnoTpanaAB y TOYKN PO3PUBY.

[Opyruit piseHb BanigaLii — nepesipka Ha BUPOAKEHICTb Ta TPMBIaNbHICTb. ANTOPUTMU MICTATb EBPUCTUYHI NPaBUAa, WO
3an06iraloTb CTBOPEHHIO PiBHAHDL, A€ CTapLIMiA KOediLiEHT AOPIBHIOE HY/O (NEPEeTBOPEHHA KBaApPaTHOro PiBHAHHA Y NiHiliHe),
abo ae BCi KoedilieHTN CKOpPOUYIOTLCA A0 TOTOXKHOCTI . 30Kpema, y Knaci PowerReductionEquation (piBHAHHA Ha MOHMMKEHHSA
cTeneHsA) peanizoBaHO NePEBIPKY HA YHIKA/bHICTb aprymeHTiB GpyHKLiM, W06 YHUKHYTU CUTyaL,ii BBAEMHOTO 3HULWEHHA A0AAHKIB
npu anrebpaiyHmx nepeTBopeHHsx (Puc. 3).

M
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Puc. 3. Cxema Banigauii napamerpis
[#cepesno: aemopcbKa po3pobka

TpeTit piBeHb — NepeBipKa CTPYKTYPHOT WiNiCHOCTI. 3aBAAKM BUKOPUCTaHHIO BGibAIOTEKM CMMBONBLHOI MaTeMATUKM
SymPy, cucTeMa BMKOHYE CMPOLLEHHA 3reHepoBaHux BMpasis sympy.simplify(). Lie f03BONAE BUABUTM Ta YCYHYTU HAA/ULLKOBY
CKNAJHICTb (HanpuKnag, CKopoTUTU Apobu B KoediuieHTax abo npubpaTu 3aliBi MiHycu) Wwe A0 Toro, AK 3afaya byape
npeacTaBneHa KOPUCTYBaYeBi.

3anponoHoBaHi anropuTMmn 3abesneyyroTb CTabiflbHY reHepauitdo MaTeMaTUYHO KOPEKTHUX, Pi3SHOMAHITHUX Ta
METOAMYHO BUBAXKEHUX TPUTOHOMETPUYHUX PiBHAHD, LLO € HEODXiAHO YMOBOK ANA BUKOPWUCTAHHA po3pobaeHoi cuctemu B
OCBiTHBOMY MPOLLECi.

TaKMM YMHOM, CMPOEKTOBAHO Ta MPOrPaMHO peani3oBaHO CUCTEMY aBTOMATU30BaHOI reHepaLii TPUroHOMETPUYHUX
PiBHAHb, WO 6a3yeTbCA Ha iHTerpaii mosu Python, 6ibnioTekn cumBobHUX 06UMCAeHb SymPy Ta cucTemMy KOMN'HOTEPHOT BEPCTKU
LaTeX. O6rpyHTOBaHWI BUOIP TEXHONOFMYHOrO CTeKa A03BOAMB 3abe3neuynmTr abCcoNtOTHY aHANITUYHY TOYHICTb onepauii,
YHUKHYBLWW NOXMOOK OKPYINEeHHA, BAAaCTUBMX YMCEbHUM METOAaM, Ta rapaHTyBaTM BUCOKY nosirpadiuHy sKicTb Bisyanisauii
MmaTeMaTUYHUX GopmMyn y BUXiAHUX AOKYMEHTaX.

ApxiTeKkTypa Komnnekcy, nobygoBaHa Ha nNpuHUMNAX 06’€KTHO-OPIEHTOBAHOrO MPOrpamMyBaHHA i3 3acTOCYBaHHAM
natepHa «LLabnoHHUI meTog», 3abesneunna MogyabHICTb CUCTEMU Ta YHidiKaLito npoueciB 06pO6KM Pi3HOTUMHUX PIBHAHb.
KntoyoBMm focarHeHHAM poboTu cTana peanisalia aNropuTMiB KOHCTPYKTUBHOI reHepaL,ii METOLO0M «3BOPOTHOTO iHKMHIPUHTY»,
AKi, Y NOEQHAHHI 3 6araTopiBHEBOIO CUCTEMOLO BanigaLii napameTpiB, rapaHTyOTb CTBOPEHHA METOANYHO KOPEKTHUX 3aBAaHb i3
NPOrHO30BaHUMM «3PYYHUMU» PO3B’A3KaMM, WO pobuTb po3pobneHy cuctemy ePpeKTUBHUM iHCTPYMEHTOM AN CTBOPEHHSA
OVNOAKTUYHOTO KOHTEHTY.

3 Tunonoria Ta Knacugikauia 3reHepoBaHUX 3aBgaHb

Po3pobneHa cuctemMa NMOKPUBAE MOBHMUI CNEKTP TPUFOHOMETPUYHUX PiBHAHD, NepeAbayeHunX WKINbHOW Nporpamoto
nornnbaeHOro PiBHA Ta YHIBEPCUTETCbKMMMU Kypcamu eneMeHTapHoi MaTemaTuKu. PeanizoBaHi anroputmmn («reHepaTtopm»)
MOXHa KnacndikyBaTh 3a MaTeMaTUYHUM METOLOM PO3B’A3aHHH, LLLO IEXKUTD B iX OCHOBI.

DyHOAMEHTOM CUCTEMMU € FreHepaLia PiBHAHb, WO 3BOAATLCA A0 anrebpaiuHUX WAAXOM 3aMiHWU 3miHHOI. Cloan BXOAATb:

e HawnpocTiwi piBHAHHA (SimplestEquation): 6a30Bi KOHCTPYKLT, AKi € ByAiBeNbHUMM BAOKaMM AR BCiX IHWWX TUNIB;

24



®dizuko-matematnuHa ocsita / Physical and Mathematical Education Tom 41, Ne 2 / Vol. 41, No 2 (2026)

e KBaApaTHi piBHAHHA (QuadraticTrigEquation): pisHAHHA Buay A f*2(x) + B f(x) + C = 0, wo po3s’asyoTbeA
3amiHoo t = f(x);

® pIiBHAHHA 3 ¢dopmynamu noggiiHoro aprymeHTy (DoubleAngleToQuadraticEquation): 3agaui, wo notpebyoTb
nonepeaHbOro CAPOLLEHHSA 1A 3BEAEHHA [0 KBAAPATHOrO.

IHWOtO rPpynoto anropuTMiB € METOAM PO3KNALAHHA HAa MHOXHWKM Ta NepeTBOpeHb, AaHa rpyna Gopmye piBHAHHSA,
pO3B’A3aHHA AKMX BUMAra€ 3aCTOCYBaHHA TPUFOHOMETPUYHUX TOTOXKHOCTEN AN1A daKTopu3aLii BUpasy:

e cyma/pizHnua B fobyTok (SumToProductEquation): BukopuctaHHa dopmyn sin(a) =+ sin (B) ana oTpumaHHs
L06YTKY, WO AOPIBHIOE HYNIO;

e meTop rpynyBaHHA (GroupingEquation): cknagHiwi Bupasm 3 4-ma i 6inblwe gogaHKamu, Aki NoTpibHO 3rpynyBaTh
DONA1 BUHECEHHSA CNiIbHOTO MHOMHMK;

e noHMXeHHA cteneHsa (PowerReductionEquation): piBHAHHA 3 KBaApaTaMy CMHYCa YM KOCWMHYCA, A€ KNHOYOBUM
KPOKOM € nepexif A0 GyHKLiM NoABIMHOIO aprymeHTy;

® CTPYKTYpHi meToam (O4HOpPIgHICTL Ta NiHiliHA KOMBiHALiA) € OKPEMOK KaTeropiero aAropMTMiB, WO BigNoBiAaE 3a
reHepaLito piBHAHb 3i cneundiyHO CTPYKTYPOIO;

e oaHopigHi piBHAHHA (HomogeneousEquation) Ta Ti, wo 3BogaTbca Ao Hux (ReducibleToHomogeneousEquation):
PiBHAHHSA, fie BCi YIeHW MatoTb OAHAKOBWI CyMapHWUiA CTeNiHb, WO A03BO/AE BUKOHATU AineHHA Ha cos™(x) i nepeitu ao tg(x);

e MeToA AonomixHoro Kyta (LinearCombinationEquation): piBHAHHA Buay Asin(x) + Bcos(x) = C. Cuctema
rapaHTye nigbip KoediuieHTiB a, b, WO BigNOBIAAIOTE TABAMYHMM 3HAUYEHHSAM CUMHYCA | KOCMHYCA.

[na nepesipku nornnbaeHnx 3HaHb peani3oBaHO reHepaTopu, Wo 6asyrTbcAa Ha HEOYEBUAHMX NiACTaHOBKaX:

e CcuMMeTpUYHi piBHAHHA (SymmetricEquation): BuKopucTOoBylOTb 3amiHy t = sin(x) * cos (x), wo A[o3sonse
BupasuTtn fobytok sin(x) cos (x) yepes t;

e yHiBepcasnbHi Ta cneuianbHi 3amiHn (TanSubstitutionEquation, SumTanCotanEquation): piBHAHHA, WO
po38’AsytoTbea vepes t = tg(x) abo t = tg(x) + ctg(x).

TakoX peanizoBaHO anroputm reHepauii gna metoay ouiHku (BoundedSumEquation): HecTaHAapTHI PiBHAHHSA
(Hanpuknag, sin (x) + cos (5x) = 2), wo po3s’asytoTbcs Yepes aHani3 061acTi 3HayYeHb.

OcCTaHHIM aNIrOpUTMOM € reHepaLis piBHAHb 3 apk-dyHKLiamu (InverseTrigEquation): anrebpaiuHi piBHAHHA, Ae 3MiHHa
3HAX04MUTbCA Nifg 3HaKOM 0HepHeHOi TPUroHOMETPUYHOI GYHKLI.

PesynbTatom poboTn cuctemu € daiin y dopmati PDF, 3BepcTaHuii 3a gonomoroto cuctemu LaTeX. Takuii dopmart €
CTAaHZAPTOM 417 HAYKOBO-TEXHIYHOT AOKYMeHTaL,ji, 3abe3nevytoun ifeanbHy UntabenbHicTb popmyn, Kpoc-naaThopmHicTb Ta
FOTOBHICTb A0 APYKY.

4 AHani3 AKOCTi Ta MeTOA,0/10rI4HI 3ayBaXKeHHA

BukopuctaHHa 6ibnioTekn SymPy rapaHTye maTtemaTuUyHy TOYHICTb, NpoTe anpobauia cuctemu Buasuna notpeby B
afanTauii MalWMHHUX pe3yabTaTiB A0 WKiNbHWUX cTaHaapTiB. Kntouosoto npobiemoto € cneundika KaHOHI3aL,i po3s’askis: SymPy
4acTo reHepye HAANMLLKOBI 06’€AHAHHA MHOMXMH (HanpuKaaa, oKpemi cepii KopeHiB 3amicTb oAHIEl KoMNaKkTHoI dopmynu). Ona
nofonaHHA Lboro edeKkTy B MPOrpamMHOMY KOMIJIEKCI peani3oBaHO €BPUCTUYHI afropuTmMuM MnocTob6pobKM, AKi BUKOHYIOTb
NPUMYCOBe «3ropTaHHA» NepioANYHUX Cepilt y 3aranbHONPUNHATMI GopmarT.

IHWMM acrneKTom € 0co6/MBOCTI aBTOMATUYHOIO CNpOLLEeHHA BUpasiB. KpuTepii miHimisauii cumsonis y SymPy iHoaj
Nnp13BOAATL A0 KHENeAaroriYHMx» TpaHCcPopMaL,ii, Lo YCKNALHIOTb PO3YMIHHA JI0TIKK NepeTBopeHb (HanpuKknag, nepeayacHe
PO3KPUTTA AYKOK abo HecTaHZapTHa poboTa 3 ippauioHaNbHOCTAMM). IHTErpoBaHWn mody/nb NPUMYCOBOrO GOPMATYBaHHA
nosniHomiB 6/10Ky€e CTaHAAPTHI CNPOLLEHHA Ha eTani Bi3yani3aLii, 3a6e3neyyoun 3BUMHUI o1 YUHIB BUTAAL KoedilieHTiB.

TaKoK BpaxOBaHO apXiTEKTYPHY AeTepMiHOBAHICTb MeTOAiB p0o3B’A3aHHA. Monpu icHyto4Yy B MaTeMATUL,i BapiaTUBHICTb
nigxoais (Hanpuknag, BWGIP MiDK MeTOAOM [OMOMIKHOTO KyTa Ta [AiNEHHAM Yy OLHOPIGHWUX PIBHAHHAX), cucTema
6e3anbTepHaTUBHO 0BMpPAE aNrOPUTM, 3aZaHMI NapameTpamm reHepalii. Take 06MeXKeHHs € CBIZOMUM METOAUYHUM PilLEHHAM,
OpIEHTOBAHMM Ha BiANpaLLloBaHHA KOHKPETHOI HaBYa/IbHOi TEMMU.

5 OuiHKa HagiliHOCTi Ta BepudiKauia pesynbraris

Po3pobneHa cuctema 6asyeTbcA Ha A4PI CUMBO/IbHUX 064YncneHb SymPy, Wo rapaHTye GyHAAMEHTANbHY MAaTeMATUYHY
KOPEKTHICTb /IOTiKW. Pa3om 3 TMM, CKNaaHICTb anropuTmisaLii TPUroHOMeTPUYHUX NepPeTBOPEHb 3YMOBJIIOE BUHUKHEHHA MOOAUHOKNX
TEXHIYHUX aHOMaNIM Yy TPAHUYHKX BUNAAKaxX reHepauii napamertpis (MeHwe 1% BunagKis 3a pesyabTatamu anpoballii).

[na HiBeNtOBaHHA LMX PU3MKIB y NPOrpami peanisoBaHo:

o MexaHiam nepexonsieHHa BUKAtoYeHb (Exception Handling): npu BMABNEHHI HEKOPEKTHOI CTPYKTYPWU PiBHAHHA
CMCTeMa aBTOMATUYHO iHiLitOE MOBTOPHY reHepawito BapiaHTa.

e Anroputmu noct-obpobKu: dinbTpy Banigau,ii 3abesneuyoTb NeaaroriyHo goLiNbHe BidyasibHe NOAAHHA MPOMINKHUX
KPOKiB pO3B’A3KY.

MoeAHAHHA MOTYXXHUX OBYMCAIOBANbHUX MOMKAMBOCTEW b6ibNioTEKM i3 po3pobaeHMMM npaBunamMuv MeToAMYHOT
dinbTpaLii L03BONAE reHepyBaTM AUAAKTUYHI MaTepianu, WO 3a AKICTIO BiANOBiIAa0Tb pobOTi AOCBIAYEHOr0 MeToAMCTa, CYTTEBO
CKOpPOYYOUM Yac Ha niaroToBry. [loganblie BAOCKOHANEHHA CUCTEMWM CMPAMOBaAHE Ha ONTMMI3aLito BigobparkeHHA
HeCTaHAAPTHUX MAaTEMATUYHUX KOHCTPYKLIN Y PiAKICHUX BUNaaKaX.

6 MeToaMKa Ta pe3ynbTaTv BIPOBAAKEHHA CUCTEMMU

6.1 MeTtoauyHi pekomeHAALi A0 3aCTOCYBaHHA

BuKopuCTaHHA reHepaTopa [03BOJIAE ONTUMI3yBaTM POOOTY BUMTENA, 3MILLYIOUM aKLEHT 3 PYTUHHOI NiArOTOBKM
maTepianis Ha iHaUBIAYanbHY poboTy. OCHOBHUMK GOPMaMM 3aCTOCYBAHHS E:
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® KOHTPONbHO-OUjiHIOBaNbHA AiA/IbHICTb: WBMAKE (GOPMYBaHHA YHIKaNbHUX BapiaHTIB AaA MOTOYHOrO Ta
NiACYMKOBOro KOHTPOIIO, WO MiHIMI3ye pU3MKM aKaZeMiuHoi HegobpoyecHoCTi. CUcTema A03BONAE KOMMOHYBATU K O4HOTUNMHI
TPEeHyBa/bHi BNpaBM, TaK i KOMMNEKCHi 6ineTu 3 3aBAaHHAMM PI3HUX PiBHIB CKNA4HOCTI.

e MeToAMYHUIA CynpoBiA, CamocCTiiHOI pPo6OTU: BUKOPUCTAHHA 3reHepoBaHMX TMOKPOKOBMX PO3B’A3KIB  AK
iHAMBIAYaNbHMX KapTOK-iHCTPYKUiN. Lle [03BONAE peanisyBaTM MOAENb «NEpPeBEepHYTOro Knacy», Ae Y4YHi CaMOCTIMHO
OnpaLbOoBYOTb aZIFOPUTMM, @ AYAUTOPHUI Yac NPUAINAETLCA aHaNI3y CKNAZHUX BUNAAKIB.

e KopeKuiltHe HaBYyaHHA: reHepauia nepcoHanizoBaHUX HabopiB 3aBgaHb AnA poboTM Hag NOMUAKAMW. YYeHb
OTPUMYE MOXK/IMBICTb MOPIBHATU BAACHMI PO3B'A30K i3 €TaIOHHUM, WO cnpusae GOPMYBaHHIO CTIMKOT aITOPUTMIYHOI HaBUYKM Ta
PO3BUTKY KPUTUHHOTO MUCIEHHA.

BuxiaHWI Ko Ta 3pasKku maTepianis 4OCTYNHI y penosuTopii: https://github.com/nazariirybchynskyi/equagen.

6.2 Anpobauis Ta aHani3 epekTMBHOCTI

MeparoriyHMii eKcnepuMeHT NpoBeseHo Ha 6asi niueto YepHiseybkoi obnacTi (10 Knac) Ha nponeaeBTUYHOMY eTani
BMBYEHHA TeMU « TPUFOHOMETPUYHI PIBHAHHAY. YUHIB 6y0 po3nogineHo Ha agi rpynu:

1. KoHTponbHa rpyna (14 y4His): camonifrotoBKa 3a TpaguuUitHUMM NigpyYHUKaMK.

2. EkcnepumeHTanbHa rpyna (15 y4His): BukopuctaHHa Telegram-60Ta, iHTerpoBaHoro 3 pospobneHoto cuctemoto,
O reHepauii NpUKAaAiB i3 NTOKPOKOBUMMM pO3B’A3KaMu.

MeparoriyHnii eKCcnepumMeHT TPMBaB NPOTATOM [BOX TWXKHIB. Ha noyaTtkoBomy eTani 6y/i0 BCTAaHOBAEHO OA4HOPIAHICTb
rpyn 3a piBHem nonepegHboi nigrotosku. Mg yac ¢dopmyBanbHOro etany yyHi eKCnepuMMeHTaNbHOI Fpynu BUKOHYBaIM
iHaMBiAyanbHi Habopu 3aBAaHb, 3reHepoOBaHi CUCTEMOIO, WO OXOM/OBAAM Taki TUNM Bhpas: po3B’A3aHHA 6a30BuX
TPUTOHOMETPUYHUX PiBHAHb, PiBHAHb, WO 3BOAATLCA A0 KBAaAPaTHMX, Ta OAHOPIAHWX PIBHAHbL NEPLIOro i APYroro NOpAAKis,
3HAXOAKEeHHA 3araNbHOro po3B’A3Ky Ta BiAbip KOPEHiB Ha 3a4aHOMY MPOMIXKKY.

KoHTponbHWUI 3pi3 3HaHb NPoBOAMBCA Y GOPMi NMMCbMOBOI KOHTPOJIbHOI PobOTH, AIKa CKNaganacA 3 nN'ATM 3aBAaHb
Pi3HOrO PiBHA CKNAZHOCTI.

Pe3ynbTaTh AocaiaKeHHA: AHani3 KOHTPOIbHOI PO6OTH 3aCBIAYMB, WO B €KCNEPUMEHTaNbHIW rpyni cepegHilt 6an 6ys
Ha 15-20% BWLWMM, HiXK Y KOHTPOAbHIM. YUHI, AKi npautoBann 3 60Tom, NPOAEMOHCTPYBAAN BULLY anrOPUTMIYHY KyAbTypy Ta
3HAYHO MEHLLY KiNbKiCTb NOMMUAOK Y 3anuncax 3araibHUX Gopmy KOPEHiB.

OpepKaHi pesynbTaTM MaloTb XapaKTep NiNOTHOrO AOCAiAKeHHA. Xo4ya obcar Bubipku (n=29) obmerkeHuii pamkamm
O4HOro 3aKNagy OCBiTW, BUABNEHA NO3WUTMBHA [AMHaMiKa ycniwHocTi (Ha 15-20%) po3BonAe 3pobuTM BUCHOBOK MpPO
NepCcneKTUBHICTb NOAANbLIOFO MaclTabyBaHHA METOAMKM.

OnWTYyBaHHA YYaCHWKIB NeAaroriyHOro eKCnepuMMeHTy NiATBEPAMAO, LLO HAABHICTb MUTTEBOTO 3BOPOTHOrO 3B’A3KY
yepes NOKPOKOBI MOACHEHHA NiABULLYE aBTOHOMHICTb YUYHIB Ta CKOPOYYE Yac Ha ONaHyBaHHA TMNOBMX onepaliit. TakKum YMHOM,
anpobauia niaTeepamna eGpeKTUBHICTb CUCTEMMU AK IHCTPYMEHTY NiABMLLEHHA AKOCTI MaTeMaTMYHOI OCBITM Ta yCNilWHOI peanisauii
audepeHuiioBaHoro nigxoay.

BUCHOBKM TA NEPCNEKTUBU NOAANBLUOIO AOC/NIAXKEHHA

Y cTaTTi po3B’A3aHO aKTyasibHYy HAyKOBO-MPWKAALHY 3a4avy aBTOMATU3ALl CTBOPEHHA BapiaTUBHUX AWAAKTUYHUX
maTepianis 3 MaTeMaTUKM LLIAXOM PO3PODOKM crewianisoBaHOro NporpamHoro 3abesneyeHHs Ha 6asi mosu Python Ta 6ibnioTekn
SymPy. HayKkoBa HOBM3Ha OTPMMaHWX pe3y/nbTaTiB MONATAE B OOIPYHTYBaHHI aNropuTMIB «3BOPOTHOFO iHXXWUHIPUHIY», AKI
003BOIMAM  NOJ0NATU npobnemy HenepenbayvyBaHOCTI CKNAAHOCTI KOPEHIB Ta rapaHTyBaTM METOAMYHY BiANOBIAHICTL
3reHepoBaHUX 3aBAaHb YUHHUM HABYA/IbHUM NPOrpamam.

MpakTMYHa 3HauywicTb poboTM nigTBEpAMKeHa pe3ynbTaTaMy NeaaroriYyHOro eKcnepumeHTy, 3rigHO 3 AKMMMK
BMPOBASKEHHA CUCTEMM K 3ac0by METOAMYHOro CynpoBOAY CMPUANO NiABULLEHHIK YCMIWHOCTI y4yHiB Ha 15-20% npwu
O[,HOYACHOMY CKOPOYEHHI YaCoBMX BUTPAT BUMTENA Ha MiATOTOBKY A0 3aHATb. OLiHKA HaAiMHOCTI NMPOrpPamHOro KOMMEKCy
3acBiguMna, WO peanizoBaHi MexaHiamu Banigauii Ta aganTMeHoro ¢opmaTtyBaHHA edEeKTUBHO HIBENOOTb TEXHIYHI aHOoManil
MaLUMHHOro BMBOAY, 3abe3neyyoum BUCOKY AKICTb KiHLEBOro NpoAyKTy. Moaanblinii po3BUTOK AOCNiAMKeHHA BOaYaeTbca y
po3WupeHHi 6ibnioTeKM anropuTmiB Ha iHWI po3ainu anrebpu Ta iHTerpauii po3pobneHoro Aaapa y Beb-OpieHTOBAHI OCBITHI
nnathopmm aAna macliTabyBaHHS OTPUMAHOIO AOCBiAy.

KOH®IKT IHTEPECIB

ABTOpPM 3aABAAIOTb NPO BiACYTHICTb (iHAHCOBMX, OCOBUCTUX UM iHWMKX iHTEPECiB, LLO MOMKYTb PO3rNAfaTUCA AK
NOTEHUiMHMI KOHOAIKT iHTepeciB Woao nybnikauii uiei cTaTTi.

OXKEPENA ®IHAHCYBAHHA

Pob0Ty BMKOHaHO 3a BiACyTHOCTI GiHAaHCOBOI NiATPUMKM 3 BOKY Byab-AKMX OpraHisauii.

AOOCTYNHICTb AAHUX

Lle focnigxeHHa He nepeabayano BUKOPUCTaHHA OKpeMux Habopis gaHuX.

BUKOPUCTAHHA 3ACOBIB LUTYYHOTO IHTENEKTY

ABTOpPU BUKOPMCTOBYBaAM iHCTpymeHTH LUI (30kpema Gemini) aAna TexHiYHOro 0GOPMAEHHA CMUCKY BMKOPUCTAHUX
pxxepen Ta References BiANOBIAHO 40 BUMOT BUAAHHA, @ TAaKOXK A/1A NEPEBIPKM rPamaTMKM 1 MyHKTyauii. ABTOpW 34iACHMAN
KPUTUYHY NepeBipKy Ta pegaryBaHHA OTPMMAHOrO pe3y/bTaTy i HeCyTb NOBHY BiANOBIAANbHICTb 33 3MICT CTaTTI.
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AHOTALIA ABSTRACT
dopmynioeaHHa npobaemu. Y  8uknadaHHi  Ougpakyii Formulation of the Problem. In teaching Fraunhofer
®payHeopepa  ekcrniepumeHmaneHi  niOxoou,  AKi  4imKo diffraction, experimental approaches that clearly reveal the

deMOHCMpyroMb  38°A30K  MiXC CMPYKMypamu 8 peasbHOMy
npocmopi ma ixHim npedcmasneHHAm y npocmopi Dyp’e,
307UWAMbLCA 0OMeXeHUMU 3a 0oCMynHicmi© ma macwmabom
3acmocysaHHA. Y yili pobomi npedcmasneHo npocmudi, Hedopoauli
i Hao4Huli memod, wo 0038074€ cmydeHmam crocmepieamu
OupakuiliHi KapmuHu ma cucmemamuy4Ho 00CaiOXy8amu ernaue
8UPOBHUYUX 8iOXUsIeHb OPYKOBAHUX ONMUYHUX MACOK.
Mamepianu i memoou. Memood rnoedHy€e eKcriepumeHmasnbHy
si3yanizayito 3a 0onomozor b6IHAPHUX aMMAIMyOHUX MACOK,
HAOPYKOBAHUX HA npo3opili naieyi cmaHOapmHUM ogicHUM
7103epHUM MIPUHMEPOM, Ma 0C8imseHHA HamniernposioHUKOB8O
7103ePHOI0  YKA3KOIO, i3 4UCesnbHUM MOOENt08AHHAM HA OCHO8I
0808UMIpHO20 WBUOKO20 NepemsopeHHs Pyp’e, peanizosaHoezo &
Python.  Mikpocmpykmypu, Wo  OXONAwwme  0OHOMIPHI
ougpakyiliHi  rpamku, 0808UMIpHI nepioduyHi rpamku ma
cmpykmypu 3 6a3Ucom (4eHMpPoBaHA MA 2eKCA20HAbHA rPAMKU),
a Makox HesnopAOKosaHi aHcambai ma KeasizinepyHighopmHi
KOHei2ypauii, 6e3nocepedHbo rnopigHooMbcA MinC
eKcriepumeHmom i mMooentosaHHAM. Lle nopieHAHHA 00380nA€
0emasnbHO NPoaHaniaysamu, AK 8i0OXUneHHs, 3yMosneHi OpyKom —
BKMIOYHO 3 /IOKA/ILHUMU  CIOMBOPEHHAMU,  MOMUAKAMU
M03UYiOHYBAHHS, PO3MIKAHHAM MOHePA Ma YacMKo8UM 3UMMAM
enemeHmie — 8naueaome Ha OUPAKyiliHi xapakmepucmuku.
Pe3yabmamu. Pe3ysibmamu demoHCmpyoms, Wo 8 nepioduyHux

CMPYKmMypax  MosoMeHHAa  Makcumymie — ougpakyii  dobpe
gionosidatoms  3a0aHili  2eomempii, modi AK  MexHono2iYHi
HeGOCKOHanM0CMi  MepesamcHo  MoOyaKMb  iHMeHCU8HOCMI,

4aCMKOBO BiOHO8/10IOMb HOMIHAMALHO 3a60POHEeHi MopAOKU ma
cmeoprotoms caabki dodamkosi MaKcumymu. Y HeernopaoKo8aHUX
macusax OpyKkosaHux Ouckie 36inbweHull egekmusHul po3mip
CMPYKMypHUX esemeHmie ma nosniducrnepcHicmes y HaopyKosaHili

2eomempii  npu3eodams 00 3HAYHO20  32/100HYBAHHA Ma
fpugHiYeHHs OugpakyiliHux Kineub euuwjux nopsAokie, modi AK
HaknadeHi  6aAuXHI  Kopenayii  cmeoprorome  XapakmepHi

0cobnusocmi, maki AK yeHmpanasHe memHe Kinvue. Lli pesysemamu
intocmpyrome, K MOHKIi cucmemMamu4Hi ma eunadKosi 8i0XuneHHs
8i0 ideanizosaHux GiHAPHUX amnAiMyOHUX MACOK 8Mnausaroms Ha
KapmuHu ¢payHeogeposoi Ougpakuii, nepemeoprorodyu murnosi
apmegpaxkmu OpyKy Ha YiHHUl nedazoeiyHuli iHcmpymeHm.

relationship between real-space structures and their Fourier-
space representation remain limited in accessibility and scope.
This work presents a simple, low-cost, and visually effective
method that enables students to observe diffraction patterns
and systematically investigate the influence of fabrication-
induced imperfections in printed optical masks.

Materials and Methods. The approach combines
experimental visualization using binary amplitude masks printed
on transparent film with a standard office laser printer and
illumination by a low-power semiconductor laser pointer, with
numerical simulations based on two-dimensional fast Fourier
transforms implemented in Python. Microstructures ranging
from one-dimensional gratings to two-dimensional periodic
lattices and structures with a basis (centered and honeycomb),
as well as disordered ensembles and quasi-hyperuniform
configurations, are directly compared between experiment and
simulation. This comparison allows detailed analysis of how
printer-induced deviations including local distortions,
positioning errors, toner spreading, and partial merging of
elements — affect the resulting diffraction features.

Results. The results demonstrate that in periodic structures
the positions of diffraction maxima closely follow the designed
geometry, while fabrication-induced imperfections primarily
modulate intensities, partially restore nominally forbidden
orders, and generate weak additional maxima. In disordered
arrays of printed disks, the increased effective feature size and
polydispersity in the printed geometry lead to strong smoothing
and suppression of the higher-order diffraction rings, whereas
imposed short-range correlations produce characteristic
features such as a central dark ring. These findings illustrate how
subtle systematic and stochastic deviations from idealized binary
amplitude masks influence Fraunhofer diffraction patterns,
thereby transforming typical printing artefacts into a valuable
pedagogical tool.

Conclusion. From an educational perspective, the method
provides an affordable, hands-on platform for exploring
Fraunhofer diffraction, Fourier optics, reciprocal-space concepts,
and statistical correlations. By bridging idealized theoretical
models, realistic fabrication limitations, and numerical

© The Author(s) 2026
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BucHoeKu. 3 0c8imHb0i mo4Ku 30py memod 3abe3sneyye docmyrnHy
npaKkmMuy4Hy naameopmy 011 8UBYEHHA ppayHaodepo8soi dudpakryii,

simulation, it is particularly well suited for undergraduate
laboratory courses in wave optics.

onmuku  @yp’e, KoHyenyili obepHeHo20  npocmopy ma
cmamucmuyHux Kopenayili. [oedHyo4u ideanizosaHi meopemuyHi
mooeni, peanvHi OOMEIEHHA 8uU20mMoeneHHA ma  YucesbHe
MOoOento8aHHs, 8iH 0cobaugo 0obpe nidxooume 07 1a6OPAMOPHUX
Kypcie 3 onmuKu y suwyili oceimi.

KEYWORDS: Fraunhofer diffraction; experimental
visualization; numerical simulation; Fourier optics; ordered and
disordered systems; laser printing of microstructures.
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INTRODUCTION

Problem statement. Fraunhofer diffraction remains one of the most visually striking and pedagogically valuable
phenomena in wave optics. It provides a direct experimental visualization of how the size, shape, and spatial arrangement of
obstacles affect the resulting far-field pattern, making diffraction experiments powerful tools for instructional physics courses
and educational visualizations of ordered and disordered optical structures. At the same time, there remains a need for accessible
experimental approaches that facilitate students’ understanding of diffraction from a variety of ensembles and clearly
demonstrate the correspondence between real and reciprocal space.

This correspondence between object geometry and the far-field diffraction pattern is illustrated by well-known
atmospheric diffraction phenomena, such as coronae around the Sun and Moon, whose ring structure is governed by Fraunhofer
diffraction from nearly monodisperse cloud droplets (Cowley et al., 2005).

Literature review. Similar phenomena can be reproduced in the classroom using controlled scatterer ensembles. High-
resolution laser printers enable sufficiently regular microstructures that yield diffraction patterns comparable to optical gratings
(Brady & Boardman, 1995; Van Hook, 2007). The resulting patterns resemble Laue X-ray diffraction photographs, illustrating the
connection between crystallography and optical diffraction. Optical Laue diffraction has been demonstrated on two-dimensional
photonic structures with hexagonal packing (Naimi, 2013), while modern approaches employ computer-generated masks on
spatial light modulators, forming complex structures in real time and allowing instantaneous observation of their Fourier images
(Huang et al., 2012). Diffraction patterns for all five two-dimensional Bravais lattices have also been reproduced using pairs of
linear gratings (Tsutaoka et al., 2014).

The pedagogical value of such experiments is enhanced when integrated with numerical simulation. Direct comparison
of observed patterns with computed Fourier transforms allows students to trace the correspondence between real-space
geometry and reciprocal-space representation (Peinado et al., 2012) and explore the effects of periodicity, defects, statistical
fluctuations, and scatterer size on the far-field structure.

Particular interest arises when the scatterers consist of ensembles of opaque disks with disordered or correlated
placements. Each disk acts as a two-dimensional optical analog of a spherical microparticle, so that the far-field diffraction pattern
provides a vivid model for powder X-ray diffraction, light scattering from colloids, and two-dimensional particle arrays.

The progression from ordered structures (discrete Bragg peaks) through Poisson-distributed configurations to
hyperuniform ensembles (suppressing small-angle scattering) makes the evolution of the structure factor visually evident.
However, despite these advances, existing studies primarily focus on ordered periodic structures or isolated demonstrations,
whereas systematic and accessible experimental approaches for illustrating diffraction from disordered and correlated ensembles
— particularly in combination with quantitative analysis of fabricated masks produced by laser printing — remain insufficiently
developed for instructional use.

The purpose of the study. The purpose of this study is to develop and present an integrated method combining printed
binary masks with numerical simulation for instructional visualization of Fraunhofer diffraction, taking into account printer
resolution, pixelation effects, and fabrication-induced variations.

This framework enables systematic exploration of diffraction patterns across ordered gratings, random Poisson
distributions, Poisson Disk Sampling distributions, and hyperuniform ensembles (Torquato & Stillinger, 2003; Torquato, 2018).
Each ensemble produces a distinctive far-field “fingerprint,” and comparison between experiment and simulation is restricted to
geometry-based descriptors of the diffraction pattern. These include the radial positions of intensity extrema in ring-like
structures and the inter-spot distances in discrete patterns, without using absolute or relative intensity values.

By integrating numerical simulation with experimental visualizations using digital printing and accessible laser optics,
this approach provides students with an engaging and effective means to visualize and explore Fourier optics, concepts of
statistical physics, and the relationship between real and reciprocal space.

METHODS OF THE RESEARCH

Generation of microstructures. The microstructures were programmatically generated using Python. All masks were
designed for printing on OHP laser-printer transparency film (A4 format) at a resolution of 1200 x 1200 dpi using a Brother
HL-L2400DW printer. The physical dimensions of structural elements were specified in micrometers and converted to pixels
within the Python scripts according to the relation (1).
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1 inch
1px= 200 api 21.17 um. (2)

The minimum practical feature size was chosen to be 80—-84 um, corresponding to approximately 4 pixels according to
equation (1). This size ensures the formation of fully opaque regions with adequate and uniform toner thickness.

All masks were physically printed on premium 100 um-thick laser-printer transparency film using the HQ1200 / Graphics
mode.

Printing considerations. Microscopic inspection of the printed masks reveals several non-idealities inherent to laser-
printing-based fabrication, including edge roughness, limited lateral toner spreading, and local distortions in regions with closely
spaced elements. Similar fabrication-induced feature broadening and partial merging effects have been reported in studies of
laser-printed photomasks and toner-based pattern transfer (Easley et al., 2009; Ghosh et al., 2019).

From an educational perspective, such fabrication-induced variations illustrate the interplay between theoretical
design, numerical simulation, and experimental implementation, highlighting how practical constraints affect observed optical
diffraction patterns. In each visualization, these detected defects are considered, and their influence on the resulting diffraction
pattern is systematically analyzed to demonstrate how deviations from ideal geometry affect both periodic and disordered
ensembles.

Experimental setup and Fraunhofer conditions. In the experiment, a standard semiconductor laser pointer
(A =0.532 um, output power <5 mW, Class Il) was employed. Basic laser-safety precautions appropriate for Class Il devices were
observed throughout the setup.

The laser beam was directed perpendicular to the surface of the transparency film carrying the printed microstructure.
The distance from the laser pointer to the film was h = 0.20 m. The diffraction pattern was observed on a screen placed at a
distance z = 6.50 m from the mask, a separation that simultaneously satisfies two independent Fraunhofer-condition criteria.

The first condition governs the applicability of the Fraunhofer approximation and is determined by the effective lateral
extent of the illuminated region on the mask (Born & Wolf, 1999; Guenther, 2020; Hecht, 2017). The standard criterion is
expressed as

z > R?/4mA, (2)

where R is the radius of the illuminated region on the mask, defined as half the transverse dimension of the microstructured film
section within which the laser beam produces significant illumination.

For the present experimental visualization, the radius of the illuminated region was R = 1 mm, yielding the requirement
z » 0.15 m according to equation (2). A more rigorous estimate, based on the maximum quadratic phase shift, gives
z > nR%2/\ = 5.9 m (Rayleigh range). The chosen screen distance of z = 6.5 m comfortably exceeds this stricter threshold, fully
satisfying the Fraunhofer (far-field) condition and ensuring sharp, well-defined diffraction patterns.

The second condition pertains to the characteristic size of an individual opaque element (line, disk, or square). For the
diffraction pattern of a single obstacle to conform rigorously to the classical Fraunhofer expressions, the linear dimensions of the
element are typically chosen to substantially exceed the wavelength (Bertero et al., 1985). In the present structures, this
dimension ranges from 80 to 84 um — more than 150 times the wavelength of the radiation (A = 0.532 um). This substantial ratio
ensures excellent reproducibility of the single-element form factor and validates the quantitative interpretation of the observed
diffraction patterns.

Image acquisition and processing. Diffraction patterns were recorded using a Nikon D850 digital single-lens reflex
camera equipped with a Nikon AF-S VR Micro-NIKKOR 105 mm f/2.8G IF-ED lens. The camera was mounted on a tripod to
eliminate motion blur during long exposures under low-light conditions.

Experimental images were converted to grayscale and calibrated in spatial coordinates using a known pixel-to-length
ratio. For visualization and comparison with simulations, intensity values were globally normalized by their maximum value,
yielding dimensionless intensities in the range [0, 1].

Optical micrographs of the fabricated masks were acquired using a Leica M205 stereomicroscope. These micrographs
were further analyzed using Imagel) software (Schneider et al., 2012) to measure geometric parameters, including equivalent
element diameters (based on area), shape (aspect ratios), halo size, lattice periods in periodic arrays, and characteristic distances
such as the minimum center-to-center spacing in disordered (e.g., Poisson Disk Sampling) ensembles. These measurements
provided quantitative information on fabrication-induced variations, enabling comparison with the nominal designed values and
supporting interpretation of the corresponding diffraction patterns.

Numerical simulation. Diffraction patterns were numerically simulated using the two-dimensional fast Fourier
transform (2D FFT) method on a uniform grid of 4096 x 4096 pixels, which balances spatial resolution and computational
efficiency. The chosen discretization provides 45—69 grid points across each element diameter, ensuring accurate representation
of shapes and relative positions for all configurations, including one- and two-dimensional gratings, centered and primitive unit
cells, hexagonal and honeycomb lattices, as well as random (uncorrelated) and hyperuniform ensembles.

All masks were generated as binary images representing opaque elements on a transparent background. The physical
printed masks have coarser resolution (~4 pixels per element) with widened and irregular edges, which are not fully captured in
the numerical model. In the simulation, a slight Gaussian smoothing (o = 1.5 pixels of the computational grid) was applied to the
element boundaries solely to avoid unrealistically sharp edges introduced by the discrete numerical grid. This smoothing does
not alter the nominal element size or the overall lattice geometry, but facilitates a more stable and visually realistic representation
of diffraction features. Measured fabrication-induced variations, such as size fluctuations, edge roughness, and spacing deviations
identified via ImagelJ analysis, were generally taken into account qualitatively in interpreting the simulated diffraction patterns;
in cases where these variations noticeably affected the pattern, the experimentally measured geometries were used directly in
the numerical simulation.

The illumination was simulated by a Gaussian beam with a wavelength of A = 0.532 um, whose intensity distribution in
the aperture plane is described by equation (3), which is equivalent to the form presented in (Siegman, 1986).
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Ibeam(r) =e€ w%' (3)
where r is the distance from the beam center, wo = 1 mm is the beam waist radius (defined at the 1/e? intensity level),
corresponding to the experimentally used illuminated region.

The resulting complex field in the mask plane was propagated to the far field using a 2D FFT, yielding the Fraunhofer
diffraction pattern that can be directly compared with experimental observations.

All intensity maps are presented in normalized form for visualization due to the high dynamic range of both
experimental and simulated data. Experimental images are normalized with respect to the maximum recorded intensity, while
simulated intensity distributions are given in normalized units.

All simulated diffraction patterns of periodic structures (e.g., gratings) are shown using a linear intensity scale with
optional saturation, unless otherwise stated. For ring-like diffraction patterns (e.g., Airy-like or disorder-induced circular
patterns), nonlinear tone mapping is applied only to simulated images for visualization purposes to enhance weak diffraction
features, such as higher-order rings. These processing steps preserve the spatial structure of the diffraction patterns and do not
affect the positions, symmetry, or locations of intensity maxima; all such cases are explicitly indicated in the corresponding figure
captions.

Comparison between experimental diffraction patterns and numerical simulations is performed primarily based on
spatial characteristics (positions and radii of maxima and rings), since the possible nonlinear response of the imaging system
(CMOS camera, Nikon D850), limited dynamic range, and variations in exposure conditions prevent reliable direct comparison of
absolute intensities. The main validation of the fabricated masks was performed using optical microscopy and quantitative Image)
analysis.

All data, including experimental diffraction photographs, optical microscopy images of fabricated masks, numerical
simulations, Python scripts for data processing and visualization, and PNG files of masks used for printing, are available in an
open-access repository (Voronkin & Lushchin, 2026).

RESULTS OF RESEARCH

1. Fraunhofer diffraction on a one-dimensional grating. Fraunhofer diffraction on a one-dimensional grating is
considered. As a first experimental visualization, diffraction from a one-dimensional amplitude grating consisting of vertical
opaque stripes is presented. The grating was first designed as a digital amplitude mask and subsequently fabricated by laser
printing on a transparent film. The structure is characterized by an opaque stripe width a = 84 um (=4 pixels), grating period
d =252 um (=12 pixels), and a calculated filling factor n = 0.33.

In practice, the printed grating exhibits slight imperfections: the effective stripe width varies due to the granular toner
structure, edge roughness, and local spreading. Within the analyzed area of approximately 2.9 x 10% um?, six opaque vertical
stripes were identified. ImageJ analysis (see Appendix A, Figure Ala) shows that:

e Average period 256.8 £ 6.8 um (nominal 252 um, relative deviation +1.9 %);

e Stripe width 99.6 + 17.0 um (nominal 84 um, relative deviation +18.6 %);

o filling factor n = 0.39.

The relatively large uncertainty in the stripe width arises from irregular and wavy boundaries, accompanied by a diffuse
halo, with the width varying between 5 and 11 um across different regions, caused by inhomogeneous toner deposition. As a
result, the stripe width should be understood as an effective value, since the exact position of the edge depends on the chosen
intensity threshold.

Under normal laser illumination, a classical diffraction pattern consisting of a central maximum and symmetrically
spaced higher-order maxima is observed. However, deviations in the visibility and relative prominence of diffraction orders are
observed qualitatively when compared with the idealized model, while no quantitative intensity comparison is performed.

Figure 1 compares the experimental diffraction pattern (A) with the numerical simulation for the nominal grating
geometry (B).
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Fig. 1. Diffraction pattern obtained for a one-dimensional amplitude vertical grating: A — experimental diffraction pattern
for the printed grating; B — numerical simulation for the nominal grating geometry (d = 252 um, a = 84 pm). The simulation
is shown using a linear intensity scale with normalization and a display-only intensity clipping threshold /,: = 0.002
Source: author's own work
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An additional simulation using experimentally determined effective parameters is presented in Figure 2. This allows
direct assessment of the influence of fabrication induced deviations.

Y (cm)
Aj|suaiu| pazjjewlon

0o

-8 -6 -4 =2 [} 2 4 6 8
X (ecm)

Fig. 2. Numerical simulation of diffraction from the same grating using experimentally determined effective parameters
(d = 257 um, a = 100 pm). Linear normalization and display-only clipping (/s.: = 0.002) were applied following
the same procedure as in Figure 1
Source: author's own work

For the nominal grating geometry, the ratio d/a = 3 satisfies the condition for missing diffraction orders, whereby the
maxima of the grating interference function coincide with the zeros of the single-slit diffraction envelope, resulting in the
suppression of every third diffraction order. In the experimental pattern, the third diffraction order is partially restored due to
effective stripe broadening and local edge variations, which reduce the ideal suppression predicted for a uniform grating.

In the experimental pattern, however, the ratio d/a=2.58 deviates from this condition. As a result, exact cancellation
no longer occurs, and the missing orders are replaced by strongly attenuated diffraction maxima. The third-order maximum is
partially restored due to effective stripe broadening and local edge variations.

The increased filling factor (n=0.39) leads to a narrowing of the diffraction envelope, causing enhanced suppression of
higher diffraction orders. In particular, the fifth-order maximum is expected to be strongly attenuated, as it lies close to the
second minimum of the envelope function.

The following subsections consider structures composed of isolated elements, represented as opaque disks. These
elements serve as simplified models of discrete scatterers or particle projections. Such a representation enables a direct
correspondence between the real-space arrangement of elements and the resulting diffraction pattern, providing a consistent
framework for both numerical simulations and experimental visualizations of spatial correlations.

2. Fraunhofer diffraction by a two-dimensional periodic grating formed by a regular array of opaque disks. In this
subsection, we consider Fraunhofer diffraction from a two-dimensional amplitude grating consisting of a square array of opaque
disks. The structure was first designed as a digital amplitude mask, comprising disks of diameter D = 84 um (4 pixels at 1200 dpi),
arranged on a square lattice with period dy = d, = d = 169 pum (8 pixels). The physical mask was then fabricated by laser printing
on a transparent film.

For a periodic array of identical objects, the disk shape defines the envelope of the diffraction pattern, while the lattice
periodicity determines the positions of the maxima. In the small-angle approximation, the coordinates of the maxima on the
screen located at a distance z from the mask with the diffraction grating are given by the expressions:

Xmn = ZTZ_j: Ymn = Z%- (4)

For a square grating (dx = dy = d), the diffraction pattern consists of a regular two-dimensional grid of bright spots,
corresponding to the index pairs (m, n). The central maximum corresponds to the (0, 0) order; the nearest maxima to (t1, 0) and
(0, £1); and the diagonal ones to (+1, £1). This structure is a direct representation of the reciprocal lattice.

From the above expressions, a simple relationship follows between the grating period and the distance between
adjacent diffraction maxima relative to the center:

zZA zA
Axy = x19 = FK; Ay; =yo1 =~ 5" (5)

To improve experimental accuracy, the lattice period can be estimated by averaging values obtained from multiple

diffraction orders:
ma

-5 -5 ni
dx <Z xm,())m:l’z’ dy (Z J’o,n>n=1,2 ’ (6)

This approach allows for reducing the impact of experimental errors and enhances the robustness of the result.

A quantitative characterization of the fabricated mask (see Appendix A, Figure Alb) was performed using Imagel. The
spatial calibration was based on a 250 um reference scale. Within an analyzed area of approximately 2.9 x 106 um?, 93 disks were
identified. The measured parameters are:

e vertical period: 177.4 £ 7.4 um (nominal 169 um, relative deviation +4.97 %);
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e horizontal period: 176.8 £ 18.7 um (nominal 169 um, relative deviation +4.62 %);

e equivalent disk diameter: D = 83.3 + 36.3 um (nominal 84 um);

e aspectratio AR=1.310.3.

The disk diameter was defined via the equivalent-area method. The relatively large uncertainty is attributed to irregular
disk boundaries, including edge roughness and a diffuse halo caused by non-uniform toner deposition.

Figure 3 compares the experimentally observed diffraction pattern with a numerical simulation based on the measured
parameters. Despite minor deviations in disk shape and a ~5 % increase in the lattice period, the maxima positions agree well
with theoretical predictions, whereas intensity distributions are not compared quantitatively due to experimental and
visualization limitations.
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Fig. 3. Comparison of diffraction patterns: A — experimental pattern on the screen; B — numerical simulation of Fraunhofer
diffraction (D = 84 um, d = 169 pum). Linear normalization and display-only clipping (/s.: = 0.002) were applied only
to the simulated image, following the same procedure as in Figure 1
Source: author's own work

From a pedagogical perspective, this example highlights the separation between the roles of lattice periodicity and
single-element geometry in diffraction: the positions of the maxima are determined by the global periodic structure, whereas
their intensities are influenced by the shape of individual elements.

3. Fraunhofer diffraction on a periodic square grating with additional central disks. In this visualization, a modified
two-dimensional amplitude structure is presented, corresponding to a square periodic grating with additional elements located
at the centers of the unit cells. Such a structure corresponds to a centered square lattice (c-centered square lattice). It can be
represented as the superposition of two interpenetrating square sublattices: sublattice A, consisting of disks positioned at the
nodes of a square grid, and sublattice B, comprising identical disks but shifted by the vector A = (d/2, d/2).

In the digital design, the base structure consists of opaque disks with a diameter of D = 80 um (=4 pixels), positioned at
the nodes of a square grid with a period of d = 300 um (=14 pixels). An additional disk of the same diameter is placed at the center
of each unit cell, shifted by the vector A.

The period of the primary sublattice A determines the spacing between adjacent maxima on the screen:
Ax = Ay = 1.15 cm (see equation (5)). Sublattice B produces a sparser grid of maxima, yielding Ax = Ay = 2.31 cm. The offset of
sublattice B relative to A gives rise to a structure factor — a phase factor that modulates the intensity of the diffraction orders.

Although the diffraction pattern is convenient for visual comparison in (x, y) coordinates, a rigorous analysis of all
diffraction orders requires the use of reciprocal lattice vectors by and b,.

Each maximum on the screen corresponds to a reciprocal lattice vector Gmn:

G = mby +nby,, m,n €Z (7)
where b; is the first basis vector of the reciprocal lattice along the x-axis, b, is the second basis vector of the reciprocal lattice
along the y-axis.

These indices (m, n) determine whether a given diffraction order will be bright or suppressed in accordance with the
structure factor of the centered lattice. The introduction of the reciprocal lattice provides a natural framework for describing the
alternation of allowed and forbidden maxima (the condition requiring even m + n) and for correctly interpreting the observed
pattern, including the weak intermediate orders and their phase relationships.

The phase factor induced by the shift vector A is given by

eiGmn-A — ein(m+n). (8)
Consequently, the structure factor of the centered lattice is then:
S(m,n) =1 + eiF(m+n), (9)
which yields bright maxima (S = 2) when m + n is even and suppressed diffraction orders (S = 0) when m + n is odd.

Itis precisely the alternation of allowed and forbidden diffraction orders that gives rise to the characteristic appearance

of the diffraction pattern. In practice, perfect suppression of odd orders is not observed experimentally, which is attributable to

residual intensity from nearly suppressed orders, side lobes, the finite number of elements in the mask, as well as fabrication-
specific factors.
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Direct inspection of the printed mask (see Appendix A, Figure Alc) reveals deviations from the nominal geometry.
Imagel-based analysis identified 48 disks within an area of 2.9 x 106 um2. The measured parameters are:

e horizontal period 315.6 + 3.5 um (nominal 300 um, relative deviation +5.2 %);

e vertical period 330.0 + 21.3 um (nominal 300 um, relative deviation +10.0 %);

e aspectratio AR=1.1%0.1;

e disk diameter D =151.0 £ 7.0 um (nominal 80 um, relative deviation +88.8 %).

Unlike the smaller-period structures, this configuration exhibits well-defined disk edges without pronounced halo
formation; however, the effective disk diameter is significantly increased. This unusually large deviation is observed only for this
mask and is likely related to printer-specific rasterization or exposure algorithms at larger feature spacing (>300 um), in addition
to toner spreading and edge broadening effects.

Figure 4 compares the experimental diffraction pattern with the numerical simulation based on nominal parameters.
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Fig. 4. Comparison of diffraction patterns: A — experimental pattern on the screen; B — numerical simulation
(D = 80 um, d = 300 um). Linear normalization and display-only clipping (/s.: = 0.002) were applied only to the simulated
image, following the same procedure as in Figure 1
Source: author's own work
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The experimental pattern exhibits weak, barely visible residual odd-order maxima near the central region, which are
absent in the ideal case. These arise from incomplete destructive interference due to deviations from perfect lattice symmetry.

Several factors contribute to this effect. First, anisotropy in the lattice periods (315.6 um vs 330.0 um) distorts the
reciprocal lattice, leading to imperfect phase matching for destructive interference. Second, measured positional deviations of
disk centers (on the order of £3.5 pum in x and £21.3 um in y) further reduce the efficiency of suppression of these orders.

Students can directly observe how deviations from ideal symmetry, including size variations and lattice anisotropy,
affect interference conditions and lead to incomplete extinction of nominally forbidden orders. These disk position deviations
can arise from mechanical noise in film feeding, laser positioning accuracy, local toner deposition variations, or microscopic
vibrations of the film. This provides another clear and accessible illustration of how real structural imperfections modify
diffraction patterns, bridging the gap between idealized theoretical models and experimentally realizable structures.

4. Diffraction by a two-dimensional hexagonal grating of opaque disks. In this visualization, a two-dimensional
structure composed of identical opaque circular disks arranged at the nodes of a hexagonal lattice is employed. Each disk in this
lattice has six equivalent nearest neighbors, forming the classic triangular packing arrangement.

The structure was designed as a digital amplitude mask using the Python Imaging Library (PIL) and subsequently
fabricated by laser printing on a transparent film. The disks in the design had a nominal diameter D = 84 um (=4 pixels at 1200 dpi).

The grating parameters were selected by minimizing structural anisotropy. The algorithm scanned possible values of
the horizontal period dx (restricted to even pixel values to ensure integer row offsets) and computed the corresponding vertical
period from the hexagonal relation d,, = d,/3/2, rounded to the nearest integer number of pixels. Anisotropy was quantified
as the difference between distances to horizontal and diagonal nearest neighbors.

The optimal configuration was found to be: horizontal period dy = 8 pixel (169 um), vertical period d, = 7 pixel (148 um),
and an offset of 4 pixel (84.5 um) for odd-numbered rows. This yields a quasi-hexagonal grating with a nearest-neighbor distance
of approximately 169 um.

At the design stage, rounding of d, introduces a residual anisotropy of = 0.78 %, with nearest-neighbor distances ranging
from 3.9 to 4.7 pixels and a lattice angle of 60.26° instead of the ideal 60°. However, the experimentally fabricated mask exhibits
additional and more pronounced deviations arising from the printing process, which further distort the lattice geometry beyond
this intrinsic discretization limit.

Figure 5 presents a comparison between the experimental diffraction pattern and the result of numerical simulation
performed in Python.

For the numerical simulation, an ideal hexagonal lattice was used, with disk centers defined with floating-point precision
(64-bit), avoiding pixel-grid rounding. The disk diameter was D = 84 um, and the nearest-neighbor distance was 169 um. The
vertical period was computed with machine precision, ensuring exact hexagonal symmetry.
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Fig. 5. Comparison of diffraction patterns: A — experimental pattern; B — numerical simulation of Fraunhofer diffraction
for ideal grating geometry (D = 84 um, nearest-neighbor spacing a = 169 um). Linear normalization and display-only clipping
(/sat = 0.002) were applied only to the simulated image, following the same procedure as in Figure 1
Source: author's own work

In the experimental diffraction pattern, the central vertical axis exhibits primary maxima with spacing Ay = 2.5 cm
(Figure 5A). In addition, weaker secondary maxima appear at half-spacing Ay/2 = 1.2 cm. These peaks are absent in the ideal
simulation (Figure 5B), indicating a deviation from perfect hexagonal periodicity.

Quantitative analysis of the printed mask (see Appendix A, Figure Ald) using Image) on a representative region
(= 2.9 x 10° um?, 95 disks) reveals:

e D=91.0%9.3 um (nominal 84 um, relative deviation +8.3 %), halo width = 8-10 um;

e AR=1.1+0.1;

e dy=177.4115.1 um (nominal 169 um, relative deviation +5.0 %);

e dy,=167.8£18.4 um (nominal 148 um, relative deviation +13.4 %);

e nearest-neighbor distance a = 179.0 £ 13.5 um (nominal 169 um, relative deviation +5.9 %).

The ratio dy/d, = 1.06 deviates from the ideal geometric relation for a hexagonal lattice 2/\/§ ~ 1.155, indicating a
distortion of lattice symmetry.

However, a more detailed analysis reveals that this is not a simple uniform distortion. The inter-row spacings exhibit
locally alternating shorter (=154 um) and longer (=195 um) values, forming a periodic short—long modulation. The average spacing
(dy,eff = 174.5 pm) is close to the measured dy, but the alternation breaks translational symmetry along the vertical direction and
introduces an additional spatial frequency corresponding to a doubled period.

In reciprocal space, this modulation produces additional diffraction maxima at half the primary spacing
(BDy/2 =N~z /[ (2:dyer) = 0.99 cm).

Figure 6 shows a numerical simulation incorporating this vertical modulation (dx = 178 um, dyshorr = 154 um,
dyjong = 195 pm). Simulation also predicts a weaker secondary component at approximately 0.99 c¢cm, in addition to the
Ay/2 = 1.2 cm peak. However, this feature is not clearly resolved in the experimental diffraction pattern, where only the 1.2 cm
component is consistently observed. This suggests that the real fabrication-induced modulation deviates from an ideal periodic
perturbation, likely exhibiting a non-ideal modulation profile and local structural variations that selectively enhance specific
components while suppressing others.
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Fig. 6. Numerical simulation of Fraunhofer diffraction for a hexagonal disk array with a modulated vertical period:

A - digital amplitude mask with alternating inter-row spacing (D = 84 pm, dy = 178 um, dy short = 154 pm, dyjong = 195 um);

B - corresponding simulated diffraction pattern. Linear normalization and display-only clipping (/s.: = 0.002) were applied

only to the simulated image, following the same procedure as in Figure 1
Source: author's own work
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These results demonstrate that the observed anomalies originate primarily from a systematic vertical modulation of
the lattice (likely a printing-induced positioning artifact or the printer’s internal rasterization algorithm), rather than from random
size variations or uniform lattice distortion. From a pedagogical perspective, this example highlights how subtle real-space
periodic modulations give rise to additional features in reciprocal space, providing a clear link between fabrication imperfections
and diffraction patterns.

5. Diffraction by a two-dimensional honeycomb grating. The honeycomb lattice is a two-dimensional periodic
structure with a two-atom basis, composed of two mutually displaced sublattices A and B. Each sublattice individually forms a
triangular lattice; however, their relative offset results in each site having exactly three nearest neighbors. This geometry forms
a network of regular hexagons and is characteristic of important physical systems such as graphene.

The structure was first designed as a digital amplitude mask and subsequently fabricated by laser printing on a
transparent film. The disk positions were generated programmatically based on hexagonal geometry. The construction algorithm
included:

e Generation of a grid of hexagon centers with a horizontal period of dy = 3a/2 = 253.5 um (spacing between adjacent
columns of centers) and a vertical period of d,, = av3 =~ 292.7um (spacing between centers within the same column).

e Downward vertical offset of every odd-numbered column of centers by dy/2 = 146.4 pm to achieve hexagonal
packing of the hexagon centers.

e Placement of six opaque disks of diameter D = 84 pum at the vertices of each hexagon, located at a distance
a =169 um from the hexagon center and at angular positions 0°, 60°, 1200, 1809, 240°, and 300°.

The coordinates of the disk centers were computed with floating-point precision and subsequently rounded to the
nearest pixel at 1200 dpi resolution. At this resolution, the disk diameter corresponds to approximately 4 pixels, while the grating
parameter a = 8 pixels. The rounding error for the center coordinates is £10.6 um (half a pixel), resulting in a relative error of
approximately 6 % of the disk diameter and approximately 3 % of the grating parameter a.

Each disk belongs to three adjacent hexagons, establishing a honeycomb topology with three nearest neighbors per
site at a distance a. The centers of the hexagons remain empty (transparent).

Figure 7 presents a comparison between the experimental diffraction pattern and the result of numerical simulation
for ideal honeycomb grating geometry.
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Fig. 7. Diffraction pattern of a honeycomb grating: A — experimental picture on the screen; B — numerical simulation of
diffraction for ideal grating geometry (D = 84 um, a = 169 pm). Linear normalization and display-only clipping (/s.: = 0.002)
were applied only to the simulated image, following the same procedure as in Figure 1
Source: author's own work

The simulated diffraction pattern (see Figure 7B) is consistent with the experimental result (Figure 7A) in the positions
of the diffraction maxima. The pattern exhibits primary bright peaks arranged in a regular hexagonal lattice with inter-peak
spacings of Ax = 1.36 cm (horizontal) and Ay = 2.37 cm (vertical). The corresponding experimentally measured values are
Ax = 1.47 cm and Ay = 2.76 cm, indicating a systematic increase in the effective lattice spacing observed in the experimental
pattern. In addition to the principal diffraction peaks, the experimental image reveals speckle noise (Dainty, 1984) arising from
amplitude and phase fluctuations of the incident laser beam.

The real geometry of the fabricated mask was analyzed using optical microscopy (Appendix A, Figure Ale) and ImageJ.
Accurate determination of disk diameters is complicated by the presence of local bridging (“connective bridges”) between
adjacent disks due to toner spreading, leading to partial thickening and extended opaque regions. As a result, many areas form
interconnected structures spanning several disks (typically 2—4), while preserving the overall honeycomb topology.

The characteristic size of opaque regions associated with lattice sites is D = 120.0 £ 19.6 um (+43 % * 23 % relative to
the nominal value of 84 pum).

Thick interconnections between neighboring features prevented reliable automated detection; the nearest-neighbor
distance was therefore measured manually. The nearest-neighbor distance (lattice parameter a), measured over 18 pairs in three
hexagonal cells, is a = 182.1 + 21.8 um, corresponding to a deviation of +7.8 % from the nominal value and a relative uncertainty
of about 12 %.
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Despite these fabrication-induced distortions, the structure retains long-range order, albeit in a weakened form, as
evidenced by the clear hexagonal symmetry of the diffraction pattern. The primary diffraction maxima positions remain largely
unchanged, governed by the average lattice periodicity, while local geometric distortions primarily affect intensity and peak
sharpness.

6. Fraunhofer diffraction by a random array of disks (Poisson point process). In this subsection, we present an
experimental visualization of Fraunhofer diffraction produced by an amplitude mask consisting of identical opaque disks whose
centers were first digitally generated according to a Poisson point process (PPP) (Kingman, 1992). The designed mask contained disks
of nominal diameter D = 84 um, distributed over an active area of about 183 x 254 mm?, yielding a target filling factor of n = 33 %.

The experimental mask was then fabricated by laser printing on A4-format transparent film. Optical microscopy and
subsequent image analysis using ImageJ revealed that toner spreading and local merging produced deviations from the nominal
design. Two representative regions were examined: (i) areas with relatively well-defined disks and (ii) regions exhibiting
pronounced toner-related artefacts, typically occurring in zones of higher local disk density.

In the region with comparatively clean disk formation (Appendix A, Figure A1f), 22 individual disks were identified along
with several aggregated features formed by partial overlap of neighboring disks. The average equivalent diameter of disks was
D =109.5 % 13.6 um, corresponding to an increase of approximately 30.4 % relative to the nominal diameter. Elongated and oval-
shaped structures were also observed, originating from the merging of closely spaced elements.

In contrast, in regions with higher disk density (Appendix A, Figure Alg), printing artefacts become dominant. The disks
lose circular symmetry and exhibit irregular, jagged, and asymmetric shapes with blurred and partially discontinuous boundaries.
A diffuse halo is observed around many features due to toner spreading, accompanied by randomly distributed fine particles
(typically 5-10 um in size). In such regions, the toner forms complex aggregated structures rather than well-defined individual
disks. This behavior is attributed to non-uniform toner transfer and particle aggregation during the thermal fixation stage of laser
printing, and it significantly alters the effective amplitude mask structure.

To interpret the experimental results, two numerical simulations of Fraunhofer diffraction were performed using a
reduced computational domain. In both cases, 1390 disks were generated within an area of 5.0 x 5.0 mm2, with their centers
distributed according to a Poisson point process.

In Scenario A, all disks were assigned the effective diameter D = 109 um, corresponding to the experimentally measured
value.

In Scenario B, the disk diameter was likewise set to D = 109 um; however, additional fabrication-induced distortions
were introduced to account for deviations from ideal geometry. Specifically, disk edges were randomly perturbed with a
roughness of 15% of the radius and a phase distortion amplitude of 0.3 radians, applied in a random manner along the perimeter
of each disk. In both scenarios, a Gaussian edge smoothing with o = 1.5 pixels (on a 4096 x 4096 computational grid) was applied
to model the finite resolution of the printing process.

A comparison between the experimental diffraction pattern and the numerical simulations is presented in Figure 8.
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Fig. 8. Comparison of Fraunhofer diffraction patterns for a Poisson-distributed array of disks: A — experimental diffraction
pattern; B — numerical simulation for monodisperse disks (D = 109 pm) with nonlinear tone mapping (exposure = 1.5,y = 1.5)
applied to enhance weak diffraction rings (for visualization only)

Source: author's own work

The experimental diffraction pattern (Figure 8A) is characterized by a pronounced central maximum. The first minimum
of the diffraction envelope, expected at a radial distance of approximately r; = 3.9 cm (corresponding to an effective disk diameter
of about 109 um), is only weakly discernible, and higher-order rings are largely suppressed. In contrast, the numerical simulation
for monodisperse disks with D = 109 um (Figure 8B) exhibits a well-defined diffraction pattern, where not only the first minimum
but also higher-order diffraction rings are clearly visible, reflecting the single-particle diffraction envelope expected for an
ensemble of opaque disks with uncorrelated spatial positions, in accordance with the array theorem of statistical optics
(Goodman, 1996; Singh, 2023).

When fabrication-induced distortions are incorporated (Figure 9), including irregular disk contours and random phase
variations, the first minimum becomes barely discernible, and higher-order rings effectively disappear, bringing the simulated
pattern into close agreement with the experimental observation. This comparison is qualitative and based on the visibility of
structural features only.
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Fig. 9. Numerical simulation of Fraunhofer diffraction for a Poisson-distributed array of disks including fabrication-induced
effects such as edge roughness, contour modulation, and random phase distortions (D = 109 um). Nonlinear tone mapping
was applied as described in Figure 8 for visualization purposes
Source: author's own work

Additional printing defects occurring in regions of overlapping disks, such as microbubbles and toner microparticles,
further increase the heterogeneity of the effective transmission function, enhancing the superposition of non-identical
contributions from individual mask elements. This leads to a strong suppression of the visibility of diffraction rings. Consequently,
the experimental pattern is dominated by a central maximum surrounded by a diffuse, speckle-like halo.

In a teaching context, this example clearly illustrates how deviations from an idealized ensemble of uncorrelated disk
positions — in particular overlap, irregular disk shapes, and local inhomogeneities — lead to a progressive loss of contrast in
diffraction patterns, ultimately obscuring the features predicted by the idealized model.

7. Diffraction by disordered disk distributions with a minimal inter-disk distance (Poisson Disk Sampling). In this
subsection, we present an experimental realization of a two-dimensional amplitude mask in which identical disks are distributed
according to a Poisson disk sampling (PDS) scheme (Bridson, 2007). In contrast to a purely random (PPP) distribution, this
configuration imposes a minimum center-to-center distance between disks, preventing clustering and large voids. As a result, the
diffraction pattern becomes more regular.

The digital mask was designed with disks of nominal diameter D = 84 um and a minimum center-to-center distance
dmin = 169 um, corresponding to a calculated filling factor of n = 12.5 %. The corresponding physical mask was fabricated by laser
printing on a transparent A4 sheet with a resolution of 1200 dpi, including unprinted margin regions.

Microscopic analysis of the printed mask (Appendix A, Figure Alh) revealed significant deviations from the nominal
design geometry. Within the analyzed area (~2.9 x 10 um?2), 33 disks were identified, including two instances of merged
neighboring disks, which were excluded from the statistical analysis. Around each disk, local inhomogeneities in toner density are
observed, forming a diffuse halo of approximately 5-9 um in width.

Using Imagel, the average equivalent disk diameter was determined as D = 117.6 + 12.1 um, which corresponds to an
increase of approximately 40 % + 14 % relative to the nominal value of 84 um. A significant size dispersion is observed, indicating
pronounced polydispersity of the disks. Deviations from circularity (aspect ratio AR = 1.1 + 0.1) have a comparatively minor effect.

In addition, the nearest-neighbor distances between disk centers were analyzed. The minimum measured value was
170.0 pm, which differs from the nominal value dmin= 169 um by less than 1 %, confirming that the imposed spacing constraint
is well preserved in the printed structure. The average nearest-neighbor distance was found to be 206.7 + 30.0 um.

The experimental Fraunhofer diffraction pattern, recorded on a screen, is shown in Figure 10A. The pattern is
characterized by a pronounced central maximum with high circular symmetry and a clearly visible first diffraction ring. The radial
position of the first minimum is consistent with the average effective disk diameter, as expected from Babinet’s principle for
complementary apertures. This behavior can be understood as follows: the observed intensity is interpreted as an effective
(ensemble-averaged) superposition of diffraction patterns produced by disks of different diameters. Since the angular position
of the first minimum scales approximately as 8 « 1/D, the experimentally observed size dispersion results primarily in a slight
radial broadening of the minimum rather than a systematic shift of its mean position. In contrast, higher-order rings, which are
more sensitive to diameter variations and phase differences, are strongly suppressed due to averaging over the size distribution.
The fine-scale granular intensity background (speckle-like intensity fluctuations) observed in the diffraction pattern arises from
the disordered PDS distribution, combined with structural imperfections and local printing inhomogeneities. Nevertheless, the
overall shape of the central maximum is primarily governed by the average effective disk diameter across the ensemble.

It should be noted that the additional distortions introduced in subsection 3.6 — namely enhanced edge roughness and
random phase modulation — were deliberately not applied in the simulations presented in this and subsequent subsections. In
the case of a purely Poisson distribution with significant disk overlap, these effects are essential to reproduce the pronounced
weakening of the diffraction ring structure observed experimentally. In contrast, when a minimum inter-disk distance is imposed,
spatial correlations alone are sufficient to stabilize the diffraction pattern and preserve well-defined ring features. Moreover, as
demonstrated in previous studies (Kathavate, 1945; Li et al., 2009), increasing the local disk density in such correlated
arrangements can further enhance the contrast of diffraction rings.
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Fig. 10. Comparison of diffraction patterns: A — experimental pattern recorded on the screen; B — simulation of Fraunhofer
diffraction for monodisperse disks (D = 117 um, dmin = 169 um). Nonlinear tone mapping was applied only to the simulation
results using the same parameters as in Figure 8, for visualization purposes
Source: author's own work

A numerical simulation was performed using a PDS distribution with parameters corresponding to the experimentally
measured average geometry (Figure 10B), while assuming a monodisperse disk ensemble (D =117 pum, dmin=169 um, PDS,
n = 24 %). Compared to the nominal disk diameter of 84 um, the increased effective size leads to a smaller radius of the first
diffraction minimum (r1 = 3.6 cm), in agreement with the experimental observation (r; = 3.5 cm).

An additional numerical simulation was performed incorporating disk size polydispersity consistent with the
experimentally measured distribution. In this model, disk diameters were randomly sampled from a normal distribution with
mean D = 117 um and standard deviation o = 12 um, while preserving the same PDS spatial arrangement.

The resulting diffraction pattern is shown in Figure 11. In contrast to the monodisperse case, where multiple diffraction
rings are clearly visible, the inclusion of size polydispersity leads to a substantial suppression of higher-order rings. The diffraction
pattern becomes dominated by a pronounced central maximum and a single broad first ring, in close agreement with the
experimental observation.
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Fig. 11. Poisson Disk Sampling distribution with disk size polydispersity (D = 117 £ 12 um, dmin = 169 pum):
A — amplitude mask; B — simulated Fraunhofer diffraction pattern. Nonlinear tone mapping was applied only
to the simulation results using the same parameters as in Figure 8, for visualization purposes
Source: author's own work
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The comparison demonstrates that disk size polydispersity is the dominant factor governing the reduction of ring
visibility in the experimental diffraction pattern, whereas other imperfections (such as shape distortions and local toner
inhomogeneities) play a secondary role.

From an educational perspective, this example clearly demonstrates how the interplay of minimal spacing, disk
polydispersity, and local printing inhomogeneities affects the formation and visibility of diffraction features. It provides a concrete
illustration of how ideal theoretical predictions are progressively modified under realistic experimental conditions. Students can
explore these effects directly by varying disk spacing or simulating different levels of polydispersity and edge roughness, observing
the resulting changes in the diffraction pattern. This hands-on approach reinforces the link between object geometry and
Fraunhofer diffraction, highlighting the sensitivity of patterns to structural imperfections and making PDS masks a valuable tool
for teaching fundamental wave optics concepts.

8. Diffraction by a disordered array of randomly oriented square elements (Poisson Disk Sampling). In this subsection,
we present numerical simulation of Fraunhofer diffraction from a two-dimensional disordered structure composed of square

opaque elements of fixed size. The centers of the squares are distributed using the Poisson Disk Sampling (PDS) method, which

39



ISSN 2413-158X (online), 2413-1571 (print)

enforces a minimum center-to-center distance and produces a spatially uniform pseudorandom arrangement without clustering
or large voids. Each square is independently rotated by a random angle in the range 0°-3609, resulting in an ensemble with
completely uncorrelated orientations.

Due to practical limitations of laser printing — such as anisotropic toner spreading and orientation-dependent edge
distortions — this configuration is considered here exclusively within numerical simulation.

A square aperture produces a diffraction pattern described by a separable sinc? function, which is inherently
anisotropic. However, when a large number of such elements with random orientations are superimposed, the resulting intensity
distribution becomes statistically isotropic. As a result, the far-field diffraction pattern exhibits concentric ring-like structures
despite the absence of any long-range positional order (Khachatrian et al., 2025).

In the simulation, a 5.0 x 5.0 mm?2 area contains 495 square elements with side length a = 104 um and a minimum
center-to-center distance dmin =180 um, corresponding to a filling factor of n = 21.0 %. The ratio dmin/a = 1.73 ensures moderate
packing density while preserving spatial uniformity.

Figure 12 shows generated mask and the corresponding diffraction pattern.
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Fig. 12. Poisson Disk Samplmg distribution of square elements (a = 104 pm, dmin = 180 um, n = 21.0 %):
A — amplitude mask; B — simulated Fraunhofer diffraction pattern. Nonlinear tone mapping was applied as described
in Figure 8 for visualization purposes
Source: author's own work

The characteristic radial scale of the diffraction pattern is governed by the size of individual elements. For a square
aperture, the first zeros of the diffraction pattern occur at angles 6= 6,= A/a along the principal axes. In the case of randomly
oriented squares, these anisotropic features average out, giving rise to an effective circular minimum at a radial distance of
approximately r = 3.3 cm for a = 104 pm, A = 0.532 um, and z = 6.5 m.

This example demonstrates that even strongly anisotropic individual scatterers can produce an isotropic diffraction
pattern when their orientations are randomized. It highlights the distinction between the form factor of individual elements and
the statistical properties of their spatial distribution, providing a useful conceptual illustration for understanding diffraction in
disordered systems. Students can extend this approach by simulating various element shapes — triangles, stars, rectangles —
within similar pseudorandom distributions to explore how object geometry influences the resulting diffraction patterns.

9. Diffraction by a Poisson-Voronoi disk structure with suppressed long-wavelength fluctuations. In contrast to the
classical PDS, which enforces a minimum distance between centers and thereby suppresses only short-wavelength density
fluctuations, hyperuniform structures additionally suppress long-wavelength (low-frequency) fluctuations, enhancing statistical
uniformity on large scales. To approximate such a state, a two-stage method is employed, combining initial PDS placement with
modified Voronoi relaxation.

The initial configuration of disk centers was generated using the standard PDS (D=84 um, dmin=169 pm) and used as
input for three iterations of Lloyd’s relaxation (Lloyd, 1982). During relaxation, Voronoi cells (Du et al., 1999) intersecting the
domain boundary (unbounded cells) were excluded from centroid recalculation, and any centroids falling outside the working
area were discarded. We denote this combined procedure as Poisson—Voronoi Relaxation with Boundary Suppression (PV-RBS),
ensuring that only interior points contribute to the redistribution, thereby enhancing local uniformity while suppressing
boundary-induced artifacts. The digital mask was generated for an A4 transparent film with margins.

Direct inspection of the printed mask (Appendix A, Figure Ali, showing a representative fragment of the analyzed
region) using Imagel) shows that within the analyzed area (~2.9 x 106 um2), 45 disks were identified. As in previous cases, a diffuse
halo is observed along the disk boundaries. The measured aspect ratio AR = 1.1 + 0.1 indicates slight deviations from circularity,
while the disk diameters are D =127.9 £ 10.6 um (= 52 % * 13 % relative to the nominal 84 um), significantly exceeding the nominal
value due to toner spreading. The minimum nearest-neighbor center-to-center distance was estimated as a = 183.4 + 6.6 um in the
analyzed image.

Small variations in disk sizes introduced by the printing process cause the observed diffraction pattern to represent a
superposition of slightly different diffraction patterns, reducing the sharpness and contrast of higher-order rings. However, a
notable feature of this configuration is the presence of a narrow dark correlation-induced ring within the central maximum.
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For diffraction simulation, a 5.0 x 5.0 mm2 mask was generated using the experimentally measured PV-RBS parameters
(D =128 um, dmin = 183 um).

Figure 13 shows a comparison of the experimental pattern on the screen and the numerical simulation of Fraunhofer
diffraction. In the simulation, a monodisperse disk ensemble was assumed (i.e., without size polydispersity), using a uniform disk
diameter D = 128 um. As shown in Figure 13B, the central diffraction maximum retains nearly ideal circular symmetry and, in
terms of its characteristic size, is consistent with the diffraction envelope corresponding to an effective diameter close to the
measured value. Modeling the disks as a monodisperse ensemble results in well-defined diffraction rings in the simulated pattern,
together with a narrow dark ring within the central maximum.
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Fig. 13. Comparison of diffraction patterns: A — experimental pattern on the screen; B — numerical simulation of Fraunhofer
diffraction using the experimentally measured parameters. Nonlinear tone mapping was applied only to the simulated image
for visualization purposes, following the same procedure as in Figure 8 but with a different percentile threshold to enhance
the visual contrast in the central region of the pattern
Source: author's own work

The narrow dark ring, extending from approximately 4 mm to 14 mm from the central maximum (see Figure 13A),
provides a clear visual indication of suppressed long-wavelength density fluctuations (approximate hyperuniformity). The first
diffraction minimum is located at approximately 3.3 cm, consistent with an effective disk diameter of D = 128 um.

This configuration provides a clear demonstration of correlation-induced features in a format suitable for laser printing.
The resulting diffraction patterns are easily accessible for classroom or laboratory observation, enabling students to explore the
influence of suppressed long-wavelength fluctuations on diffraction. Such visualizations offer a practical and intuitive way to
connect theoretical concepts with observable optical phenomena.

10. Analogy with laser diffraction on spherical microparticles. The opaque microstructures considered in this work, in
particular ensembles of disks, provide a clear optical analogue of diffraction and scattering by three-dimensional spherical
microparticles. In the Fraunhofer regime, the scattering amplitude of an individual object is governed primarily by its projection
onto the plane perpendicular to the incident beam. For particles whose characteristic dimensions are much larger than the
wavelength, the diffraction pattern is therefore determined mainly by the geometric shadow of the object.

In this limit, the projection of an opaque or absorbing sphere of radius (Rsp) is equivalent to a circular disk of the same
radius, which — according to Babinet’s principle — is in turn equivalent to a circular aperture. Its diffraction pattern consists of a
series of concentric rings, whose far-field intensities are described by (Fischbach & Bond, 1984):

2]1(21—"1?51, sin 6)]2
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where J; is Bessel function of the first kind and 0 is the scattering angle. This expression coincides with the Fraunhofer diffraction
result for an opaque circular disk of radius Rsp, obtained as the Fourier transform of a circular aperture. Within this approximation,
the printed opaque disks used in the present work act as two-dimensional optical analogues of spherical scatterers.

However, for ensembles of identical particles, the observed diffraction pattern is not determined solely by the form
factor of an individual element. Within the kinematic approximation commonly employed in wave-scattering theory, the total
far-field intensity can be expressed as the product of the single-particle form factor and the ensemble structure factor (Feigin &
Svergun, 1987; Guinier & Fournet, 1955). The form factor defines the overall envelope of the diffraction intensity, whereas the
structure factor reflects spatial correlations between particle positions and governs the redistribution of intensity within this
envelope.

This distinction becomes particularly evident when comparing ordered and disordered arrangements of identical disks
(or, by analogy, spherical microparticles). Long-range order selects discrete diffraction directions associated with reciprocal-
lattice vectors, whereas the absence of long-range order leads to an isotropic redistribution of scattered intensity. For disordered
ensembles, such as Poisson point processes or configurations generated by Poisson disk sampling, the diffraction pattern is
radially symmetric, and the contribution of the single-disk form factor manifests itself as concentric rings analogous to Airy rings.

In contrast, for periodic ensembles of disks arranged in square, centered square, or hexagonal lattices, continuous rings
are not observed. Instead, diffraction intensity appears at discrete points in reciprocal space, whose positions are fixed by the
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lattice geometry. The resulting diffraction pattern consists of a regular array of narrow maxima modulated by an envelope
determined by the single-disk form factor, with only those reciprocal-lattice nodes lying within the region of significant form-
factor amplitude being observable.

For particles of noncircular shape, such as opaque squares or rectangles, the single-element form factor becomes
intrinsically anisotropic and is described by direction-dependent sinc-type functions. In periodic lattices of such elements, this
anisotropy gives rise to direction-dependent diffraction intensities and selection rules. At the same time, for randomly oriented
or statistically isotropic ensembles of noncircular elements, the anisotropic contributions of individual elements are effectively
averaged out, and the resulting diffraction pattern again approaches radial symmetry despite the noncircular shape of the
particles.

Thus, the binary amplitude masks proposed in this work enable a clear separation between the effects of individual
particle shape (form factor) and spatial organization of the ensemble (structure factor). This separation represents a central
concept in diffraction and scattering theory and provides a transparent educational framework for relating real-space
microstructure to characteristic features of diffraction patterns in reciprocal space.

11. Educational analogies with X-ray Diffraction. The Fraunhofer laser diffraction patterns obtained from printed
amplitude microstructures provide clear optical analogies of X-ray diffraction and scattering in crystalline, polycrystalline,
amorphous, and correlated disordered materials.

Optical masks employed in the present work represent two-dimensional projections of the scattering density and
therefore correspond to two-dimensional sections of reciprocal space, rather than full three-dimensional powder diffraction
patterns. Consequently, the presented analogies are most directly related to Laue diffraction, two-dimensional scattering
experiments, and planar sections commonly encountered in X-ray diffraction and small-angle X-ray scattering (SAXS). Within this
well-defined limitation, the correspondence between optical and X-ray diffraction remains robust and instructive.

The transition from perfectly ordered lattices to disordered ensembles is particularly illustrative from a pedagogical
perspective. Periodic microstructures produce discrete Bragg-like maxima that reflect lattice symmetry and basis effects, whereas
disordered and partially ordered structures give rise to diffuse scattering, concentric rings, and correlation-induced features.
These optical diffraction patterns provide direct qualitative analogies to powder X-ray diffraction and SAXS from disordered
materials.

A qualitative summary of these optical diffraction analogies is provided in Appendix B (see table B1).

CONCLUSIONS AND PERSPECTIVES FOR A FURTHER RESEARCH

The integrated method developed in this work combines numerical simulations based on the two-dimensional fast
Fourier transform with simple experimental visualizations of Fraunhofer diffraction using binary amplitude masks printed on
transparent film and illuminated by a low-cost semiconductor laser pointer (A = 0.532 um). This approach provides a coherent
and visually intuitive framework for teaching a wide spectrum of spatial arrangements — from perfectly periodic lattices (discrete
Bragg peaks) through Poisson-distributed and Poisson-disk-sampled ensembles (isotropic speckle and diffraction rings) to
hyperuniform-like structures (characteristic dark correlation ring) — and establishes direct optical analogies with X-ray Laue
diffraction and small-angle scattering. Experimental diffraction patterns are complemented by numerical simulations, providing
a more complete representation of diffraction from opaque disks.

The comparison is restricted to the spatial distribution of diffraction features, while absolute intensity values are not
used as a metric of agreement.

From an educational perspective, the method is particularly powerful. Students can independently design masks of
arbitrary complexity, print them on a standard office laser printer, observe the resulting far-field patterns on a screen, and directly
compare them with numerical simulations. This hands-on workflow makes abstract concepts — Fourier optics, reciprocal space,
structure factor, systematic absences, and short- and long-range correlations — tangible and memorable, while demonstrating
the deep connection between optical diffraction and X-ray techniques.

At the same time, the laser printer itself embodies the pedagogical duality of the approach. On the one hand, it is an
extremely accessible and inexpensive device available in virtually any educational institution. On the other hand, it is not a
precision instrument at the microscale. Two main groups of fabrication-induced deviations appear systematically:

e Positioning inaccuracies and local distortions of the pixel grid, which are more pronounced for closely spaced
structural elements;

e Toner spreading and halo formation during the fusing process, leading to an increase in the effective size of printed
features relative to the nominal value, typically by 20-40%, which in turn is the main source of the observed size polydispersity.

Moreover, the effective size of opaque elements depends on the local pattern geometry: increased spacing tends to
enhance toner spreading, whereas dense packing may lead to partial merging of features. In periodic lattices, these effects have
only a minor influence on the positions of Bragg peaks in reciprocal space. However, in disordered ensembles, such as Poisson-
distributed disks without a minimum inter-disk distance, the diffraction ring structure is highly sensitive: variations in effective
disk diameter lead to radial scaling of diffraction rings, while size polydispersity reduces their contrast. At higher filling fractions,
feature merging can further disrupt the ring structure, gradually transforming it into a diffuse speckle field. Therefore, when
designing masks, it is advisable to deliberately reduce the nominal disk diameters by approximately 20-40% relative to the design
values, depending on the specific printer and toner, in order to ensure that the observed diffraction patterns reproduce the
predicted spatial features of the simulated patterns.

Importantly, these “imperfections” are not merely drawbacks. They provide a useful teaching opportunity: students
learn to distinguish between ideal theoretical predictions and real experimental outcomes, quantify fabrication tolerances, and
understand how the same physical limitations affect ordered versus disordered systems differently. This meta-level reflection

42



®izuko-maTtematnuHa ocsita / Physical and Mathematical Education Tom 41, Ne 2 / Vol. 41, No 2 (2026)

reinforces the link between theory, simulation, and experimental realization, one of the central goals of the proposed laboratory
practicum.

Despite these practical limitations, the method remains robust, scalable, and highly adaptable. Future work may focus
on quantitative analysis of diffraction intensity statistics, providing a more direct link between fabrication imperfections and far-
field diffraction features, including speckle contrast, ring visibility, and correlation-induced effects. Higher-resolution printing
technologies (2400—-4800 dpi) would further enable exploration of finer structural regimes, including fractal, quasi-periodic, and
hyperuniform patterns.

Overall, the integrated experimental-numerical framework provides a low-cost and versatile platform for teaching
Fourier optics phenomena and bridging theoretical predictions with experimentally accessible realizations.
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Appendix A

Figure A1. Optical micrographs of fragments from laser-printed A4 masks used in the diffraction experiments (scale bar: 250 pm
in all panels). The listed parameters correspond to nominal design values; actual feature sizes vary due to fabrication effects such
as broadening, partial merging, or distortion of neighboring elements.

(a) One-dimensional amplitude grating

(b) Two-dimensional periodic grating formed by a regular array of opaque disks

44


https://doi.org/10.1088/1361-6552/acd5a3
https://doi.org/10.1145/1278780.1278807
https://doi.org/10.1007/BF03049858
https://dxwl.bnu.edu.cn/EN/Y2009/V28/I8/35
https://doi.org/10.1016/j.rinp.2025.108348
https://doi.org/10.1109/TIT.1982.1056489
https://doi.org/10.1137/S0036144599352836
https://doi.org/10.1119/1.13862

®diznko-matematuuHa ocsirta / Physical and Mathematical Education

(c) Periodic square grating with additional central disks
(d) Two-dimensional hexagonal grating of opaque disks
(e) Two-dimensional honeycomb grating

(f) Random array of disks (Poisson point process). Sparse region; individual disks and some fused clusters visible.

(g) Random array of disks (Poisson point process). Dense region with irregular toner agglomerates.
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(h) Disordered disk distributions with a minimal inter-disk distance (Poisson Disk Sampling)
(i) Disk distribution generated using the PV-RBS algorithm

Appendix B

Table B1. Educational analogies between Fraunhofer laser diffraction patterns and X-ray diffraction
and scattering phenomena

Ne | Microstructure type Laser diffraction pattern X-ray diffraction / scattering Example material or system
analog
1 One-dimensional grating Series of discrete maxima Laue diffraction from layered Mica, NaCl viewed along
aligned along one direction or quasi-one-dimensional [100]
crystals; line-like reflections
2 Two-dimensional periodic Square grid of sharp diffraction | Laue diffraction from cubic or Si or NaCl in [001]
grating (square lattice of disks) spots indexed by (m, n) tetragonal crystals along a orientation
principal axis
3 Centered square lattice with a Square grid with systematic Laue diffraction from body- Fe, W
basis (additional disk at the absences for odd (m + n) centered cubic lattices;
unit-cell center) structure-factor extinctions
4 Two-dimensional hexagonal Hexagonal array of Bragg Laue diffraction from Graphite, ZnO (wurtzite
grating of disks maxima hexagonal crystals structure)
5 Honeycomb grating (two-site Hexagonal reciprocal lattice Diffraction from two- Graphene, hexagonal BN
basis on hexagonal grating) modulated by basis-dependent | dimensional crystals with a
intensity variations multi-atom basis
6 Random array of disks (Poisson Bright central maximum with X-ray scattering from Glasses, liquids
point process) diffuse speckle background, amorphous materials and
absence of sharp rings liquids, characterized by
diffuse scattering without
sharp Bragg peaks
7 Disordered disks with minimum | Central peak accompanied by Powder X-ray scattering from Nanocrystalline metals,
inter-disk distance (Poisson disk | concentric Airy-like rings due nanoparticle ensembles colloidal particles
sampling) to short-range order dominated by finite-size
effects and short-range
correlation
8 Disordered array of randomly Isotropic ring structure Powder X-ray scattering from Clay minerals, platelet-like
oriented square elements modulated by the square- randomly oriented anisotropic nanoparticles
(Poisson disk sampling) element sinc? form factor (plate-like) particles,
(azimuthal averaging of dominated by the particle
anisotropic contributions) form factor
9 Poisson—Voronoi disk structure Central maximum containing a SAXS signatures of Hyperuniform glasses,
with suppressed long- dark correlation ring indicating | hyperuniform disordered jammed packings,
wavelength fluctuations suppressed low-frequency materials with suppressed S(q disordered photonic solids
(hyperuniform) scattering - 0)
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ABSTRACT

®opmyniosaHHa npobaemu. Buknadaui dedani akmusHiwe
suKopucmosyroms  8eauki  MosHi  modeni  (LLM)  0na
800CKOHA/IEHHA HABYA/bHO-MemoOuYHUX mamepianie (HMM).
Mpome 6inbwicme i3 HUx He Mae opmanbHOi nidzomosku
82any3i WMy4YyHo20 iHMenekmy, a momy 60aemeca 00
b6escucmemHux nioxodis. OnucaHi y 0ocnidOHUYbKil nimepamypi
MEXHIKU MPOMIMUH2y aKmugeytomb KOHKPEMHI CrIpoMoXcHocmi
LLM i pobnaame e3aemodito 3 modennto nepedbavysaHoo
ma keposaHor. OOHAK HAABHI MAKCOHOMII yriopadKosytome yi
MexHIKU 30 8HYyMPpIiWHbOK 02iKo Modesi, modi AK difnbHicme
8UK1AOAYA BU3HAYAEMbLCA MUMOM MEKCMOB020 3080QHHS.
Lle 3ymoentoe nompeby y uinecnpamosaHomy 8i06opi mexHik
014 aHanimu4yHoi po6omu 3 HMM.

Mamepianu i memodu. Pobomy e8ukoHaHo y ¢opmami
MOWYK0B020  O0CNIOH(EHHs,  KiHUesuM  MpoOyKMoOM  AK020
€e2omosuli 00 MPAKMUYHO20 BUKOPUCMAHHA iHCmMpymeHmapil
0517 8UKnaodayis. [locnionceHHA CKAaodanoca 3 mpeox emarnis:
meopemuYyHo20 aHanI3y ma cuHme3sy 00CcniOHUYbKOI nimepamypu;
po3pobreHHs npouyedypu 8idbopy mexHik; ninomHoi anpobayii.
3a ocHosy 8idbopy e3smo makxcoHomito Schulhoff et al. (2025),
W0 0Xorne 58 mekcmyanbHUX MEXHIK MPOMIMUH2y.

Formulation of the problem. Teachers are increasingly using
large language models (LLMs) to enhance their teaching and
learning resources (TLRs). However, most of them have no formal
training in artificial intelligence and therefore rely on unsystematic
approaches. The prompting techniques described in research
literature can activate specific capabilities of LLMs, making
interactions more predictable and manageable. Yet most existing
taxonomies classify these techniques according to the model’s
internal logic, whereas a teacher’s work is typically organized
around the type of textual task being addressed. This highlights
the need for a more purposeful selection of prompting techniques
that support analytical work with teaching and learning resources
(TLRs).

Materials and methods. The research was conducted as
an exploratory study, leading to the development of a practical
toolkit for teachers. The study proceeded through three stages:
a theoretical analysis and synthesis of the relevant literature,
the development of a procedure for selecting appropriate
prompting techniques, and pilot testing. The selection was based
on the taxonomy by Schulhoff et al. (2025), which includes
58 textual prompting techniques.

© The Author(s) 2026
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Pesyaemamu. CgopmosaHo iHcmpymeHmapili i3 Yomupbox
mexHik npomnmuHey — Role Prompting, Plan-and-Solve, Chain
of Verification, Self-Refine — ynopadkosaHux 3a 7102iKo YUKy
Aeminza (Plan->Do->Check->Act). IHcmpymeHmapiti
peanizyemeocs Yepes YHighikosaHi npomnmu-wabsoHu,
adanmosaHi 00 Yomupbox sumMipie aHanimu4Hoi pobomu 3 HMM:
3MiCmMo8020, CMPYKMYPHO-7102i4HO20, MOBHO-CMUAICMUYHO20
ma oyiH8anbHo20. IHcmpymeHmapili 0onyckae 0s8a pexcumu
BUKOPUCMAHHA: npoyedypHul — i3 nocnido8HUM 3aCmMocy8aHHAM
YCiX YOmupbox MexHiK, ma aemoHoMHuli — i3 8ubopom OOHiIEi
mexHiKu 8i0nogiOHO 00 MOMOYHO20 30800HHS.

BucHosKu. BidibpaHi 4Yomupu mexHiKu nepemesopromMs
pobomy 3 LLM Ha 3po3yminy nocaidosHicme 0ili i 3a6e3nevytomo
8uKaada4am cmpykmyposaHuli nioxio do aHanimu4Hoi pobomu
3 HMM He3anexHo 8i0 pigHA iXHbOI mMexHiYHOi nid2omosKu.
BodHo4vac pe3ynemamu pobomu modeni 3a8xou nompebyrome
KpUMmMuYyHOo20 OYiHIOBAHHA MOOUHOIO.

Results. The study produced a practical toolkit featuring four
prompting techniques: Role Prompting, Plan-and-Solve, Chain-of-
Verification, and Self-Refine, organized according to the logic
of the Deming cycle (Plan - Do -> Check -> Act). The toolkit
is implemented through standardized prompt templates adapted
to four dimensions of analytical work with TLRs: content,
structural and logical organization, language and style,
and evaluation. It can be used in two ways: a procedural mode,
in which all four techniques are applied sequentially, and an
autonomous mode, in which a teacher selects a single technique
based on the specific task at hand.

Conclusion. The four selected techniques transform interaction
with LLMs into a clear and well-defined set of steps. They provide
teachers with a structured approach to analytical work with TLRs,
regardless of their level of technical expertise. At the same time,
any results generated by the model should always be critically
evaluated by the user.

K/IDYOBI C/IOBA: 8enuKki MOBHi  mooeni;  mexHiKu
MpoMNMuHay; Hag4asabHO-MemoOuYHi Mamepianu; Yuka femiHea
(PDCA); Role Prompting; Plan-and-Solve; Chain-of-Verification;
Self-Refine.

KEYWORDS: large language models;, prompting techniques;
teaching and learning resources; Deming cycle (PDCA); Role
Prompting; Plan and-Solve; Chain-of-Verification; Self-Refine.

ANA UUTYBAHHA: Aeopgaiua T., BopoHiHa M., TnagywuHa P.,
€nipaHoBa 0., KosbmeHko 0., Tonmayos B. YoTupu TexHiku
NPOMNTUHIY A8 aHANITUYHOT POBOTU 3 HAaBYA/IbLHO-METOANYHUMU
maTepianamu. @izuko-mamemamuyHa oceima, 2026. Tom 41.
Ne 2. C. 46-55. https://doi.org/10.31110/fm02026.v41i2-04.

FOR CITATION: Dieorditsa, T., Voronina, M., Hladushyna, R.,
Yepifanova, O., Kozmenko, O., & Tolmachov, V. (2026). Four
prompting techniques for analytical work with teaching and
learning resources. Physical and Mathematical Education, 41(2),
46-55. https://doi.org/10.31110/fm02026.v41i2-04.

BCTYN

MocraHoBKa npo6bnemu. Buknagaui fAepani aKTUBHiLE BMKOPUCTOBYIOTb BEAWMKI MOBHI mogeni (LLM) pna
BAOCKOHA/NIEHHA HaBYa/IbHO-METOAMYHMX MaTepianiB (NeKuild, MeToauYHUX BKasiBOK Tolo). MpoTe 6inblwicTb i3 HUX He Mmae
bopManbHOI NiAroTOBKM B ranysi LUTYYHOrO iHTENEKTY, @ TOMY CTUKAETLCA 3 TPYAHOLLAMM, afKe He 3aCTOCOBYE CUCTEMHUI NiaxiA,
i NokNafjaeTbca Ha meTog, cnpob i noMunoK, ctBoptotoun 3anuTu (Qian, 2025). NMogonat wo Npobaemy AonomaratoTb ONUCcaHi
Y AOCAIAHNUBKIN NiTepaTypi TEXHIKM NPOMATUHTY, WO aKTUBYIOTb KOHKPETHI CNPOMOXKHOCTI LLM i pobaaTb B3aemogito 3 moaennio
nepenbayyBaHo Ta KepoBaHO. OAHaK HasABHI TAKCOHOMIT KNacudiKyIOTb L TEXHIKM 3@ BHYTPILIHbO /IOTiKo poboTn mozgeni,
ToAji AK AiANbHICTb BMKNaAaya BM3HAYAETbCA TUMOM TEKCTOBOrO 3aBAaHHA. CTaTTA BiANOBIAAE HA NMWUTAHHA: AKUIA Habip TexHIK
NPOMMTUHIY 3abe3neyye CUCTEeMHUIA Niaxig A0 aHaNiTUYHOT poboTH BUKNAAAYa 3 HABYA/IbHO-METOAUYHUMM MaTepianammn?

AHani3 aKkTyanbHUX A0CAIAXKEHDb. Y LLbOMY PO34iNni pO3rnsHyTO ABa B3aEMOMNOB’'A3aHi 6/10KM niTepaTypu: AOCAIAKEHHA
neparoriyHOro 3acTocyBaHHA BEIMKUX MOBHUX MoAenel y BULLM OCBITi Ta HaABHI cucTemaTm3auii TexHiK NpoMnTUHry. MepLunii
610K BCTAHOB/IOE KOHTEKCT NOTPEOU, APYrMin — HaABHUI IHCTPYMEHTAPIN | NOro o6MesKeHHs.

ledazoziyHe 3acMOoCy8aHHA 8eAUKUX MOBHUX Modeseli

Ornag nybnikaui 2023-2025 pokKiB 3acBigvye CTpiMKe 3pOCTaHHA iHTepecy A0 BUMKOPWUCTaHHA LLM y neaarorivHii
AisanbHocTi y cdepi BULLOT OCBiTU. Tak, Alenezi et al. (2024) gocniamnv BUKAMKK Ta MOXKIUBOCTI iHTErpaLii umdpoBmx TeXHONOTIN
y BuuLy ocBiTy. Yan et al. (2024) y cuctematnyHomy ornagi 118 nybnikauint suasmam 53 cueHapii BuKopuctaHHa LLM B ocBiTi
" 33LOKYMEHTYBaIM NOB'A3aHi 3 HUMM NPAKTUYHI Ta €TUYHI PUSUKN.

LleHTpanbHOO ANA HAWoro A[ocnia)KeHHa € nybaikauia (Qian, 2025), B AKil cUCTEeMATM30BAHO 3aCTOCYBAHHA
reHepaTUBHOTO WTYYHOTO iHTeNeKTy (GenAl) 3a TpbOMa OCHOBHUMMM HanpsiMamu: aBTOMaTU3aLlis 3BOPOTHOTO 3B’A3KY; KOTHITUBHA
Ta adeKkTMBHa MiATPMMKA HAaBYAHHA; PO3BUTOK HAaBMYOK BULLOrO nopagky. [JocnigHuua nokasana, Wwo edeKkTMBHA MpPaKTUKa
NPOMMTUHIY CYTTEBO AMbEPEHLLIIOETLCA 3aNEXKHO Bi4 AMCUMNNIHM: Y NPOrpamMyBaHHi BOHa NOTpebye BMCOKOI aNropuTMIYHOI
TOYHOCTI, Y MeAMUMHI — BiANOBIAHOCTI CTaHA4ApTam icnuTiB, y NesaroriyHmMx ANCLMNAIHAX — KPUTUYHOT aganTauii i pednekcii Hag,
3reHepoOBaHUM KOHTEHTOM. KOHUenTyanbHO K/AYOBOK AN Hac € 3anponoHosaHa Y. Qian onepauioHanisauis KOHCTPYKTY
NPOMMT-TPamMoTHICTb (prompt literacy) Ak cTpaTteriyHoi 34aTHOCTI, WO Aae 3mory po3rnsaaty GenAl He NPOCTO AK IHCTPYMEHT
aBTOMaTU3aLlii, @ AK MapTHepa y PO3BUTKY KPUTUYHOTO MUCAEHHSA. MoAinAoumM L0 NO3MLiII0, MM BBAXKAaEMO, LLO iHTerpauia GenAl
B OCBIiTY MA€ I'PYHTYBATMCA Ha NPUHLMNI NiACUNEHHA NIOACBKUX MOXKIMBOCTEN, @ He X 3aMiHM.

BoaHouyac peanisauia Li€i ambiTHOI MeTU CTMKAETbCA 3i CTIMKMMKM nepewkodamu, fAKi Bxe y 2023 poui uiTKo
3a0KymeHTyBanu B. Eager Ta R. Brunton. Li gocnigHuku BuABMAK ABa TicHO nos’a3aHi 6ap’epy — BpaK CTPYKTYPOBaHMX 3HaHb
NpPO TEXHIKM MPOMMTUHFY Ta XPOHIYHMI AediumT yvacy, — L0 YTBOPIOOTb 3aMKHEHe KO/NO: iHTYiTUBHe BWKOpUCTaHHA LLM
Nnp13BOAMTbL A0 HecTabinbHUX pPe3ynbTaTiB, PO34apyBaHHA 3HUXKYE MOTMBALLO, @ HecTaya 4yacy G/JIOKYE HaBYaHHA Ta BUXig
i3 umkny. Haw piyHnin goceig pobotn 3 LLM niaTBeparkye, WO Ui nepelwkoamn 36epiratoTb akTyanbHicTb. HaBegeHui uymm
aBTOpPaMM NPAKTUYHUI Kelic YHiBepcuTeTy TacMaHii NOKasas: HaBiTb MiHIMA/lIbHO CTPYKTYPOBaHUI Niaxig — n’'ATUKOMMNOHEHTHa
Nnoc/igOBHICTb NPOMNTIB — A@B 3MOTY BUKNaAa4yam nepepobutn 6amsbko 80 % HaBYa/ibHUX 3aBAAHb NPOTAromM 40-XBUAMHHOTO
BOpKwWwony (Eager & Brunton, 2023). Xo4a oLiHIOBaHHA 6yn0 HedOopManbHUM (BOHO CMMPANoCs NvLLE Ha 3BOPOTHUI 3B'A30K
YYaCHMWKIB), a y3arasbHeHHA BWCHOBKIB obmexeHe cneundikolo Kelcy, Uel [ocBig iNOCTpye: BUKNagayam noTpibeH
He abCcTPaKTHUIM Kypc Al-rpamoTHOCTI, @ KOMMNAKTHWUM, LiIbOBUI | HU3bKOMOPOTroBMiA Habip TEXHIK NPOMNTUHTY.

TakcoHomii mexHik npomnmuHzy

3anuT Ha CTPYKTYPOBaHi 3HAHHSA NPO TEXHIKM NPOMNTUHTY GOPMYBABCA Napasie/ibHO 3 PO3BUTKOM NMPOMMT-iHXKeHepil AK
oKpemoi ranysi. Ha momeHT ny6nikauii (Eager & Brunton, 2023) pisHomaHiTTa nigxoais — Chain-of-Thought, Few-Shot Learning,
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Role Prompting Ta iHWi — icHyBano 6e3 eanHoi KnacudikaLinHoi pamku. MoTpeba BNOpPAAKYBaTK WO rany3b 3ymoBWUIa Noasy
TAKCOHOMIM, TPY 3 AKMX 3406yM HaNLLMPLUE BU3HAHHA.

Sahoo et al. (2024) cuctematmsytoTb ~ 41 TexHiky 3a 12 cdepamm NPaKTUYHOTO BUKOPUCTAHHSA, 3 HAWAETaNbHILIMM
onucom 610Ky CTpyKTypoBaHoro MipKyeaHHA (CoT, ToT, GoT, LogiCoT Ta noHag 20 cnopigHeHux nigxogis). Knacudikauis
OpiEHTOBAHA Ha onepaTUBHMUI A06iIp MeToay NiA KOHKPETHMIA TUM 3aBAAHHA.

Liu et al. (2025) 6yaytoTb TAKCOHOMItO HABKONIO NOHATTA pipeline — nocnigoBHOCTI B3aemonos’azaHux ¢as, aki LLM-areHTt
NpoXo4uTb Big, OTPUMAHHA 3anuTy 40 GopmyBaHHA KiHLEBOI BiAMNOBiAi. 3a L€ NOriKOK, TEXHIKM NPOMMTUHIY PO3MNOLiINATbLCA
33 YOTMPMA KOMMOHEHTaMM: NPOdiNb Ta IHCTPYKL,iA; 30BHILLHI 3HaHHA (RAG); MipKyBaHHA Ta NAaHyBaHHA; HAAINHICTb.

Schulhoff et al. (2025) nponoHyloTb HaMbiNbW METOAONOMNYHO CTPOry cucTemaTmsauito: 58 TeKcTyanbHUX
i 40 MynbTMMOZANbHUX TEXHIK, BUKOHAHY 3a cTaHgapTom PRISMA 3 rnocapiem i3 33 TepmiHis.

Po3rnAHyTi TAKCOHOMIi € B3aEMOAONOBHIOBA/NbHMMM: Meplla OpiEHTOBaHa Ha MpaKTUYHWIA [o06ip, apyra —
Ha apXiTeKTypHe PO3yMiHHA areHTa, TpeTA CAYrye NOBHUM METOL0/I0TIYHHUM KaTaloroM TEXHIK MPOMMATUHTY.

Ona Binbopy TexHiK Ana aHaniTMyHoi pobotn 3 HMM mu obpanu TakcoHomito 3a Schulhoff et al. Ha Hawy gymky,
il MeTof0N0riYHa CTPOriCTb, BUYEPNHUIA [10CAPIN | HaWWMpLle OXOMJIEHHA OMUCAHMX Y AOCAIAHUUBKIN niTepaTypi TeXHIK
3abe3neyytoTb HagiliHe NigrpyHTs 4NA IX NPAKTUYHOMO 3aCTOCYBaHHSA.

OTKe, ornsag nitepaTypy AOBOAUTD, WO NOMNUT HA MPOMNT-TPAMOTHICTb € peasibHUM, 04HaK BpaK CTPYKTYPOBAHMX 3HAHb
Npo TEXHIKM NPOMNTUHTY i aediuMT yacy 610KyOTb Nnepexis Big, iHTYiITUBHOrO 40 YCBiZOMAEHOro BUKopUcTaHHA LLM. HasBHi
TAaKCOHOMIi NPOMNTUHTY OXON/IOIOTb YBECH CNEKTP TEXHIK, NMPOTEe XOAHA 3 HUX He aAanToBaHa A0 NPaKTUYHUX NoTpeb BUKNagaya,
30Kpema [0 3aBAaHb LiNecnpAMOBAHOrO BAOCKOHANEHHA HaBYa/JlbHO-METOAMYHMX MaTepianis. Came uA nporanavHa
Mi¥ po3p06eHNM AOCNIAHULBKUM IHCTPYMeHTapiem i noTpebamun BUKNaAaLbKOT NPaKTUKM BU3HAYUIA METY HaLOoi CTaTTi.

Meta cratti — cbopmyBaTM Ta MiNOTHO anpobyBaTWM KOMMAKTHUM HAbip TexHiK MPOMNTUHIY Ta Npoueaypy
iX 3acTOCYBaHHA 41A aHANITUYHOT PO6OTU 3 HAaBYA/IbHO-METOAMYHUMM MaTepianamum.

Mpoueaypy B Wil CTaTTi MM TAYMAUYMMO fIK YHidiKOBaHY NOCAIAOBHICTb 3aCTOCYBAHHA BiAiOPaHUX TEXHIK MPOMNTUHTY.

TEOPETUYHI OCHOBU AOCNIAXKEHHA

OxapaKTePU3YEMO K/HOUOBI TEPMIHU, AKI YTBOPIOKOTb JIOTIYHUI NAHLIOXKOK POOOTU 3 BEIMKMMU MOBHUMMU MOAENAMM.
[sxkepeno ycix Bu3HayeHb — npaua (Schulhoff et al., 2025).

Benuki moBHi mogeni (Large Language Models, LLM) — e Knac cuctem LWTY4HOTO iHTeNeKTy aas poboTu 3 NpupoaHoto
MOBOIO, fAKi FeHepyloTb TEKCT Ha OCHOBI CTATUCTUYHOFO aHani3y BesnuyesHWx obcariB TeKcToBMX AaHux. LLM peanisyiotbea
y dopmaTi 3aranbHOAOCTYNHMX cepsiciB (Hanpuknag, ChatGPT, Claude, Gemini). Ba3oBuit npuHUMN iXx poboTM nonsrae
Yy NPOrHO3yBaHHi HACTYMHOro ¢gparmeHTa TEKCTYy 3 ypaxyBaHHAM MONepeAHbOro KOHTEKCTY. 3aBAAKM HAaBYAHHIO Ha BesIMKUX
Kopnycax y moZenax GopmytoTbCa iMOBIpPHiCHI NpeacTaBAeHHA NPO 3aKOHOMIPHOCTI C/IOBOBXMBAHHA Ta KaHPOBO-CTUICTUYHI
CTPYKTYPW TEKCTIB, WO 1 06YMOBAIOE 34aTHICTb LIUX CUCTEM [0 reHepaL,ii KOHTEKCTyalbHO JOPEeYHMX Bignosigei.

MpomnT (Big aHrn. Prompt — nigkaska) — ue BXigHi AaHi AN reHepaTUBHOI MoAeni WTy4yHoro iHTenekty (GenAl),
AKi BAKOPUCTOBYIOTb ANA CNPAMYBaHHA ii Buxoay. MpoMnT MoxXe CKnagatnca 3 TeKCTY, 300pakeHHs, 3BYKY UM iHLWINX megia.

MPOMNTUHT — LLe NpOoLeC HaAaHHA NPOMMTY reHepaTUBHI MOZeni, Nicaa YOro BOHa reHepye Bignosigb.

TexHika NPOMNTUHIY — WAB/IoH, WO ONUCYE, AK CTPYKTYPYBaTU NPOMNT, KinbKa NPOMNTiB 60 ANHAMIYHY NOCNIAOBHICTb
npomnTiB. CNocib CTPYKTYpyBaHHA BU3HAYAE, AKI CMTPOMOXKHOCTI Moaeni byayTb aKTMBOBAHI.

OpmH i3 3acobiB peanisauii TeXHIK NPOMMTUHTY — Lie TPUrepHi ppasu, TOBTO KOPOTKI POPMYOBAHHS, LLLO CKEPOBYHOTb
MoZenb A0 LiNboBOi NoBeAiHKM. Ha BiAMiHY Bif, 3BMYaNHUX iIHCTPYKLIN, TpUrepHi ¢dpasu NigBuLLYOTb iIMOBIPHICTb OYiKyBaHOro
pe3ynbTaTy: Hanpuknag, «let’s think step by step» akTMBye nocnigoBHe pPO3ropTaHHA MipKyBaHHA, HATOMICTb «re-read
the question» cnoHyKae Mogenb NOBTOPHO 3BEPHYTUCA A0 YMOBM 334a4i, SHUNKYIOUN PUSUK BiAXMIEHHA Bif BUMOT. fIK NOKa3aHo
Kojima et al. (2022), TpurepHa ¢pasa € He CTUNICTUYHUM BUOOPOM, a 0HOB’A3KOBMM OMEepaLiiHUM eleMEeHTOM MPOMNTY:
ineHTUYHe 3aBaaHHA 6e3 TpurepHoi ¢pasu Aae meHWw nepeabavyBaHUii pesybrar.

MpomnT-iHXeHepia — iTepaTUBHMIN Npouec po3pobaeHHA NPoMNTy Waaxom moaudikauii abo 3miHM 3acTocoBaHOT
TEXHIKM NPOMMTUHTY.

TexHiKa NPOMNT-iHKeHepii — cTpaTeria iTepaTMBHOro BAOCKOHANEHHA NPoMNTy. Y HayKoBil niTepaTypi Le HalvacTiwe
aBTOMaTtu3oBaHi cTpaTerii (Deng et al., 2022).

Po3merkyBaHHA TeXHIK MPOMMTUHTY i TEXHIK MPOMMT-iHXEHepii € NPUHLMNOBMM: CTaTTA 30CepeKeHa BUKIOYHO
Ha nepLwomy TUMi, OCKiNbKK came WabaoHU NobyaoBM 3anuTy, a He cTpaTerii iXx aBTOMaTM30BaHOrO BAOCKOHANEHHA, JOCTYNHI
BMKNaZa4amM-noyaTkisuam y poboti 3 LLM.

BUXigHy MHOMWHY TexHiK Ana noganbloro Biabopy craHoBUTb TakcoHomia Schulhoff et al. (2025), wo oxonnoe
58 TEKCTyaNbHUX TEXHIK MPOMMTUHTY B LLIECTU KaTeropiax (Taba. 1).

Tabauua 1. Kateropii TexHiK NPOMNTUHTY

Ne Kameezopis (aHen.) Kameezopis (ykp.) dyHKyYjA

1 Zero-Shot Hynbosuii noctpin Mpami iHCTPYKUii/NUTaHHA 6e3 npuKaaais

2 Few-Shot Kinbka noctpinis BUKOPUCTAHHA OAHOrO-KiNbKOX NPUKNAAIB Y NPOMNTI

3 Thought generation FeHepaLia mipkyBaHb  Mokpokose mucneHHs, Chain-of-Thought Ta noxigHi

4 Decomposition [ekomnosuuia Po36UTTA CKNaAHOT 3a4a4i Ha NpocTiwi nig3agadi

5 Ensembling AHcambtoBaHHA ArperyBaHHs KiJIbKOX HesasexHux Bignosigei / npomnris
6 Self-Criticism CaMoKpuTHKa CamooOLLiHKa, CaMOKOpPEKLLiA, aHai3 BAacHOI BiANOBiAi

[xcepeno: asmopcoka po3pobka Ha ocHosi (Schulhoff et al., 2025)
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METOAM AOCNIAMEHHA

JocnigxeHHs peanizoBaHe Ak nowykose (exploratory study): Moro meTa — 3'acyBaTM NPUAATHICTb iHCTPYMEHTapItO
0,0 NPAaKTUYHOIO BMKOPWUCTAHHA, @ He BUMIPATU 1MOro edeKTUBHICTb Y KOHTPONbOBAHMX YMOBaxX. Takui AU3aiiH 3yMOBIEHWUN
HOBW3HOI NpeAMETa: YCTaNleHUX iIHCTPYMEHTIB A1 OLHIOBAaHHA ePpeKTUBHOCTI TEXHIK NPOMATUHIY Y BUKNAAALLbKIM NPaKTULI Wwe
He BMpobaeHo. OTpUMaHi pe3ynbTaTh MOXKYTb CAYryBaTU NiArPYHTAM 1A GOPMYytOBaHHA rinoTe3 NoAanblnX KOHTPOIbOBAHUX
LOCNigXKeHb.

BuKOHaHHA pocnigKeHHA cKnajanoca 3 TpbOX MOCAIAOBHUX eTaniB: TEOPETUYHOro aHasnisy Ta CMHTe3y niTepaTtypwu;
po3pobneHHn npoueaypu Biabopy TEXHIK; NiNOTHOI anpobaLii oTpuMaHoro iHcTpymeHTapito. Anpobauii nepegyBas 8-micauHUA
nepios, HeLWiNecnpsAMoBaHOro BUKOPUCTAHHA LLM aBTopamu y BnacHin BUKNaAaLbKiA NpakTULi, AWt chopmyBaB nepBUHHUMN
[OCBIZ | MOTMBaLilO ANA cucTemaTM3alii; BnacHe, anpobauia 3a po3pobneHoto npoueaypoto Tpueana 4 micaui. PosrnaHemo
Li eTanu aeTanbHiwe.

|. TeOpeTUYHU aHanis i cuHTes

MpoaHani3oBaHO CUCTEMATUUYHUI Ornag TexHiK 3a (Schulhoff et al., 2025), Wwo micTUTb TakcoHOMIO 3 58 TeKCTyanbHUX
TexXHiK npomntuHry. Ornag, 6asyetbcs Ha PRISMA-npoueci Ta oxonntoe 1565 HaykoBux nybnikauii. Po3rnsHyTo cTaTTi-
nepwogaskepena BUbpaHUX TEXHIK NPOMMTUHTY.

Pe3ynbTaToM LbOro eTany cTaso BU3SHAYEHHSA BMXiLAHOT MHOXWHW TEXHIK ANA NoAaNbLoro Bigbopy.

Il. Po3pobaeHHs npouenypu Biabopy

Mpoueaypa CKNaAAETbCA 3 TPbOX CTALIN.

Cmadia I. Bidbip 3a kpumepiamu (Kpoku 1-3)

Kpok 1. PenesaHmHicms. TexHiku Biabupanu 3a Kputepiem ¢yHKLiOHaNbHOI NpUAATHOCTI A0 aHaniTM4HOI poboTn
3 TeKCTOM, TOBTO CNPAMOBAHOCTI HA aHasi3, a He Ha reHepaL,ito UM nepeknag,. [lns onepavioHanisaLii Lboro Kputepito crocosHo HMM
aBTOPU BUAINNAN YOTUPY BUMIPU aHANITUYHOT pobOTK 3 TEKCTOM (Taba. 2), ynopaaKoBaHi 32 NPUHUMMIOM Big, 3micTy 40 dopmu.

Tabnuusa 2. Bumipu Ta 3aBAaHHA aHaNITUUYHOI poboTu 3 TeKctom HMM

Ha3zea sumipy 3ae0aHHsA Exkcnepmua nosuyis
e Bu3HaunTK BignoBigHicTb 3micTy meTi
3micToBuit ® 3HalTK 3MiCTOBI NporaanHu MpeameTHUI ekcnepT
e [lepeBipMTM NOBHOTY PO3KPUTTA TEMM
e [lepeBip1TK NOriYHY NOCAIAOBHICTb NOAAYI MaTepiany
CTPYKTYpHO-/I0F4HNI e BuABWTW CTPYKTYPHI MpOrannHu Metoauncr
® 3HalTW NoriyHi cynepeyHocTi
e [lepeBip1TK BiANOBIAHICTb aKafEMIYHOMY CTU/IO
MOBHO-CTUNICTUYHMI * Buasnu pycme.,MM i .KaI:|LI,EI1ﬂpI/I3MVI PepakTop
e BuABWTM TEPMIHONOrIYHI NOMUIKM
o OUiHUTM TOYHICTb GOPMYOBaHb
o OUiHUTK BiANOBIAHICTb LiNbOBIV ayauTopil
OujHioBanbHUM ® BuW3HauMTK piBeHb CKNAAHOCTI maTepiany PeueHseHT
e [lepeBipnTH BIANOBIAHICTb ANAAKTUYHUM NPUHLMNAM

[xcepeno: asmopcbKa po3pobra

Kpok 2. BrnopsAdkysaHHA 8i0ibpaHux mexHik 3a ¢azamu yuknay [emiHea (ioro obpaHO K OpraHisauiiHy pamky
33 TPbOMa KPUTEPIAMM: BMi3HABAHICTIO Yy MPAKTULI YyNpaB/iHHA AKICTIO OCBiTW, WO He noTpebye Big, BMKAagaya [0AATKOBOI
NiAroTOBKM; CTPYKTYPHOK 3pYyYHiCTIO — 4oTMpU ¢asu 3a[atloTb YOTUPM MOCAILOBHI TUNWM AHANITUYHWUX il NOCTAHOBKY
€KCNepTHOro KOHTEKCTY, BMKOHAaHHA, BepudiKaluilo Ta KOpeKuilo; iTepaTUBHiCTIO — 3aBepweHHA ¢asu Act € oAHOYACHO
nosepHeHHAM 80 $a3un Plan gna HacTynHoro Bumipy aHanisy, Wo 3abe3neyye LUKAIYHE OXONNEHHSA BCiX BUMipiB po60TH 3 TEKCTOM
HMM). BianosigHicTb Mix TexHikamu Ta ¢asamu € OPIEHTOBHOM: UMKA [emiHra BMKOPUCTAHO He SIK CTpore TeopeTuyHe
06r'pyHTYBaHHSA, a AIK BNi3HaBaHY NOCNIAOBHICTb Ail, WO NONErwye NPakTUYHE OCBOEHHS iIHCTPYMEHTapItO.

TexHiKu, Wo nporwamn GinbTp peneBaHTHOCTI, po3noainanu 3a yotupma dpasamu (Plan—Do—Check—Act) BignosigHo fo ix
byHKLiN. AKLLO TeXHiKa 04HAKOBOIO Mipoto Bignosigana ABom das3am, dpasy BU3HaAYAIM eKCMEePTHUM KOHCEHCYCOM aBTOPCbKOro
KONEKTUBY, OPIEHTYIOUMCH Ha Te, A/1A AKOI $hasm TexHika 3abe3neyyBana binbl cneundiyHmii pesynbtaT. TEXHIKK, AKiI He Bganocs
O HO3HAYHO BigHECTN A0 KOAHOT da3n, BUKAKOYAAN 3 NOAANBLIOTO PO3FAAaY.

Kpok 3. Bidbip penpezeHmamusHux mexHik ecepeduHi ¢a3. TeXHIKM, WO NOTpanuMan A0 ofHiel ¢asum, nopisHOBaNM
nonapHo 3a TpbOMa KpUTepiAMU: GYHKLIOHANbHOI BIAMIHHICTIO MiXK pe3ybTaTamm 3aCTOCYBaHHA, EMMIPUYHOI NiIATPUMKOIO Ha
TEKCTOBMX 3aBAAHHAX Ta 3aCTOCOBHICTIO 6e3 nporpamyBaHHA 1 aBTomaTum3al,i. MepeBary HafaBanu TexHili, AKa 3a CYKYNHiCTio
KpUTepiiB nepeBakana pewTy TexHiK cBOEi pasn. 3okpema, Tree-of-Thoughts BigxuneHo AK PpyHKLiOHaNbHO HAAMLLIKOBY LLOAO
Plan-and-Solve, ane onepauiiHo cknagHiwy; Self-Consistency — Ak TaKy, WO NOTpebye KiNbKOX HE3aNeXKHUX 3anyckis i Tomy
BMXOAMTb 32 MeKi 3aCTOCOBHOCTI 6e3 aBToMaTum3allili.

Cmadis Il. ®opmysaHHA piHaMbHO20 HABOPY iIHCMpPYMeHmMapito

Kpok 4. MpuHumMn midimaniamy: obpaHo 4OTUPU TEXHiKM, Lo 3abe3neyyioTb OXOMneHHa BCiX ¢a3 uukny [JemiHra
6e3 ay61t0BaHHA.

Momik 8id6opy: i3 58 TEXHIK TAKCOHOMII 33 KPUTEPIEM PENEeBAHTHOCTI A0 aHANITUYHOI POBOTU 3 TEKCTOM Y YOTUPLOX
BMMipax BifibpaHo 34; ix po3nogineHo 3a ¢pasamm PDCA. Micna nonapHoOro NnopiBHAHHA BcepeanHi $¢as 3a TpboMma 3a3Ha4YeHUMHU
KpUTEPiIAMM KiNbKicTb TeXHiK ckopoTunaca go 10. Ha upomy etani go ¢asm Plan gogaHo TexHiky Role Prompting, Aka He yBiliwna
00 34 33 KpUTEpiEM peneBaHTHOCTI, ane BMKOHYE OYHKLiO LiNenoKnafgaHHA 4vepe3 MOCTAaHOBKY EKCMepPTHOFO KOHTEKCTY.
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Lle pilweHHA 3ymoB/ieHe ABOMA YUHHUKaMMU: Xxo4a A0 $a3un Plan noTpanuam iHWi TEXHIKKM, }KOAHA 3 HUX He NoKpuBana GyHKL0
LinenoknagaHHA — BU3HAYEHHA eKCnepTHOI NO3uLLi, AKa 3a4a€ NepCneKTUBY i KpUTepii aHani3y A1A BCbOro LMKAY; BOAHOYAC came
NpU3HaYeHHA Poi € HAWBINbLW IHTYITMBHUM NEPLIMM KPOKOM A/1A BUKAAAaua, AKMIM NoYMHaEe npautosaty 3 LLM. 3a npuHumnom
MiHiManiamy 06paHo YOTUPY PENpPe3eHTaTUBHI TEXHIKMN.

Cmadis Ill. OchopmneHHs pe3yasmamy

[na KoXHOi 6a30BOI TEXHIKM CTBOPEHO CTPYKTYpOBaHWM onuc: ¢asa uukny [emiHra, aHrMOMOBHA Ta YKPAiHOMOBHA
Ha3BW, KaTeropia 3a Knacuodikauieto Schulhoff et al. (2025), KoHuenuia, NpU3HaYeHHA, TPUrepHi ¢pasu, WO aKTUBYHOTb NEBHI
CNPOMOXKHOCTI MoAe/i, NPUKNaA 3aCTOoCyBaHHA.

Il. NinoTHa anpobauis

MpoTarom nioToro—BepecHa 2025 poKy WicTb aBTOpiB — daxiBLiB Y N'ATU NpegMeTHUX rany3ax (Komn'loTepHi HayKu,
arpoiHXeHepin, AM3alH o4Ary Ta aKcecyapiB, NCUXONIHTBICTMKa, aHrnilicbka dinonoria) Bukopuctosysann LLM ans po6otu
3 peasibHMMM HaBYa/IbHO-METOAMYHUMM MaTepianamu 6e3 eauHoi npoueaypu. MounHatoum 3 KoBTHA 2025 poky poboTy
nepeBeAeHo Ha cucTemMaTUYHy anpobauito 3a po3pobeHoto Npoueaypoto Biabopy, aka Tpusana 4 micaui (»koBTeHb 2025 — ciueHb
2026). 3a uei nepiog, onpauboBaHO MaiixKe 80 fOKYMEHTIB (KOHCMNEKTIB neKLui — 20, MeToAMYHMX BKa3iBoK — 15, akpeauTauiiHux
DOKYMeHTiB — 37, ouiHloBanbHMX 3acobiB — 6). BukopuctaHo Claude 3.5 Sonnet (Anthropic), Grok 2 (xAl) Ta GPT-4 (OpenAl).
[ocsig niaTBEpPANB NPAKTUYHY 3aCTOCOBHICTb iIHCTPYMEHTaPIO; NOro 0BMeXKeHHS BUCBIT/IIOIOTLCA B Po34i/i «OBroBopeHHs».

PE3Y/ZIbTATU OOCNIAMEHHA

3a pesynbTaTamu Bigbopy cGOPMOBAHO KOMMAKTHUI IHCTPYMEHTApIN i3 YOTUPbOX GYHKLiOHANbHO BiAMIHHUX TEXHIK,
KOXKHA 3 AKMX 3ab6e3neYye yHiKabHUI TUN aHaNiTUYHOTO BNAMBY Ha TeKcT HMM. BisyanbHa cxema Ha puc. 1 intocTpye posnoain
BifibpaHux TexHik 3a dasamu LMKy [eminra.

Po3noain TexHik 3a dbasamu Bigobpakae dyHKLiOHaNbHE NPU3HAYEHHSA KOXKHOI TexHiku. Role Prompting (ponboBe
NPOMMTYBaHHA) BigHeceHO [0 ¢a3u «Plan», OCKiIbKM posb 334a€TbCA A0 NOYATKy OyAb-AKOi Ail i BUMKOHYE OYHKLO
uinenoknagaHHa gns Bcboro umkay. Plan-and-Solve (cnnaHyii i BUKOHal) — oo ¢asm «Do»: eTan nnaHyBaHHA B Uil TexHili
nignopaaKoBaHWI BUKOHAHHIO, @ KiIHLEBMM NPOAYKTOM € BUNpPaB/eHuit TekeT. Chain-of-Verification (nocnigosHicTe nepesipku)
BigHeceHo Ao ¢a3m «Check», ocKinbku ii meTa — BepudikaLis TOYHOCTI TBEPAMKEHD; BAOCKOHANEHHS K TEKCTY € HACNIAKOM L€l
nepesipKK, a He camocTiHoto uinmo. Self-Refine (camoBaockoHaneHHsn) — go ¢asm «Act», ocKinbKK ii BU3HaYanbHa QyHKLiA —

iTepaTMBHe yCyHeHHsA BUAB/EHMX NPOBiem Yepes LKA KPUTUKM Ta NPaBKu.

+ Plan-and-Solve

* Chain-of-Verification

/—\

* Role Prompting

+ Self-Refine

““-—_—/

Puc. 1. Cuctemartunsau,if HOTUPbOX TEXHIK NPOMNTUHTY
ANA YAOCKOHANEHHA HAaBYaZIbHO-METOAUYHUX MaTepianiB 3a N0rikoto umkay [lemiHra
[cepeno: Po3pobrieHo asmopamu i3 cymmesoro adanmayiero cxemu yukay emiHea 3i cmaHdapmy ISO/IEC 27001:2022
(iHeepmMo8aHo Kosbopu, 000AHO MEXHIKU NPOMIMuUHay)

Po3rnsiHemMo KOXHY TeXHiKy AeTasbHille 3a TaKOK CTPYKTYPOIO: KaTeropin, KOHLENLin, Npu3HadeHHs, TpurepHi ¢pasu,
3aCTOCYBaHHS.

®A3A PLAN (MJIAHYI)

1. Role Prompting (ponboBe NPOMNTYBaHHA)

Kameezopis — Zero-Shot.

KoHuyenuyia: LLM 3paTHa imiTyBaTK pi3Hi eKcnepTHi No3uuii, aganTyroum CTUAb, TOH Ta piBeHb AeTasi3auii Bignosiaj
3aNeXHo Big, 3agaHoi poni (Shanahan et al., 2023). ®opmyntoBaHHA PoAi Ha NMOYaTKy NPOMNTY 33a4aE PaMKK ANA reHepawii
Bignosiai.

[pu3Ha4YeHHA: BU3HAYEHHA KOHTEKCTY B3aEMOZi Yepe3 HagaHHA MoAeni ekcnepTHoI no3uuii. Lle aae 3mory agantysatu
Bi4NOBiAb ANA KOHKPETHOI ayauTopii, 3a4aTh oYikyBaHMM GopmaT Ta piBeHb CKNAAHOCTI BMKNAaZy, WO 0COb/IMBO BaXKAMBO
onA agantauii HMM g0 pisHMX LinboBUX rpyn CTYAEHTIB.

TpueepHi ¢ppasu: act as, you are a, role of, pretend you are (aHrn.); 4ili AK, TM €, BUKOHYELW ponb, yasu cebe (yKp.).

3acmocysaHHsA: TexHika peanisyeTbCA B OAMH KPOK — GOPMYNIOBAHHA PO Ha MOYATKY 3anuTy — i BUKOHYE OYHKLO
LinenoknagaHHs: obpaHa ekcrnepTHa No3uLia BU3HAYa€e NepcneKkTMBY, KpMTepii Ta NpiopuTeTH aHanisy.

Ha BiamiHy Big, HaBeaeHWMX Aani TPbOX TEXHiK, PO/IbOBE MPOMMTYBAaHHA HE Ma€ OKpemoi Tabauui npomnty:
BOHO peasni3yeTbca yepes pagok «Ponb» y Tabanuax 3-5.
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®A3A DO (BUKOHYI)

2. Plan-and-Solve (cnnaHy# i BUKOHal)

Kameezopia — Thought Generation.

KoHyenyis: Plan-and-Solve Prompting cknagaetbca 3 ABOX KOMMOHEHTIB: CNo4yaTKy mMogesb po3pobnde nnaH,
po36mBaouM 3aBAaAHHA HA MeHLWI Nig3aaadi, a NoTiM NOCNiIAOBHO BUKOHYE KOXKHY Nig3agady BignosigHo Ao nnaHy (Wang et al.,
2023). ABHe dpopMyNtOBaHHA NNAHY Nepes BUKOHAHHAM CTPYKTYPYE MiPKYBaHHA MOZAENi, OCKINIbKM KAOYOBI acNeKTU 3aBAaHHA
BM3HaYaloTbCA 40 NOYaTKy POHOTM 3 TEKCTOM.

lpusHa4yeHHA: cucTtematnmyHe yaockoHasneHHA HMM wnaxom posgineHHA niaHyBaHHA Ta BWKOHaHHA. Mogenb
CNOYaTKy BM3HAYaE Mepenik acnekTiB ANA aHanizy (3miCToOBi MporannHu, NOriYHI PO3PUBK, HEYiTKi GopMyntoBaHHA), a MOTIM
noc/ifoBHO OMPaLbOBYE KOXKEH i3 HUX. Lie 3HMKYE pM3MK cuTyauii, Koan mogesnb, BUNPABAAOYM OAMH acnekT, 3a/1MLWwaE nosa

YyBaroto iHLwi.

TpuzepHi ¢ppasu: devise a plan and solve, first plan then execute, break this into steps and solve each (aHrn.); cnoyatky
CNaHyM, NOTIM BUKOHaM; po36uit Ha KPOKM | BUKOHAM NOCAIA0BHO; CnepLly BU3Hau, Wo NoTPibHO 3pobutn (yKp.).
3acmocysaHHA: TexHiKa peanisyeTbca y ABa eTanu — NiaHyBaHHA Ta BUKOHAHHA (Tabn. 3).

Tabauua 3. 3actocyBaHHA TexHiku Plan-and-Solve gns yaockoHaneHHs HMM

EnemeHm npomnmy

Ponb

MoTouHuMi HoKyc

KoHTekcT maTepiany

TekcT AnA aHanisy

Baxnusi npasuna

IHCTpYKUiA

dopmat nogaHHA
pesynbTaty

Mosa Ta cTunb
Bianosigi

3micm

Tu — npodeciiHnii {POSIb_3_tabn. 2} 3 6aratopiyHMm gocsiaom
MoTouHuit BUMip aHanisy: {HASBA_BUMIPY 3 Tabn. 2}
®okycHe 3aBaaHHA: {KOHKPETHE_3ABAAHHA 3 Tabn. 2}
(AKLLO KOHKPETHe 3aBAaHHA He NOTPibHe — Lel PAJOK NPOCTO He BCTaBNAETHCSA)
KoHTeKcT maTepiany:
e Hasga: {Ha3Ba_marepiany}
e [lpeameTHa ranysb: {npeamer}
e LlinboBa ayauTopis: {ayautopina}
e PiBeHb MiAroToBKM (AKLWO BKa3aHo): {piBeHb}
(BcTaBTe NOBHMI1 260 YACTKOBMIA TEKCT HaBYA/IbHO-METOANYHOrO MaTepiany)
Baknusi npasuna:
o [pautoit BUKNIOYHO Y MEXKax BKa3aHOro BUMIpy Ta (AKLLO 3a1aHO) GOKYCHOro 3aBAaHHS.
e He BMNpaBnAii acnekTH, AKi HaNeXaTb A0 iHWMWX BUMIPIB, HABITb AKLLO 6aumLw Tam
ouyeBnAHI Npobaemu.
e 36epirait aBTOPCbKMI 334yM, TOH | CTU/Ib, AKLLO Lie HE CyNnepeynTb 3aBAAHHI.
o fKLLO 33 BKAa3aHUM BUMIPOM/3aBAAHHAM NPOBAEM He BUABIEHO, BKAXKM Lie ABHO
Ta 3yNUHUCb.
Mpautoli y aga etanu. O608’A3KOBO BUKOPWUCTOBYM 3a3HaUY€EHi 3aro/I0BKU:
Eman 1. AHani3 i nnaHyBaHHA
1. Nepeniuv BUABNEHI NPOBAEMHI MicuA (HYMepoBaHWIA CNUCOK):
e Mmicue: Homep ab3auy / pedeHHs / KOPOTKa LWTaTa;
® HeJoNiK: YiTkuil onuc npobnemu (1-2 peyeHHs).
2. Cknaam npiopuTeTHUI NAaH NPaBoK (HYMepoBaHWUIA CMUCOK, 1 — HalBaxuBiwwe):
® 1|0 came 3MIHUTH;
® KOPOTKe OBIPYHTYBAHHA NpiopuUTETY.
Eman 2. BUKOHaHHA NpaBokK
3. BHecw Bci 3ann1aHoBaHi 3MiHW NOCnigoBHO.
4. Hapav pe3ynbTaT y TakoMy BUTAAA:
e OHOBNEHWI TEKCT.
o Tabauusa sepudikauii (Ne npobnemun | Onuc npobnemu | 3annaHosaHa npaeka |
BukoHaHo (v//X) | KomeHTap).
5. AKLWOo Nnpobnem He BUABNEHO — HANULIK:
«AHai3 3aBepLueHo. TeKcT He noTpebye MPaBoK y MesKax BKa3aHOro BUMIpY/3aBaaHH:A».
Ha Kpoui 4 noBepHW OpuriHaNbHUI TeKCT
Hapaii pesynbTaT y TakoMy BUTNAA:
e OHOBNEHWUI TEKCT
o Tabauusa sepudikauii (Ne npobaemu | Onuc npobnemu | 3annaHosaHa npaska |
BukoHaHo (v//X)| KomeHTap)

Muwu YiTKo, NpodeciiHo, akafeMiYHOI YKpaiHCbKO MOBOIO

Lepeno: asmopcbKa po3pobra

®A3A CHECK (NEPEBIPAN)

3. Chain-of-Verification (MocniaoBHicTb NepesipKu)

Kameezopis — Self-Criticism.

KoHyenyis: Chain-of-Verification (CoVE) npautoe 3a npuHUMNOmM nocniaosHoi Bepudikauii: Moaenb aHanisye HasBHUI
TeKcT, GOPMY/OE NEPEBIPOYHI NUTAHHA 40 MOro TBEPAKEHD, BiANOBIAAE HA KOXKHE 3 HUX i CTBOPIOE BiHaNbHY YTOUYHEHY BepCito
(Dhuliawala et al., 2023). Ha BiamiHy Big Plan-and-Solve, sKkuit cnpamoBaHWiA Ha BUKOHAHHA KOHKpeTHMX aii, CoVE HauineHui
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Ha nepeBipKy TOYHOCTI Ta NOBHOTU HASBHOTO TEKCTY, L0 POBUTL MOro epeKTUBHMUM IHCTPYMEHTOM 3 KOHTPOJIIO AKOCTI HaBYaIbHUX
martepianis.

Mpu3sHayeHHA: BepudikaLia 3micToBOT TOYHOCTI Ta NOBHOTM HMM i3 3acTOoCcyBaHHAM LMKAY «NPOaHanisyBaTu TEKCT =
chopmyntoBaTK NepeBipoYHi NUTAHHA —> BIANOBICTU HA HUX —> YTOUHUTU TEKCT». TexHika 3abe3neyye BUABNEHHA HETOYHOCTEN,
NpOorasaunH y 3MiCTi Ta IOFiYHUX CynepedyHocTen — i B TakMi cnocib peanisye 3asgaHHa etany Check.

TpueepHi ¢ppasu: verify each claim, generate verification questions for your response, check your draft for accuracy, list
questions to verify the text and answer them (aHrn.); nepesip KoxHe TBepAKeHHs, cdopMy/toi NepeBipoYHi NUTaHHA Ta gaun
Ha HUX BiANOBIAb, NepeBip TEKCT Ha TOYHICTb (YKp.).

3acmocysaHHA: TeXHIKa peanisyeTbcs Yepes HiTKMM N'ATUKPOKOBUIA LMKA Y NPOMNTI. 33 YMOBM BigNoBiAHOT iIHCTPYKLT
MoZaenb BUAAE BepndikoBaHMI TEKCT i3 Nepesiikom BHECEHMX YTOUYHEHb (Tabn. 4).

Tabauuysa 4. 3actocyBaHHA TexHikK Chain-of-Verification gna ygockoHaneHHa HMM

EnemeHm npomnmy 3micm

Ponb Tn — daxiseupb y ranysi {HA3BA FA/1Y31} 3 6araTopiyHMM LOCBILOM aHaNi3y Ta BAOCKOHANEHHSA
HaBYaNbHO-METOANYHUX MaTepianis

TeKcT anAa aHanisy (BcTtaBTe NoBHMIA @60 YaCTKOBWIA TEKCT HaBYa/IbHO-METOAMYHOrO maTepiany)

Baknusi npasuna
o 36epiraii aBTOPCbKMI CTUAb | 334yM.
e BHOCb Ti/IbKM MiHIManbHO HEOBXigHI 3MiHM.
o Bignosiai Ha NepesipoYHi NUTaHHA AaBaii He3aneKHo, 6e3 NOCUNAHHA Ha HaAAHWI TEKCT.
BuKoHaw BepudiKaLito TekcTy 3a umknom CoVE:
Kpok 1. NMo4aTKoBMit aHani3
YBaKHO NPOYUTal TEKCT. BUTATHU KNOYOBI TBEPAKEHHA (HYMEPOBAHWUIA CNUCOK, 5-15
TBEPAKEHb MAaKCUMYM).
Kpok 2. NnaH Bepudikauii
[Ins KOXKHOTO TBEPAXKEHHA copmyniol 1-2 TOYHUX NEPEBIPOYHMX MUTAHHSA (Ha AKI MOXHA
BiANOBiCTM dakTamm, N0riKoo abo 3MICTOM TEKCTY).
Kpok 3. HesanexHi Bignosigi
IHCTpYyKUis Ha KoXKHe NUTaHHA Aait KOPOTKY, TOUHY BiANoBiAb 6€3 AOCTYNY A0 HAAAHOTO TEKCTY (TiNIbKM Ha
OCHOBI 3HaHb i NOTiKK).
Kpok 4. BuaBneHHs HeToYHoCTen
MopisHA BiANOBIAI 3 OPUriHANbHUMM TBEPAKEHHAMU. BU3HAY HETOYHOCTI, NPOranuHy,
CcynepeyHocTi.
Kpok 5. YTouHeHa Bepcia
Ha OCHOBi BUABNIEHOTO HaMMWLLW NOKPALLEHY BEPCItO TEKCTY (3 MiHIManbHUMMU 3MiHaMM).
AKLWO Npobaem He BUABNEHO — Ha Kpoui 4 HanuwK: «HeTOYHOCTeW He BUABNEHOY, @ Ha Kpou,i 5
NOBEPHM OPUriHaNIbHUI TEKCT

Baxnusi npasuna

Hapali pesynbTtaT y Takomy BUrNsLi:
dopmat nogaHHA o OHOBNEHWUI TEKCT.
pesynbraty o Tabnuua sepudikauii (Ne TBepaskeHHs | MepesipoyHe nuTtaHHa | Bignosiap | Cratyc
(nigTBEpAsKEHO/YTOUHEHO/BUNYYEHO) | BHeceHa 3miHa)
Mosa Ta cTu/b . - . .
sianosizj Muwwm yiTko, NpodeciiiHo, akaaeMiyHO YKPaTHCbKO MOBOHO

[xepeno: asmopcbKa po3pobra

®A3A ACT (KOPUTYI)

4. Self-Refine (camoBaockoHaneHHsA)

Kameezopisa — Self-Criticism.

KoHyenyia: Madaan et al. (2023) 3anponoHyBanu metog, y akomy LLM nocnifoBHO npoxoauTb ABa €Tanu: reHepye
KPUTUYHY OLLiIHKY BJIACHOT BiANOBIAi 3 BUABNEHHAM C1abKMX MicLib, @ NOTIM Ha ii 0OcHOBi GOpMYE BUNpaBAEHY BEPCito.

lMpu3Ha4yeHHA: iTepaTneHe BAOCKOHaNeHHA HMM yepes mexaHi3m CaMOKPUTUMKM Ta KopeKuii. Lle aae 3mory noainwmtn
CTPYKTYPY Ta NOTiKy BUKNAAY, YTOUHUTM GOopMyNtoBaHHA, afanTyBaTH piBeHb CKNAAHOCTI A0 NoTpeb cTyAeHTiB.

TpuzepHi phpasu: critique your output and improve it, review and refine iteratively, identify weaknesses and fix them,
provide feedback on your response then revise (aHrn.); OouiHW KPUTUYHO Ta BAOCKOHaNb, 3HaNMAM cnabki micua i BMnpas,
nepernsHb i B4OCKOHab iTepaTUBHO (YKp.).

3acmocysaHHSA: TEXHIKa peanisyeTbca Yepes iTepaTMBHUMA LIMKA Yy MPOMMTI 3 YiTKO BM3HAYEHUM KPUTEPIEM 3YMUHKMU.
3a YyMOBM BiZNOBIAHOI IHCTPYKL,i MOAENb BUAAE NOCNILOBHO BAOCKOHANEHI BEPCil TEKCTY 3 0BrPYHTYBAHHAM BHECEHWUX 3MiH (Taba. 5).

0O6uagi TexHikn — Chain-of-Verification Ta Self-Refine — HanexaTtb o Kateropii Self-Criticism (Schulhoff et al., 2025)
i 0bMaBi CTBOPIOIOTL MOKPALLEHY BepCito TeKCTy. poTe ixHi GyHKLUiT He AybATbCA, OCKIZIBKM MEXaHi3MU OTPUMaHHSA LbOro
pesynbTaTty MNpuHUMNOBO Bigpi3HAlOTbCA. Chain-of-Verification nokpaluye TeKkcT uyepe3 BepudiKauito TBEpAKEHb: MOAesNb
dopmynioe nepeBipoYHi NUTAHHA, BiANOBIAAE HA HUX HE3AJIEXKHO BiJ, HAAAHOTO TEKCTY | BHOCUTb 3MiHM HA OCHOBI PO3birKHOCTEMN
MiXK UMMM BigNOBIiAAMM Ta OpuriHanbHUMM TBepaKeHHAMU. Self-Refine nokpaluye TekcT Yepes iTepaTUBHY CAMOKPUTUKY: MOAeb
OLHIOE AKICTb BUKNAAY, GOPMYNIOE 3ayBaXKEHHSA i LUKNIYHO KOPUTYE TEKCT A0 AOCATHEHHA MPUMUHATHOIO PiBHA AKOCTI. Y noriui
umKny Jeminra ue Bignosigae pisHum ¢pasam — Check ta Act.
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Tabauya 5. 3actocyBaHHA TexHiku Self-Refine gna yaockoHaneHHa HMM

EnemeHm npomnmy 3micm

Ponb Tu — npodeciiiHuii {PONIb_3_tabn. 2} 3 6araTopiyHum focsigom
MoTouHui BUMIp aHanisy: {HA3BA_BUMIPY 3 Tabn. 2}

MoTouHuit hokyc dokycHe 3aBaaHHA: {KOHKPETHE_3ABAAHHA 3 Tabn. 2}

(AKLLO KOHKPETHe 3aBAAaHHA He NoTPibHe — Lel PAAOK NPOCTO He NPOonUcyBaTH)
TekcT ana aHanisy (BcTaBTe noBHMI abo Y4aCTKOBUIA TEKCT HABYA/IbHO-METOAMYHOrO MaTepiany)

o [IpaLtoi BUKIKOYHO Y MeXKax BKasaHOro BUMIpy Ta (AKLLO 334aH0) POKYCHOro 3aBAaHHA.
e He uinal iHWKWX acMeKTiB TEKCTY.
o 36epirait aBTOPCbKUIA CTUAb, TOH | 3a4yM.
o KoOXKHa iTepalis — Le OKpeMuii LUK KPUTUKK + NPaBKK
BuKOHal iTepaTMBHE CaMOBAOCKOHANEHHSA TEKCTY 3a umKkaom Self-Refine:
MOoYHM 3 OPUFIHANBHOTO TEKCTY AK NOYATKOBOI YEPHETKM.
ITepauin 1 (i gani 4o 3ynuHKKM)
Kpok 1. KpUTMYHO npoaHanisyit NOTOYHY BEPCito TEKCTY 3 No3uuii BUMipy/3aBaaHHsA. MNepenium
cnabki micua (HymepoBaHUI CNUCOK).
Kpok 2. Naii feTanbHy KPUTUYHY OLLIHKY: LLIO Came NOraHo, YoMy Le Npobiema, AK Le BNIMBaE
Ha AKictb HMM.
Kpok 3. 3anponoHyi KOHKPETHI MiHiManbHi 3MiHW AnA BUNPaBAeHHA (6e3 nepenucyBaHHA

Baknusi npasuna

IHCTPyKUiA BCbOTO TEKCTY).
Kpok 4. CTBOpu HOBY BepCito TEKCTY, BHIiCLIM 3aNpPOMNOHOBAHi 3MiHU.
Kpok 5. OuiHun HoBy Bepcito i 0ali ouiHKy 1-10 Ta 06rpyHTYBaHHA BUNPABAEHb.
Kpumepili 3ynuHku
3yNUHAUCB, KoNu:
® OUjiHKa > 8/10 i BiACYTHI KPUTUYHI 3ayBaXKeHHA
e abo BMKOHAHO 3 iTepaii.
AKLLO 3yNWHKa He AOCATHYTa — MOBTOPW LMK 3 HOBOIO BEPCIEID AK MOTOYHUM TEKCTOM
Hagait pesynbTtaT y Takomy BUrAAL:
dopmat nogaHHA o OHOBNEHWUI TEKCT.
pesynbTaty o Tabnuua sepudikauii (N2 iTepauii | BuasneHi cnabki micua | BHeceHi 3miHum | OuinHKka (1-

10) | NiacTaBa ANA NPOAOBNKEHHA / 3yMUHKM)
Mosa Ta cTunb

. .. Muwm vitTko, NnpodecinHo, akageMiYHOI YKPaTHCbKOK MOBOHO
Bianosigl , Npod , aKaz, YKp

Lepeno: asmopcbKa po3pobka

Tabnnui 3-5 iNOCTPYOTb 3aCTOCYBAHHA TEXHIK MPOMNTUHIY ANA aHaNiTMYHOT poboTn 3 Tekctom HMM. MponoHoBaHi
npomnT1 NobyA0BaHO 3a YHIPIKOBAHOK CTPYKTYPOIO 3i 3MIHHUMU: PONb | KOHKPETHI 3aBAaHHA BU3HAYalOTbCA BUMIPOM aHanisy
BignoBiaHO 00 Tabn. 2; Tekct HMM, npeameTHy ranysb Ta ayAUTOPIO BUKNAZAY NigCTaBAsE€ CaMOCTIHO.

lntocTpauia NpMHLKMNY 3acTOCyBaHHA Npoueaypuy Ha GpparmeHTi TEKCTY 3 TeMM «3axucT AaHUX B IHTepHeTI»
3 nigpy4yHuKa «lHpopmaTtuka» gna 8 Knacy.

BuUXigHUM TekcT:

AKw,o Komn'tomep nidknto4eHuli 0o iHmepHemy, mo 6ydb-aKuli Kopucmyeay, MaKoX nioKkaYeHul 0o iHmepHemy, moxce
ompumamu docmyn 8o iHgpopmauiliHux pecypcie ybo2o Kommn'tomepa. MexaHi3mu APOHUKHEHHSA 3 iHmepHemy Ha A0KaAbHUl
Komr'tomep i 8 10KA/IbHY Mepexy MOXymb 6ymu pisHUMU:

— 8e6CMOpIHKU, W0 308aHMAMYOMbCA 8 bpay3ep, MOXymbs Micmumu aKMUBHIi enemeHmu, 30amHi 8UKOHysamu

decmpyKkmueHi Oii Ha 10KasbHOMY Kom'tomepi;

— OesKi sebcepsepu po3miulyrome Ha AI0KAALHOMY KOMMA'tomepi mekcmoai ¢halinu cookie, UKOPUCMOBYHOYU AKI MOXCHA

ompumamu KoHgioeHYiliHy iHpopmauyito Npo Kopucmyeava a0KAAbHO20 KOMI'tomepa;

— efleKMPOHHI Aucmu abo 0onucU 8 COUianbHUX MePeXax MoXyme Micmumu WKidaAusi MOCUNAHHSA;

— 30 00MOMOR20t0 CcreyianbHUX Mpo2pam MOXHa ompumamu docmyn 00 OucKis i ¢halinie nokanbHo20 Kommn'tomepa

mouwjo.

BuasneHi Hepgoniku (ctucauim nepenik):

— NOTiYHi HETOYHOCTI: NepebiNblUEHHA PU3KKY (He «ByAb-AKUIA KOPUCTYBAY», @ 3I0BMUCHUKM 3a NEBHWX YMOB);

— BIACYTHICTb 3raZlkv Npo 3ax04M 3aXMCTy;

— NiHrBiCTMYHI Npobaemu: fOBri peyeHHs, BigCYyTHICTb NOACHEHb TEPMIHIB;

— HeafanToBaHiICTb A0 PiBHA 8-r0 KAACY: CKNAAHMUI CUHTAKCUC, Bpak NPUKAAAIB 3 XKUTTA NIJANITKIB, «CYXMN» CTUNDb.

diHaNbHWUK afanNnTOBaAaHUN TEKCT

Akwo meili Kommn’tomep abo menedoH niokao4eHuli 0o IHmepHemy i Ha HbOMy HEMAE 3axucmy (HanpPUKAao aHmusipycy
YU OHOB/1EeHb), 3108MUCHUKU MOXYymb cripobysamu ompumamu docmyn 0o meoix ¢alinie. Oce AK ye Moxe cmamucs:
— mu 3axo0uw Ha calim 3i wkidaueum kodom (Hanpuknad JavaScript) — Akwo 6paysep He 3axuweHul, eipyc
3anycmumecs;
— calimu 3aAUWarme KyKi 0719 CmexeHHs 3a meoimu 0iamu, ase mu moxcew ix 3a6710Ky8amu 8 HaAAWMYBAHHSAX;
—y nosidomneHHi 8 Instagram 4u Telegram — nido3pine nocunaHHA eede 00 sipycy abo iwuH2y (obmaH
0419 ompumMaHHA naposel);
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— MPOAHU Yu npoepamu s8iddaneHo20 docmyny Kpadyms ¢halinu, AKUWO HeMae 080haKMOPHO20 3axucmy.
Mam’amati: nepesipali nocunaHHa ma oHoantol npoepamu!

HaBegeHuWiM GparMeHT iNlOCTPYE 3araibHUIA XapaKTep 3MiH, WO AOCAralOTbLCA 3aCTOCYBAHHAM NPOUeAypY; AeTa/bHUA
NOKPOKOBUI NPUKNAZA, i3 pe3ybTaTaMmn KOXKHOI TEXHIKM OKPEeMO € NpesMeToM nodanblumnx nybaikaLii.

BHeCOK KOXHOi TeEXHIKM B afanTaLitlo TEKCTY:

— Role Prompting - Bu3HayeHo ekcnepTHY NO3u1Lito: afanTaLia TEKCTY ANA YUYHIB 8-ro Knacy AK LinboBoi ayauTopii;

— Plan-and-Solve - BusaBneHo i BUNpaBneHo 3micToBi Npobaemu: nepebinbleHHA PU3MKIB YTOYHEHO, 404AHO YMOBU
Ta 3aX04M 3aXMUCTY;

— Chain-of-Verification - Bepn®diKoBaHO TOYHICTb TBEPAMKEHb: YCYHEHO JIOTYHY HETOYHICTb «byAb-AKWUIA KOpUCTyBaY
MOXKe OTPUMaTK JOCTyn»;

— Self-Refine -> iTepaTMBHO BAOCKOHANEHO BUKAAA: AOBri peYEHHA PO3bUTO, TEPMIHM CcnpoLleHo abo NOACHEHO, CTUb
a[anTOBAHO A0 BiKOBOI ayguTopii.

OBrOBOPEHHA

3rigHO 3 TpeTim 3akoHOM Knapka, «byab-fka 40CTaTHbO PO3BMHEHA TEXHONOTIA HeBiapisHoBaHa Big marii» (Clarke,
1973). 3anponoHoBaHMUI iIHCTpymeHTapii He pobuTb LLM npo3opiwoto — ane nepeTBOPHOE B3AEMOAII0 3 HElO Ha KepoBaHy
nocnifoBHICTb Ai. BoaHouac pesyabTatv poboTu moaeni 3aBXAM NoTPebyoTb KPUTUYHOTO OLiHIOBAHHA IOAUHOO.

3anponoHOBaHW IHCTPYMEHTapIl AOMNYCKAE ABa PEXMMU BUKOPUCTAHHA. Y NpouesypHOMY PeXUMI BCi HOTUPY TEXHIKM
3aCTOCOBYHOTLCA Y BU3HAYEHIN NOCAIA0BHOCTI, Ae UMKA [lemiHra 3aga€e Noriky nepexoay MiK HUMM i 3abe3nedye aHani3 Tekcty
33 BCiMa YOTMpPMa BUMipamKn. B aBTOHOMHOMY peXKMMi BUKNagay obmpae ogHy TEXHIKY BiAMNOBIAHO A0 NOTOYHOTO 3aBAAHHA; LMKA
[OemiHra B LUbOMy pasi AONOMarae BU3HaYWUTK, [0 AKOTO BUMIPY aHani3y HanexuTb obpaHe 3asaaHHA. Moro yotmpu dasm
peanisytoTbca nocnigosHo: Role Prompting 3asae ekcnepTHUA KOHTeKCT, Plan-and-Solve dopmye nepwy BunpasneHy Bepcito,
Chain-of-Verification Bepugikye ii yepes nepeBipoyHi nuTaHHs, Self-Refine BWKOHye iHanbHe BAOCKOHANEHHA. Lukn
NOBTOPIOETLCA AR KOXKHOIO HAaCTYMHOMO BUMIpY, 3abe3neyyoum CUCTEMHE OXOMNIEeHHA aHaNITUYHOT pob60oTu 3 TekcTom HMM.

[Ona NpakTUYHOro BNPOBaAXKEHHA aBTOPU PEKOMEHAYIOTb MOCTYNOBE OCBOEHHA iHCTPyMeHTapito. Buknagavam, aki
e noYnHaTb poboTy 3 LLM, gouinbHO po3noynHaTi 3 aBTOHOMHOTO peXmMmy — 3okpema 3 Role Prompting Ta Self-Refine:
Ui TEXHIKM € BIAHOCHO NPOCTMMM Y 3aCTOCYBAHHI i AalOTb BiAYYTHUI pe3ynbTaT yxKe Ha nepwmx cnpobax. 3400yBLIM NPAKTUYHUIA
pocsig, Bapto gonydatu Chain-of-Verification i Plan-and-Solve — TexHiKu, Wwo BMMaraloTb YiTKiworo ¢bopmyntoBaHHA 3aBAaHb
i pO3yMiHHA CTPYKTYpM Bignosigi moaeni. MpoueaypHUii peXmMm i3 NOBHUM UUKAOM [emiHra € Haibinbw NoBHUM dopmaTom
BMKOPUCTAHHA iIHCTPYMEHTAPIO i PEKOMEHAYETbCA TUM, XTO BXKe BNEBHEHO NPaLOE 3 yCiMa YOTUPMa TEXHIKamMmmn OKpemo.

Pasom 3 TMMm, 3anNponoOHOBaHMUI iHCTPYMEHTapii He MNpeTeHAYeE Ha ONTUMasIbHICTb: BiH € pe3ynbTaTom Bigbopy
33 BU3HaYeHUMM KpUTepiaMu, NiaTBEpAKEHOro 4-MiCAYHUM [0CBIAOM aBTOPCbKOTO KOMEKTMBY. 3a iHLWMX YMOB — NpegMeTHUX
ranysew, Tunis HMM, 3aBaaHb yA0CKOHaneHHA abo mogeneit LLM — epeKTUBHILIMMUN MOXKYTb BUSBUTUCA aflbTEPHATUBHI TEXHIKM
Ta iXHi KoMmbiHauji.

HaBezeHi pekomeHaaLii cbopMyIbOBAHO Ha OCHOBI MOLIYKOBOTO AOC/iAKEHHSA, LLLO MA€E HU3KY OOMeXKeHb. Pe3ynbTatu
IPYHTYIOTbCA HA AOCBIAl WiCTbOX aBTOPIB, @ HE HAa KOHTPO/ILOBAHOMY EKCNEePUMEHTI; OKpeMi KnacudikaLiliHi pileHHs (30Kpema,
BigHeCeHHA TexHiku po ¢asu uukny [emiHra) yxBasitoBa/sMCA EKCNEePTHUM KOHCEHCYCOM i € MOTEHLIiMHUM AyKepenom
cy6'ekTMBHOCTI. Anpobauilo 34iMCHEHO Ha HaBYaNbHO-METOAMYHMX MaTepianax OCBITHIX MpPorpam y Mexax auwe n'atu
npeameTHUX ranysei. EQeKTUBHICTb TEXHIK OLiHIOBaNacsA AKICHO (KONEKTMBHE eKcrepTHe OLiHIOBaHHA Ta aBTOPCbKa pedekcis),
6€e3 Ki/IbKiICHUX METPUK. 3-MOMiXK BUKOPUCTAHUX MoZAenen HalcTabinbHiwi pesynbTaTv, 3a Cyb'eKTMBHOK OLHKOKO aBTOPIB,
3abe3neyvysas Claude 3.5 Sonnet, aeLwo HUXKYY AKicTb AeMoHCcTpyBaB Grok 2, Toai Ak GPT-4 HaWyacTiwe noTpebysas [,04aTKOBUX
iTepauin.

BUCHOBKM TA NEPCNEKTUBU NOAANBLUOIO AOC/NIAXKEHHA

CTaTTa po3B'A3ye NpakTUYHY npobnemy: BuKkAafdadi 6e3 popmanbHOi MiAFOTOBKM B rasysi LWITYYHOrO iHTENEKTY
noTpebytoTb KOMNAKTHOrO IHCTPYMEHTapIto ANsA cMcTeMHOi poboTh 3 LLM. 3anponoHoBaHe pilleHHA IPYHTYETbCA He HA CTBOPEHHI
HOBMX TEXHIK MPOMMTUHIY, @ Ha iX LinecnpamoBaHomy Bigbopi, aganTauii Ta ynopsaKyBaHHi BignosigHoO A0 notpeb aHaniTMYHOI
pob60TH 3 HaBYa/IbHO-METOAUYHUMM MaTepianamm.

OCHOBHI pe3ynbTaTh NOLYKOBOrO AOCAIAMKEHHA:

— po3pobaeHo npoueaypy Biabopy TexHiK MPOMNTMHIY i3 TakcoHomii Schulhoff et al. (2025), wo noeaHye ¢inbTp
peneBaHTHOCTI, po3nogin 3a pasamu UMKy [lemiHra Ta nonapHe NOPiBHAHHA 38 TPbOMa KpUTEPIAMMY;

— chOpPMOBAHO IHCTPYMEHTapil i3 YoTMpPbOX TexHIK — Role Prompting, Plan-and-Solve, Chain-of-Verification, Self-Refine
— 3 YHipiKOBaHMMM NpomMNTaMu-abaoHaMK, aAAaNTOBAaHUMM A0 YOTUPLOX BUMIPiB aHANITUYHOI poboTh 3 HMM;

— 3aMpOMNOHOBaHO ABa PEXUMU BUKOPUCTAHHA — MpoueAypHUI (NOCNigoBHE 3acTOCyBaHHA 3a JIOTIKOK LMKY
[emiHra) Ta aBTOHOMHMI (BMBip OAHIEl TeXHIKM BiANOBIAHO A0 NOTOYHOrO 3aBAaHHA). BogHouac pesynbtat poboTu moaeni
3aBXAN NOTPebYOTb KPUTUYHOTO OLiHIOBAHHA JIIOAMHOIO.

Anpobauina npotarom 4 micAuiB Ha Maike 80 fOKYMeHTax y N'aTM NpegMeTHUX ranysax Aae nigcraBu ONa BUCHOBKY
NpPO NPaKTUYHY 3aCTOCOBHICTb iIHCTPYMEHTapIlo.

MepcneKTMBHMMM € ABa HaNPAMMU MOAANbLUMX AOCAIAXKeHb: Bepudikalia pe3ynbTaTiB Y KOHTPO/SbOBAHMX YMOBaX
Ha He3a/sexHil BMbipL,i Ta NOpiBHA/IbHE OLiHIOBAaHHA a/IbTEPHATUBHUX KOMBIHALiM TEXHIK MPOMMTUHTY.
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KOH®IKT IHTEPECIB

ABTOPM 33ABNAIOTL NPO BiACYTHICTb KOHONIKTY iHTEepeciB.

OKEPENA ®IHAHCYBAHHA

Po60Ty BMKOHAHO 3a BigCyTHOCTI GiHAHCOBOI NiIATPUMKN.

AOCTYNHICTb AAHUX

Pe3ynbTaTi 3acTOCyBaHHA Npoueaypv Bifbopy npeactaBneHi besnocepeHbo B TEKCTI CTATTi. CTPYKTYPOBaHMI NPOMNT,
po3pobneHnit aBTopamu ansa Bepudikalii npoueaypm Biabopy TexHik, 36epiraeTbca B aBTOPCbKOMY apXiBi.

BUKOPUCTAHHA 3ACOBIB LUTYYHOTO IHTENIEKTY

Y npoueci niarotoskn pobotn Bukopuctosysanucs Claude 3.5 Sonnet (Anthropic), Grok 2 (xAl) Ta GPT-4 (OpenAl) —
ona sepudikauii npoueaypu Biabopy TEXHIK MPOMNTUHTY, TECTYBAaHHA Ta anpobauii po3pobieHnx NPOMNTIB-LWabA0HIB, a TaKOXK
NOLUYKY peneBaHTHUX axepen. Yci pe3yabTaTn KPUTUYHO NepernaHyTi, nepesipeHi Ta BigpenarosaHi asBTopamu. ABTOPU HecyTb
NOBHY BigNOBIAANbHICTb 3@ 3MicT Nybikau,ii.

ABTOPCbKWI1 BHECOK

TasHa [eopaiua (Komn'toTepHi Hayku) — KepiHuuTBo; KoHuenTyanisauis; Metogonoris; JocnigxeHHsa; Banigauin;
®PopmanbHUii aHani3; HanncaHHA — NoYaTKOBMIM BapiaHT pyKonucy.

MapuHa BopoHiHa (am3aitH oaary Ta akcecyapis) — MeTtogonoria; JocnigxeHHs; Banigauis; Bisyanisauis; HanucaHHs —
nepernsag Ta pefaryBaHHs.

Paica MhagywwuHa (ncuxoniHreicTuKa) — [ocniaxKeHHs; Banigauis; HanucaHHA — nepernsg Ta pegaryBaHHA.

Onbra EnidaHoBa (arpoiHxkeHepia) — [locniarKeHHs; Banigauis; HanucaHHA — nepernsg Ta pegaryBaHHA.

OneHa Ko3bMeHKo (aHrniiicbKka ¢inonoria) — locnigxeHHs; Banigauisa; HanucaHHa — nepernsag ta pegaryBaHHs.

Bonogumup Tonmayos (Komn'toTepHi Hayku) — MeTogonoris; [ocnigxeHHs; Banigauina; Bisyanisauia; ®opmanbHuit
aHani3; HanucaHHA — nepernag Ta pegaryBaHHs.

CNUCOK BUKOPUCTAHUX AXKEPE/ / REFERENCES

1. Alenezi, M., Wardat, S., & Akour, M. (2024). The need of integrating digital education in higher education: Challenges and opportunities.
Frontiers in Education, 9, 1392091. https://doi.org/10.3389/feduc.2024.1392091

2. Clarke, A. C. (1973). Profiles of the Future: An Inquiry into the Limits of the Possible (Rev. ed.). Harper & Row.

3. Deng, M., Wang, J., Hsieh, C.-P., Wang, Y., Guo, H., Shu, T., Song, M., Xing, E. P., & Hu, Z. (2022). RLPrompt: Optimizing discrete text prompts
with reinforcement learning. In Proceedings of the 2022 Conference on Empirical Methods in Natural Language Processing, 3369-3391.
https://doi.org/10.18653/v1/2022.emnlp-main.222

4. Dhuliawala, S., Komeili, M., Xu, J., Raileanu, R., Li, X., Celikyilmaz, A., & Weston, J. (2023). Chain-of-verification reduces hallucination in large
language models. arXiv. https://doi.org/10.48550/arXiv.2309.11495

5. Eager, B., & Brunton, R. (2023). Prompting higher education towards Al-augmented teaching and learning practice. Journal of University
Teaching & Learning Practice, 20(5), Article 2. https://doi.org/10.53761/1.20.5.02

6. Kojima, T., Gu, S. S., Reid, M., Matsuo, Y., & lwasawa, Y. (2022). Large language models are zero-shot reasoners. In Advances in Neural
Information  Processing ~ Systems  (Vol. 35, pp. 22199-22213). https://proceedings.neurips.cc/paper_files/paper/2022
/file/8bb0d291acd4acf06ef112099c16f326-Paper-Conference.pdf

7. Liu,Y.-Y., Zheng, Z., Zhang, F., Feng, J.-C., Fu, Y., Zhai, J., He, B., Zhang, Y., & Du, X. (2025). A comprehensive taxonomy of prompt engineering
techniques for large language models. Frontiers of Computer Science, 19(6), Article 196904. https://doi.org/10.1007/s11704-025-50058-2

8. Madaan, A., Tandon, N., Gupta, P., Hallinan, S., Gao, L., Wiegreffe, S., Alon, U., Dziri, N., Prabhumoye, S., Yang, Y., Welleck, S., Majumder, B. P.,
Gupta, S., Yazdanbakhsh, A., & Clark, P. (2023). Self-refine: Iterative refinement with self-feedback. In Advances in Neural Information
Processing Systems (Vol. 36). https://doi.org/10.48550/arXiv.2303.17651

9. Qian, Y. (2025). Pedagogical applications of generative Al in higher education: A systematic review of the field. TechTrends, 69(5), 1105-1120.
https://doi.org/10.1007/s11528-025-01100-1

10. Sahoo, P., Singh, A. K., Saha, S., Jain, V., Mondal, S., & Chadha, A. (2024). A systematic survey of prompt engineering in large language models:
Techniques and applications. arXiv. https://doi.org/10.48550/arXiv.2402.07927

11. Schulhoff, S., llie, M., Balepur, N., Kahadze, K., Liu, A., Si, C., Li, Y., Gupta, A., Han, S. I, Schulhoff, S., Hao, Y., Seifermann, M., & Schwartz, P.
(2025, v6). The prompt report: A systematic survey of prompting techniques. arXiv. https://doi.org/10.48550/arXiv.2406.06608

12. Shanahan, M., McDonell, K., & Reynolds, L. (2023). Role play with large language models. Nature, 623(7987), 493-498.
https://doi.org/10.1038/s41586-023-06647-8

13. Wang, L, Xu, W,, Lan, Y., Hu, Z,, Lan, Y., Lee, R. K.-W., & Lim, E.-P. (2023). Plan-and-Solve Prompting: Improving Zero-Shot Chain-of-Thought
Reasoning by Large Language Models. In Proceedings of the 61st Annual Meeting of the Association for Computational Linguistics (Vol. 1,
pp. 2609-2634). https://doi.org/10.48550/arXiv.2305.04091

14. Yan, L., Sha, L., Zhao, L., Li, Y., Martinez-Maldonado, R., Chen, G, Li, X., Jin, Y., & Gasevi¢, D. (2024). Practical and ethical challenges of large
language models in education: A systematic scoping review. British Journal of Educational Technology, 55(1), 90-112.
https://doi.org/10.1111/bjet.13370

| Mamepian Hadiliwoe 0o pedakyji: 05.01.2026 p. | [lNpuliHamo do OpyKy: 26.02.2026 p. | OnybaikosaHo: 30.04.2026 p. |

This work is licensed under Creative Commons Attribution-NonCommercial-ShareAlike 4.0 International License.

55


https://doi.org/10.3389/feduc.2024.1392091
https://doi.org/10.18653/v1/2022.emnlp-main.222
https://doi.org/10.48550/arXiv.2309.11495
https://doi.org/10.53761/1.20.5.02
https://proceedings.neurips.cc/paper_files/paper/2022%20/file/8bb0d291acd4acf06ef112099c16f326-Paper-Conference.pdf
https://proceedings.neurips.cc/paper_files/paper/2022%20/file/8bb0d291acd4acf06ef112099c16f326-Paper-Conference.pdf
https://doi.org/10.1007/s11704-025-50058-z
https://doi.org/10.48550/arXiv.2303.17651
https://doi.org/10.1007/s11528-025-01100-1
https://doi.org/10.48550/arXiv.2402.07927
https://doi.org/10.48550/arXiv.2406.06608
https://doi.org/10.1038/s41586-023-06647-8
https://doi.org/10.48550/arXiv.2305.04091
https://doi.org/10.1111/bjet.13370

22

scientific
journal

PISNKO-MATEMATUYHA OCBITA
(PHYSICAL AND MATHEMATICAL EDUCATION)

p-ISSN: 2413-1571, e-ISSN: 2413-158X

BMKOPUCTAHHA ENEMEHTIB FENMI®IKALLIT
NPU BUKNAAAHHI
MATEMATUYHOIO AHANI3Y Y 3BO

ranHa NIHHUK
HayioHaneHuli mexHiyHul yHisepcumem
«Xapkigcokuli nonimexHiyHuli iHcmumymb», YkpaiHa
Hanna.Linnyk@khpi.edu.ua
https.//orcid.org/0000-0003-4227-3210

IpyHa MOPA4YKOBCbKA =
HauyioHaneHuli mexHiyHuli yHisepcumem
«Xapkigcokuli nonimexHiyHul iHcmumymb», YkpaiHa
Iryna.Morachkovska@khpi.edu.ua
https.//orcid.org/0000-0002-4164-4780

https://doi.org/10.31110/fm02026.v41i2-05
Y[K: 378.147:51.3

2026, 41(2),

USE OF GAMIFICATION ELEMENTS
IN TEACHING MATHEMATICAL ANALYSIS
AT HIGHER EDUCATION INSTITUTIONS

Hanna LINNIK
National Technical University
“Kharkiv Polytechnic Institute”, Ukraine
Hanna.Linnyk@khpi.edu.ua
https://orcid.org/0000-0003-4227-3210

Iryna MORACHKOVSKA &
National Technical University
“Kharkiv Polytechnic Institute”, Ukraine
Hanna.Linnyk@khpi.edu.ua
https://orcid.org/0000-0003-4227-3210

AHOTALIA

ABSTRACT

Y cmammi  npedcmaeneHo  pesyabmamu  OOC/AIOHEHHA
eghekmusHocMi 8uKkopucmaHHs 2elimighikauiliHux enemeHmig y npouyeci
susveHHs OducyunaiHu «MamemamuyHull aHaniz» y HayioHansHomy
mexHiYHoMy yHigepcumemi «XapkiecoKuli noaimexHiyHul iHcmumymby.,
JlocnioieHHa crnpAMosaHe HA OUYiHIOBAHHA 6rausy eelimighikosaHux
nioxodie Ha HaBYAIbHY MOMUBAUItO, Mi3HABAbHY AKMUBHICM®b | AKICMb
30CB0EHHA MeoOpemuyHo20 mamepiany CmMyoeHmMamu MmexHiYHUX
cneujaneHocmedl.

DopmynoeaHHsa npobaemu. CyuyacHe BUKAAOAHHSA
MAMeMamuyHUx OUCYUmAiH XapaKmMepu3yeEMbCA BUCOKUM pigHeM
abcmpakmHocmi, Wo 4acmo npu3sooums 00 3HUXEHHA Momueauil
cmyoeHmis | (OPManbHO20 30CB0€EHHA 3HAHb. Y 38°A3Ky 3
yudgpposisauyieto 0c8imHL020 cepedosuUWd AKMYAbHUM € MOWYK
ehekmusHUX OUOAKMUYHUX iHCMpPymMeHmis, 30amHuUX akmusizyeamu
HasyanbHy OifabHicme. Y cmammi 0docnioxcyemesca npobaema
doyinbHocmi ma pe3ynbmamusHocmi 8nposadxceHHs aelimigikayii' y
BUKIAOAHHI MOMEMamu4YHo20 aHasi3y.

Mamepianu i memoodu. Y xo0i docnidrceHHs byno po3pobaeHo ma
8M1POBAOHEHO aBMOPCbKY OudakmuyHy epy «MamemamuyHi
acouyiayii», AKa 3acmocosysanaca Mio 4ac MPAKMUYHUX 3GHAMb 3
mMamemamuyHo20 aHanisy. ExcnepumeHmasneHowo 6aso0 cmanu
akademivHi epynu cmyoeHmie nepwo2o Kypcy. Bukopucmosysanucs
memoou nedazo2i4Ho20 CrocmepexeHHs, aHKeMy8aHHA, aHanizy
HaB8YAbHOT aKMUBHOCMIi Ma pe3ysnbmamie 8UKOHAHHA 3a80aHb. [ns
opaaHizayii  3860pomH020 38°A3Ky  3acmocosysanuca  yugposi
iHcmpyme+mu Office 365.

Pesynomamu. OmpumaHi pe3ysemamu 3aceidyunu 3pocmaHHA
pieHa  3anyyeHocmi cmydeHmie 00 HAB4A/LHO20  MPOYecy,
niosuwjeHHs iHmepecy 00 OUCYUMNAIHU Ma MOKPAUieHHA PO3YMiHHSA
KAIO408UX MeM Mamemamu4yHo20 aHasnizy. byno 3agikcosaHo
aKkmusizayito KomyHikauii e akademiyHux epynax i nideuwjeHHsa
HaBYanbHOI akmueHocmi bGinbwocmi y4acHukie. Pasom 3 mum,
8UABAEHO HE3HAYHY Yacmky cmydeHmis, AKi siddanu nepesazy
mpaduyiliHum memooam HaB4aHHs.

BucHoBKuU.  Pesynbmamu  00cnioiceHHA  niomeepoxcyroms
egekmusHicme  8uKopucmaHHA  eelimigikauii y  B8UKAAOAHHI
Mamemamu4Ho20 aHanMizy AK 3acoby ni08UWEHHA HABYAsAbHOI
momusayii, po38UMKy KOMYHIKAMUBHUX HABUYOK | Mi3HA8AAbHOI
akmusHocmi  cmydeHmis. OmpumaHi  0aHi  Moxyme 6ymu
BUKOPUCMAHI 0714 nodanbwux 00CnidHeHb | 8rnposadHeHHs
eelimighikosaHux nioxodie y BUKAAOAHHI IHWUX Mamemamu4Hux
oucyunaiu.

The article presents the results of a study on the effectiveness
of gamification elements in teaching Mathematical Analysis at
the National Technical University “Kharkiv Polytechnic Institute”.
The research focuses on assessing the impact of gamified
approaches on students’ learning motivation, cognitive
engagement, and the quality of their mastery of theoretical
material among engineering students.

Formulation of the problem. Modern teaching of
mathematical disciplines is characterized by a high level of
abstraction, which often leads to decreased student motivation
and superficial knowledge acquisition. In the context of the
digitalization of the educational environment, there is a growing
need to identify effective didactic tools that activate students’
learning activities. This paper addresses the problem of the
feasibility and effectiveness of implementing gamification in the
teaching of mathematical analysis.

Materials and methods. Within the study, an original didactic
game, entitled Mathematical Associations, was developed and
implemented during practical classes in mathematical analysis.
The experimental base consisted of first-year undergraduate
student groups. The research employed pedagogical
observation, questionnaires, analysis of students’ learning
activity, and assessment of task performance. Digital tools from
Office 365 were used to organize feedback and collect responses.

Results. The results indicate increased student engagement in
the learning process, greater interest in the course, and
improved understanding of the key topics in mathematical
analysis. Enhanced communication within academic groups and
increased learning activity among the majority of participants
were observed. At the same time, a small proportion of students
expressed a preference for traditional teaching methods.

Conclusion. The results of the study confirm the effectiveness
of gamification in teaching mathematical analysis to increase
learning motivation, develop communication skills, and
stimulate students’ cognitive activity. The findings may be used
for further research and for implementing gamified approaches
in teaching other mathematical disciplines.

K/IO40BI CJ/IOBA:
HABYAHHSA; MOMUBAUA.

eelimigpikauis; mamemamuyHuli  aHanis;

KEYWORDS: gamification; mathematical analysis; learning;
motivation.
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BCTYN

MoctaHoBKa npob6nemu. Y cyyacHii NpakTULi BUKNALAHHA YHIBEPCUTETCbKMX (yHAAMEHTaNbHUX KypciB 4acTo
CNoCTepiraeTbCA TeHAEHLIA A0 HagMipHOI aKaZeMiYHOCTi: maTepian MNOJAETbCA CYXO, CKAAAHOK HAyKOBOK MOBOM, LWO
YCKNAAHIOE NOTO CNPUNHATTA CTyAeHTamMu. AK pe3ynbTaT, 6inblicTb 3406yBayiB OCBITM 3aCBOIOE 3MICT NOBEPXHEBO, HE BHUKAKOUM
B CYTHICTb K/IlOYOBWX MOHATb, BU3HAYEHb, BAACTUBOCTEN Ta Teopem. Lle npusBoanTb 40 popmanbHOro 3anam’atosyBaHHA 6e3
rNMBOKOro PO3YMiHHA NOTiKM Ta B3AEMO3B’A3KIB MiXK e/leMeHTaMu HaBYasIbHOro maTepiany.

[JoaaTkoBoto Npobaemoto € 06meKeHa KiNbKicTb HaBYaNbHUX FOAMH, BiflBeAEHWUX Ha BUKNaZaHHA Kypcy. Llei yacosuii
nediunT He A,03BO/IAE BUKNAAAYEBI AeTa/lbHO Ta NOCTYNOBO NOACHUTU BCi aCNEKTU TeEMMU, @ CTYAEHTAM — OCMUC/IUTY 14 3aKpinUTH
3HAHHA. Y TaKUX YMOBAX BMHWKAE NoTpeba y NOLWyKy afbTepHaTUBHMX MigX0A4iB, AKi 6 4ONOMOr/IM NOBTOPUTU Ta y3araabHUTU
OCHOBHi MOHATTA B 6iNblW AOCTYNHIl, HECTAaHZAPTHIN dopMmi.

TaKoK BaXKNIMBMM 3aBAAHHAM € aHani3 pe3ybTaTiB HaBYaHHA: HACKINIbKKU CTYAEHTW 3p03yMinn maTepian, AKi nporajanHun
3aMWINANCA, AKI TeMU NOTPebyoTb A0AATKOBOrO NOACHEHHSA. 3aBepLUEHHA KypCcy — CAYLIHMIA MOMEHT ANs Toro, Wwob Haragatu
KNOYOBI TEMU, MPOACHUTU CKNAAHI MOMEHTM Ta cpopMyBaTH LiiNiICHe YABNEHHA NPO NpoiAeHnn maTepian. Takuii niaxig He nvwe
NiABULLYE AKICTb 3aCBOEHHA 3HaHb, @ M CNPUAE PO3BUTKY KPUTUUHOTO MUC/IEHHA Ta 34aTHOCTI 3aCTOCOBYBATW TEOPETUYHI
NOJIOXKEHHA Ha NPaKTUL.

AHani3 aKTyanbHUX AOCAIAMKEHb. Y Cy4acHUX AOCAIOMKEHHAX 3 Mefarorikv BULLOI OCBITU AK OAMH i3 eheKTUBHUX
HABYA/IbHOrO MNpoLUecy po3rnafaEeTbca reimidikauia. Len nigxia Habysae 0cob6/1MBOI aKTya/IbHOCTI Mif, 4Yac BWMKAALAHHA
bYHAAMEHTANbHUX AUCLUMMIH, 30KpEMa MAaTEMATUYHOMO aHanidy, AKi XxapaKTepusylTbCA BUCOKMM piBHEM abCTpaKTHOCTI Ta
3HAYHUM KOTHITUBHUM HaBaHTaXKEHHAM.

Y poboTi Imepig3e, BMKkoea Ta Bennuka (Imepiase Ta iH., 2020) reiimidikauia BM3HAYaAETbCA AK iHTerpawia irpoBux
MeXaHi3MiB y HeirpoBe OCBITHE cepefoBULLE 3 METOK AOCATHEHHA KOHKPETHUX OCBITHIX pe3ynbTaTiB. ABTOPU NiAKPECAIOOTD, WO
3acTOCyBaHHA rerimidikauii y 3aknafax BWULIOI OCBITM CNPUAE 3POCTAHHIO HaBYa/bHOI MOTUMBALIi CTyAeHTIB, GOpMyBaHHIO
BiANOBIAANbHOCTI 33 pe3y/abTaTh HaBYAHHA Ta PO3BUTKY HABMYOK CaMOCTIMHOT poboTn. Ona Kypcy «MaTeMaTUYHUI aHanis», y
AKOMY YyCrillHe 3aCBOEHHA MaTepiany 3Ha4YHO MipOoto 3aN1eXUTb Bif cUCTEMATUYHOT POBOTM CTYAEHTIB Ta IXHbOT aKTUBHOI y4YacTi
Yy HaBYa/IbHOMY MPOLLECi, 3a3HaYeHi ePpeKTU € 0COHMBO BaXKANBUMM.

Y npausax ApictoBoi Ta Maxosuy (2024) fpyHTOBHO NpOaHai30BaHO TEOPETUYHI acnekTu reimidikauii B ykpaiHCbKOMy
negaroriyHomy npocrtopi. JoCNiAHWKM HaroNoWwykTb, WO reiMmidikalia He € 3amiHOKW TPaAMUiAHOro HaBYaHHA, a BUCTyNae
iHCTPYMEHTOM 1MOro negaroriyHoro nigcuneHHa. Takui niaxig A03BONAE afanTyBaTU reMmidikoBaHi enemMeHTU A0 Pi3HUX
HaBYaNbHUX OUCUMNAIH, 30KpemMa A0 MaTeMaTUYHUX KypcCiB, Ae BOHU MOXKYTb BUKOPWUCTOBYBATMUCA ANA CTPYKTYpPyBaHHA
HaBYa/IbHOrO MaTepiay, NOeTanHOro KOHTPOJIIO 3HaHb Ta GOPMYyBaHHA NO3UTUBHOI HAaBYa/IbHOI MOTUBALLi.

Y poboTti Mexepg, (2024) noBoAWTb, WO BUKOPUCTaHHA reimidikalii y BULLiKA OCBITi cnpuae GOpMyBaHHIO KNHOYOBUX i
npodecinHnX KOMMNETEHTHOCTEW CTYAEHTIB, PO3BUTKY KPUTUYHOTO MUC/AEHHA Ta 34aTHOCTI A0 aHani3y. 3a3HayeHi pe3ynbTatu
MaloTb 6e3nocepefiHE 3HAYEHHA AR BMBYEHHA MATEMATUUYHOrO aHanily, OCKIbKM U AucuuniiHa Gopmye aHaniTuyHe
MWCNEHHSA, NOTIYHY KYNIbTYPY Ta HaBUYKM abBCTPAKTHOTO MOAENOBAHHA.

Y poborTi CaBiubKoi Ta Kpnukiscbkoi (2022) aeTanbHO PO3rAAHYTO NPAKTUYHI acneKkTn BNpoBaaMKeHHs rermidikauii y
HaBYa/NbHUI Npouec. AKLEHT 3pobneHo Ha BUKOPUCTaHHI MexaHik PBL (points, badges, leaderboards). ABTopu nokasytoTb, LLO
TaKi MexaHi3aMu epeKTMBHO MpPaLIoOTb Yy cepeaoBULL 3aKNaAiB BULLOI OCBITU Ta MOXKYTb OyTW iHTErpoBaHi B Kypcu 3 YiTKol
CTPYKTYPOIO Ta CUCTEMOIO OLiHIOBaHHA. 1A Kypcy «MaTeMaTUYHUI aHani3» BUKOPUCTaHHA PBL-mexaHiK € AoLifbHMM Nig Yac
opraHisaL,ii NOTOYHOro KOHTPOJIt0, BUKOHAHHSA iHAWBIAYaNbHUX PO3PaxXyYHKOBUX 3aBAAHb | CAMOCTIMHOI po60TU CTyAEHTIB.

HocnigxeHHs 3axaposoi Ta py3g, (2017) AeMOHCTPYE 3aranbHi NpuHLMNK reiimidikalii y BMLLIM OCBITI, 30cepeaxyroun
yBary Ha NOKpPALLLEeHHi AKOCTi OCBITHIX NOCAYr Yepe3 BUKOPUCTAHHA irpOBUX MeXaHi3MiB, LLO MOXKe ByTu nepeHeceHo I Ha Kypcu
MaTeMaTU4HOI OCBITH.

Y ctatTi MocTepHak, TOKMeHKO Ta flHiubKa (2023) NoKasytoTb, L0 BNPOBaAMEHHS ifPOBMX TEXHOOFIN CNpUAE akTMBI3aLil
ni3HaBa/bHOI AiANbHOCTI CTYAEHTIB, NiABULLEHHIO IXHbOT MOTMBALLT Ta AKOCTi 3aCBOEHHA CKNAAHOTO TEOPETUYHOrO MaTtepiany.
OTpuMaHi pe3ynbTaT € BaXKAUBUMU | AN KYPCY MaTeMaTUYHOTO aHanidy, OCKINbKM LA AUCLMNAIHA XapaKTepU3yeETbCA BUCOKUM
piBHEM abcTpaKTHOCTI Ta NOTpebye cMCTEMATUYHOT POBOTH 3 NPAKTUYHUMM 3aBAAHHAMM.

Y ny6nikauii MasneHka (2024) npeactaBneHo NPAKTUKOOPIEHTOBAHWUI Niaxig Ao rermidikauii HaB4anbHOro npouecy.
lelimidikauia pos3rnagaeTbca AK IHCTPYMEHT NigBULEHHA 3any4YyeHocTi 3400yBadyiB OCBITM Ta CTBOPEHHSA MO3UTUBHOIO
HaBYa/IbHOrO cepefioBMLLA. ABTOP Haro/IOLWYE Ha BaXKAMBOCTI MPOAYMAHOro A060py irpoBUX enemeHTiB 3aNeXHOo Big, uinei
HaBYaHHA Ta cneumnoikvM gucumnnidn. Ansa Kypcy «MaTemaTUYHUA aHani3» Le 03Hava€e HeobXigHICTb BUKOPUCTAHHA rerimidikalii
He AK PO3Ba*KaNbHOTO KOMMOHEHTA, a AK 3acoby CTPYKTYpyBaHHA maTepiany, NoeTanHOro KOHTPOO 3HAHb i CTUMYIOBAHHSA
perynsapHoi HaBYaNbHOI AiANbHOCTI CTYZEHTIB.

Xouya 6inbLuicTb AOCNIAKEHDb CTOCYIOTLCA 3arasibHUX NeAaroriyHMxX NpegMeTiB, iCHYE KinbKa pobiT, Wo cTocyoTbeA came
MaTeMATUKM AK HaBYa/lbHOI AMCUMMAIHW. 30Kpema 3acTocyBaHHIO rerimidikauii 6e3nocepegHbO Yy HaBYaHHI MaTemMaTUKK
npuceaYeHi  gocnigxeHHa MepHoBHMKoBOI, Lewypsak, BisipeHko, dPanbko (2024). ABTOPW aHanNi3ylOTb MOMKAMBOCTI
BMKOPUCTaHHA reiMMidpiKoBaHUX €/1EMEHTIB Y MaTEMATUYHMX AWUCLMMJIHAX | 3a3Ha4aloTb, WO irpoOBi MexXaHi3aMu CrpusalTb
3HUMKEHHIO HAaBYA/IbHOI TPMBOXKHOCTI Ta NiABULLLEHHIO 3aL,iKaBAEHOCTI CTYAEHTIB Y BUBYEHHI CKNagHOro matepiany. Lli pesynbtatn
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NiATBEPAKYIOTh AOLiINBHICTE aganTauii reiMmidikauii O Kypcy MaTemMaTUYHOro aHanisy 3 ypaxyBaHHAM MOro 3micToBMX i
MeToAnYHUX 0cobnmBOCTEN.

Y poboTi 3iH4eHKo (2024) onucye reimidikaLito aK 3acib nigBULLEHHSA ePEeKTUBHOCTI HAaBYAHHA Ha YPOKax MaTEMATUKM.
ABTOP MiAKPECNIOE, WO iIrpoBi METOAM AONOMAraloTb 3HAUTU «CNiNbHY MOBY» 3 CYY4aCHUMMU CTYAEHTaMM Ta CTBOPUTU aKTUBHE
OCBITHE cepefoBMLLE.

Mpobnemy reimidikauii 6eanocepeHbO y NpoLEeci HAaBYAHHA MaTEeMATUKM PO3IISHYTO TaKoXK y poboTi 3aiuesoi (2021).
ABTOpPKa aHani3ye MOMKNUBOCTI BUKOPUCTAHHA reiMmidikoBaHMX eNleMeHTIB B yMOBax 3MIllaHOTO HaBYaHHA Ta 3a3Hayae, WO
NOEAHAHHA TPAZULIMHUX METOAIB 3 iIrPOBMMM MeXaHiKamu CNpUSE NiABULLEHHIO 3aLLiKaBNEHOCTI CTyAeHTiB, OpMyBaHHIO CTiliKOT
HaBYa/NbHOI MOTUMBALLT Ta PO3BUTKY HAaBMYOK CaMOCTINMHOT poboTn. OcobanBy yBary npuaineHo poni reiMmidikauii y 3acBOEHHI
CKNAgHUX MaTEMATUYHMX MOHATD, WO 6e3nocepeaHbo KOPEIOE i3 3aBAaHHAMM Kypcy «MaTeMaTUYHWUI aHani3», 4e BaXKINBUM €
noctynose GopMyBaHHA TEOPETUYHUX YABJIEHD | BMIHHA 3aCTOCOBYBATU iX Ha NPaKTULL.

Pe3ynbTaTM [0BroTPMBANOro eKCnepuMMEHTANbHOro AocnigxeHHs obrosoptotoTeca y poboti Putz, Hofbauer, &
Treiblmaier (2020). ABTopy [OCNIAXKYIOTb, AK MOXHa MOKPALWMTM 3anam'ATOBYBAHHA 3HaHb CTYAEHTIB CepefHiX Ta BULLUX
HaBYa/IbHMX 3aKNaAiB 33 AONOMOroto reimipikoBaHUxX cemiHapiB.

Y po6oti Camacho-Sanchez, Rillo-Albert, Lavega-Burgués (2022) pocnigiKyetbca BNAUB NOEAHAHHA reiMmidikauii Ha
aKaZeMiyHy yCnilWHICTb i MOTMBAL,l0 CTYAEHTIB YHiBEpCUTETY. Pe3ynbTaTh NMOKas3yloTb, WO TaKWUW Migxig cnpuse nNigBULWEHHIO
HaBYa/IbHUX Pe3yNbTaTiB CTYAEHTIB NOPIBHAHO 3 TPAAULIMHUMU METOAAMMU.

Baldrich, Pérez-Garcia, Dominguez-Oller & de Amo Sanchez-Fortin (2024) aHani3yloTb 3aCTOCyBaHHA renmidikauii,
30Kpema Yy BuWLi OCBIiTi Ta NpodecinHOMy HaBYaHHi. ABTOpM A0BOAATDL, WO rerMmidikaLis NO3UTUBHO BMNMBAE HA PO3YMIHHA
HABYa/IbHOrO 3MICTY, BHYTPILUHIO MOTMBAL,it0 Ta aKageMiuHi pe3ynbTaTh CTyAeHTIB, 0c0b6/MBO Y 3milaHMX GOpMaTax HaBYaHHS.
BogHouac 6y BuABNEHi Taki Npob6eMu, SIK MOXK/IMBA HaZMipHa 3a/1EXKHICTb Bif, PO3Ba*Ka/ibHUX €/1EMEHTIB, LLLO MOXKE 3MICTUTH
$OKyC 3 OCHOBHOI OCBITHbOI METU.

Y pocnigxeHHi Lampropoulos & Sidiropoulos (2024) nopisHioBanu pe3ynbTaT HaBYaHHA CTYAEHTIB Y Pi3HUX yMOBax:
TPaAULiIMHOMY, OHMAMH i 3 remidikauieto. BuasneHo, Wwo rerimidikauia nigBuLye He AMWe MOTMBAL,O Ta 3a/y4YeHICTb, ane i1
yChilWHicTb, 0co6AMBO B OHNalH-bopmMaTax. Y poboTi NigKPec/NoeTbCA BaXKAUBICTb iIHTErPyBaHHA €1eMEHTIB Py 3 OCBITHIMM
LinAMM, a He NPOCTO A0AaBaHHA PO3BaXKaNbHUX MeXaHiK.

Y poboti Boom-Carcamo, Buelvas-Gutiérrez, Acosta-Ofiate & Boom-Carcamo (2024) pocnif)KeHo MOoEAHAHHA
reimidikayii 3 Nnpob1eMHO-OPIEHTOBAHMM HABYAHHAM SIK MNiAXig A0 NiABMLLEHHA KPEAaTUBHOCTI Ta HAaBUYOK BUPIWLEHHA 3a4ay Y
CTYAEHTIB NPY BUBYEHHI MaTeMaTUKM B yHiBepcuTeTi. EKcnepMmeHTanbHi AaHi NOKa3ytoTb, WO TaKa iHTerpawisa 3Ha4HO NOKpPaLLyE
aHaNiTUYHE MUCNEHHA, MOTMBALLO Ta CePeAHI0 YCNiWHICTb Y4aCHUKIB NOPIBHAHO 3 TPAAMLIMHOK METOAMKOK. ABTOPU TaKOX
NiAKPECNOOTb, WO CTYAEHTCbKE CMPUUHATTA irpOBUX 3aBAaHb Yy HAaBYa/IbHOMY KOHTEKCTi cnpuae Binbl aKTMBHIWM yyacTi Ta
rAMbLIOMY PO3YMiHHIO MaTEMATUYHOIO 3MICTY.

EdeKkTuBHICTb iHTErpauii Takmx irpoBMx enemeHTiB, AK 6anu, 3HauykM Ta Tabauui nigepis, y HaBYanbHi npouecu
pocnigxyoTb Sinha, Trivedi, Mandal & Dubey (2025). AHani3 gaHux NigTBEpPAXKYE 3HaYHe 36iNblEHHA 3aLiKaBAEHOCTi CTYAEHTIB,
aKTUBHOCTI Ta KPaLLOro 3aCBOEHHA maTepiany B ymoBax reiMmidikoBaHMx KypciB. BogHo4yac aBTOpM 3a3HayatoTb HEOOXigHICTb
yBaru o 6anaHcy mixk remmidikauieto Ta 3MiCTOM HaBYaHHA.

TakMM YMHOM, aHaNi3 HAYKOBUX AXKepen CBigYMTb NPO 3HAYHUI NOTeHUian reiMmidikaLii AK iIHCTPYMEHTY MoaepHisaLii
HaBYa/IbHOrO MpoLecy Y 3aknagax BULWOI OCBITU. [OCNiAXKEHHA TaKoX MigTBEPAKYIOTb e(pEeKTUBHICTb BUKOPUCTAHHA
reimicdikoBaHUX eseMeHTiB Mig, Yac ANCTAHLIMHOMO Ta 3MiLLAHOMO HAaBYaHHA, OCKIZIbKM BOHW CMIPUAIOTbL NiABULLEHHIO MOTUBALLIT
CTYAEHTIB, aKTMBI3aL,ii iXHbOI Mi3HAaBaNbHOI AiANbHOCTI Ta MiIATPUMLI NOCTIMHOTO 3BOPOTHOrO 3B’A3KY B OH/AMH-CEPELOBULL.
BukopuctaHHA undposBux nnatPopm, iHTEPaKTUBHUX 3aBAaHb i €/eMeHTIB 3MaraHHA [03BOJAE YACTKOBO KOMMeEHCyBaTu
0bMeKeHHA AWCTaHLINHOI B3aemogii Ta 3abesneuynTn 6inblwy 3any4yeHicTb 3400yBayviB OCBiITM [0 HABYa/IbHOrO MpoLecy.
BogHo4ac NUTAHHA CUCTEMHOrO BMPOBAZMEHHA relimidikoBaHUX NiAXOAiB came Yy BUKNALAHHI MaTeMaTUUYHOro aHanisy vy
3aK/1afiax BMLLOT OCBITU 3a/IMWAETLCA HEA0CTAaTHLO AOCNIAKEHMUM, L0 BU3HAYAE aKTYasIbHICTb MOAANbLUMX HAYKOBUX PO3POOOK Y
LbOMYy Hanpami.

Merta cratTi. MeTa gocnigkeHHA nonarae y nepesipui edeKTUBHOCTI BUKOPUCTAHHA rerimidikaliiHux enemeHTiB y
npoueci BMBYEHHA AMCUMNAIHM «MaTemMaTUYHUIA aHanis». [na pocArHeHHA metn 6yno po3pobneHo Ta BNPOBAAKEHO Y
HaBYasIbHMI1 NpoLLec aBTOPCbKY AUAAKTUYHY rpy «MaTemaTuyHi acouiauii», npoBeAeHO aHani3 ii BNAMBY Ha piBeHb HaBYaNbHOT
MOTMBaLii, Ni3HaBasIbHOT aKTUBHOCTI, 3a/ly4EHOCTi CTYAEHTIB | AKOCTi 3aCBOEHHA HaBYa/IbHOrO MaTepiany.

METOAM AOCNIAMEHHA

Y poboTi 6yN10 BUKOPUCTAHO KOMMNNEKC TEOPETUYHUX Ta eMMipUYHUX MeToAiB. MoBeaeHO aHaNi3 HayKOBO-MeTOANYHOI
niTepaTtypu, neparoriyHe CNOCTePeXKeHHA Ta 3aCTOCOBAHO MPOEKTYBA/NbHUIA MeTOoZ MNifg, Yac po3pobneHHA ANAAKTUYHOI rpu
«MaTtemaTtunuHi acouiauii». Ona 360py 1 06pOOKM JaHMX BUKOPUCTOBYBANNCA aHKETYyBaHHA, LMdPOoBi iHCTpymeHTM Microsoft
Forms Ta KiNbKicHWIA aHanNi3 pe3ynbTaTiB BUKOHAHHSA 3aBAaHb.

Y pocniarKeHHi 6yN0 BUKOPUCTAHO KOMMAEKC TEOPETUYHUX Ta eMMiPUYHMX METOZIB, CMPAMOBAHUX Ha OLHIOBAHHA
epeKTUBHOCTI BNPOBAAKEHHA TelmidikauimHUX enemeHTiB y HaBYasbHUI npouec. EkcnepumeHT nposegeHo y 2024-2025
HaBYa/IbHOMY pOL,i cepes, CTYAEeHTIB NePLLIOro Kypcy cnewiabHOCTeN KOMMN' IOTEPHOIO Ta TeXHIYHOTo Npodinto. 3aranbHa KifbKicTb
YYacHUKiB — 82 cTyaeHTU (7 akagemiuHux rpyn). EKCnepmmeHT CKNaAaBca 3 TPbOX eTanis:
®  [iarHOCTUYHWIA eTan — BUABNEHHSA PiBHA PO3YMiHHA 63a30BMX NOHATbL MAaTEMATUYHOIO aHani3y A0 rpu;
® OCHOBHMI eTan — nNpoBeAeHHs rpy «MaTemaTuyHi acoujauii» y dopmati oHNalH;
®  KOHTPO/IbHWUI eTan — aHKeTyBaHHA CTYAEHTIB.

MeToam 360py AaHux:
® neparoriyHe CNOCTEPENKEHHS;
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®  KiNbKiCHWI aHani3 pe3ynbTaTiB BUKOHAHHA 3aBAaHb;
® aHKeTyBaHHA (OLiHKa MOTMBALi Ta iHTepecy);
® MOpPIBHANbHUI aHaNi3 pe3y/bTaTiB «4o» i «nicna».
KpuTepii ouiHIOBaHHA:
e piBeHb NPaBUAbHOCTI Bignosiaei (y BiacoTKax (%), 3a KOXKHO KapTKOto rpu);
® LIBMAKICTb NOLWYKY BignosigHocTew;
®  CTYNiHb 3a/ly4eHOCTi CTYAEHTIB (3a pe3ynbTaTaMu aHKeTH);
e Cyb’eKTMBHa OLiHKa CKagHOCTI Ta iHTepecy (5-6anbHa wkKana).

PE3Y/IbTATU AOCNIAXEHHA

Mig yac yyacTi y MidKHapogHin wWwKoni-cemiHapi «CyyacHi neaaroriyHi TexHonorii B OCBIiTi» aBTOpW 3auikaBuaucs
ponosiaato «Po3pobKa Ta BNpoBaaKeHHsA nNpodeciiHux irop Ta TpeHaKepis B HaB4anbHUI npouec» npodecopa Iropa XomeHKa
(HTY "XMI"). Y ponosigi 6yno 3anponoHOBaHO YpPi3HOMAHITHUTM BWUKAAAAHHA ANA CTYAEHTIB  €/1eKTpoeHepreTUYHUX
cnewianbHOCTEN 33 LONOMOTO AMAAKTUYHOI rpu TNy Memopi. MNpeacTaBneHa inea sganaca npueabaneoto 3 ornaay Ha npocToTy
peanisauii Ta NoTeHWian 4Na aKTMBI3aL|l Ni3HaBaNbHOT AifNbHOCTI cTyAeHTiB. O4HaK aBTOpPM NOCTaBW/IM 38 METY PO3p0o6buUTH BinbL
CKNAAHWUM i 3MICTOBHO Hacu4eHWi irposuit popmart, aganToBaHUi A0 cneundikn MaTeMATUYHUX AUCUUNAIH.

Hacamnepeg 6yn0 BU3HAYEHO Liib rpy — NOBTOPEHHA Ta CUCTEMATM3aLia MaTepiany Kypcy «MaTemaTUdHWUA aHanis»,
nepeBipka PO3YMiHHA OCHOBHMX MOHATb i BCTAHOBJ/IEHHA 3MICTOBMX 3aB’A3KIB MiX HMMM Yy [OCTYMHIM Ta MOTUBALIAHO
npueabausii dopmi. Ana peanisauii wiei metTn 6yno BigibpaHo 3aBAaHHA 3 6a30BUX TEM KypcCy, 30Kpema: rpaHunus yHKui,
noxigHa Ta iHTerpan. Baxnmsmum npuHLMnom BiA6OpPY 3MiCTy CTana OpPIEHTALLIA He MLe HA BiATBOPEHHS pOpMasbHUX O3HAUYEHb
abo anropuTmie, a 1 Ha YCBIZOMIEHHSA iX MAaTEMATUYHOIO 3MiCTy.

Y pesynbTaTi 6yn0 cTBOpeHo 9 nap KapTok (puc.1l), nos’Aa3aHMx miK cob0l0 He OYeBMAHMM CMiBBIAHOLIEHHAM TUMNY
«NpUKNag — BignoBigb», a rMBLWMM BHYTPIWHIM 3B’A3KOM, AKMI NOTpebye NOriYHOro aHanisy, acouiaTUBHOrO MMUC/IEHHA Ta
PO3YMiHHA TEOPETUYHUX OCHOB. TaKMI Niaxig, CNpuAB PO3BMTKY aHANITUUHUX 34i6HOCTEN CTYAEHTIB | CTUMYNOBAB 1X 0 aKTUBHOTO
06roBOpPEHHA Ta KONEKTUBHOrO MOLWYKY NPaBUIbHMX Bignosigen. Hanpuknag, rpaHvus 3 KapTku E Bignosigae kaptui 1, ae
3anNMCcaHO O3HAYeHHA rpaHuLi NOCNIAOBHOCTI, AKA NPAMYE A0 5, AK i NOCNIAOBHICTb 3 KapTKu E.

Felimidikauia HaBYAHHA MaTEMATUKM — Lie BUKOPUCTAHHSA irpoBMX eNemeHTIB (rpu) B HeirpoBMX NpoLuecax Nnpy BUBYEHHI
maTemaTUdHUX dakTiB. s AKicCHOro BnpoBagyKeHHA reimidikauii HeobxiagHO BM3HAUUTKM i wini, 3acobu Ta npuitomn. MeTa
reiimidikauii — nepesipka abo 3406yTTA 3HaHb AOCNIAHUM LUASXOM, LLLO CYNPOBOAMKYETLCA MiABULLEHUM IHTEPECOM A0 HaBYaHHA.
BuKOpUCTaHHA TPW PO3BMBAE HE TiIbKM MaTeMaTUUHi KOMMETEHTHOCTI, @ M YBaKHICTb, YMiHHA CMiNKyBaTUCA, KOMYHiKyBaTH,
NifepcbKi AKOCTI, PO3LWMPIOE KPYrosip. YMoBamm opraHisauii reimidikau,ii, LOTPMMaHHA AKUX JaCTb 3MOTY 34006yTN MaKCMMaibHO
NO3UTUBHUI HaBYaIbHUIN edeKT, € Taki:

1. TicHuWi1 3B'A30K rpu 3 maTepiasiom Kypcy.

3anponoHoBaHa rpa MICTUTb 3aBAaHHA, CMNPAMOBaHI Ha nepeBipky AMOOKOro po3ymiHHA 6a30BMX MOHATb
MaTEMaTUYHOTO aHai3y.

2. LlikaBicTb rpu gna cTyaeHTis.

3aBAaHHA MOAAIOTLCA B PI3HOMAHITHUX | HecTaHAApPTHMX GOPMax: CXEMW, PUCYHKM Ta rpadikv, WO NiaBULLYE
3aLjiKaBNeHicTb | MoTMBaLto 3406yBayiB OCBITH.

3. HasaBHicTb cucTeMm 3a0X04eHb K KOMMOHEHTa 3MaraHHA. MepemoXKuAM HapaxoByHOTbCA A0AaTKOBI 6anm 3a Kypc, Aki
BPaXOBYHOTbCA NPU BUCTABNEHHI MiLCYMKOBOI OLiHKM, LLLO CTUMY/IIOE aKTUBHY Y4acTb CTYAEHTIB.

4. YiTKO BM3HaYeHi HaBYanbHi Lini rpu.

KoKeH enemeHT rpy cnpsiMoBaHWU Ha 3aCBOEHHA KOHKPETHMX 3HaHb abo HaBMYOK. KoXKHe 3aBAaHHA BiANOBIAAE OAHIN
3 OCHOBHMX TEM KypCy: rpaHuLi, noxiaHi, iHTerpanun. LL,o6 natn npasuabHy BiANOBiAb, CTYAEHT NOBUHEH PO3YMITU BHYTPILLHIN
3B’A30K MiXK TEOPIEI Ta NPAKTUKOLO.

5. MpocToTa NpaBuA Ta 3p03yMiNiCTb MeXaHiKK.

MpaBuna rpu € iHTYITUBHO 3pO3yMiNMMMU, WO A03BONAE CTYAEHTaM 30CepeamTMCA Ha HaBYa/IbHOMY 3MICTi, @ He Ha
CKNAZHUX iHCTPYKUiax. OCHOBHe 3aBAaHHA NOArAE B NOLWYKY Napy KapTokK, AKi BigNoBiAatloTb 04Ha OAHIN, NPU LbOMY NPaBuIo
Bif4NOBIAHOCTI He 334,3€TbCA ABHO | Ma€e OyTU BCTAaHOB/IEHE CAMOCTIMHO Ha OCHOBI OMAHOBAHOIO MaTepiany.

6. MOXXAnBICTb KOMaHAHOT B3aEMOAI.

3any4yeHHA enemeHTiB CniBnpaLi Ta KoMaHAHOT POBOTM NiABULLYE MOTMBALLIIO Ta PO3BMBAE KOMYHIKAaTUBHI HaBUYKK. B
OHNaNH-POoPMaTi TaKa MOXKAMBICTb OBMEKeHa, ToAi K B 0pNaliH-BapiaHTi CTYAEHTM MOXKYTb 06roBoptoBaTU MiXK COBOI0 MOXKNUBI
BapiaHTN MOEAHAHHA KAapTOK 3 METOI 3HAXOAKEHHA ONTUMA/IbHOI Napw.

7. ABanTUBHICTb P A,0 PiBHA NiAFOTOBKM CTYAEHTIB.

3aBaaHHA MatoTb ByTM NOCUNBHUMM ANA CTYAEHTIB PI3HOMO PiBHA NiArOTOBKM, ane BOAHOYAC CTUMY/OBATU PO3BUTOK.
MepenbayeHo 3aBAAHHA Pi3HOT CKNAAHOCTI, @ TAKOX MOXK/IMBICTb MoaMdIKaLLT 3MiCTY 3a1€KHO Bif HaBYaNbHUX NOTPED rpynu.

8. 3BOpPOTHMIM 3B’A30K Y NpoLeci rpu.

OnepatuBHe iHGOPMYBAHHA CTYAEHTIB NMPO MPaBWJIbHICTb BiAMOBIAElM i AOCATHYTUI nporpec cnpuse epekTMBHOMY
3aKpiNIeHHI0 3HaHb. B oHNaltH-popmaTi cTyaeHTH 3anoBHoBaAu popmy (Microsoft Forms), ge BKkasyBanu 3HaiaeHi napu. Micns
33aBEpPLIEHHA Yacy pes3ynbTaTu CTaBanu ofgpasy [OoCTynHMMW. Hagani npoBogunocs cninbHe O6roBopeHHs NpPaBUIbHUX
BignoBiAen i BCTAaHOB/EHMX 3aB’A3KIB MiXK KapTKamu (3a y4acTto AK CTYAEHTIB, TaK | BUKNagaya).

9. BanaHc MixK 3MaraHHAM i HaBYAHHAM.

[pa He nNOBMHHa nNEepeTBOPIOBATUCA Ha CYyTO CMNOPTMBHE CYMEPHWUUTBO, a 3a/JuMWwaTvCcA LOMOMIXHUM OCBITHIM
iHCTpymeHTOM.

10. IHTerpaujia uMdpoBUX TEXHONOTIN (33 MOXKAMBOCTI).
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BUKOPUCTAHHA OHNANH-NAATHOPM i LUDPOBUX IHCTPYMEHTIB POBUTL HaBYaNbHUI NpoLec BiNbll Cy4aCHUM i 3pYHHUM.
30Kpema, y xoai rpu 3actocosyBanaca nnatdopma Microsoft Forms (Office 365), wo 6yno onmcaHo B NyHKTi 8.
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Puc. 1. Mpuknag KapToK Ao rpu «MatemaTtuuHi acouiawiin
[xcepeno: asmopcoka po3pobka

BapiaHTu rpu:

1. OdnaiiH-popmar. NepemiwaTty BCi KapTkM (18 WTYK) Ta BCim cTyaeHTam Buaati no 1 kaptyi. Yepes 10 xBuauH BCi
NOBWHHI po36MTUCA Ha Napu. AKLLO BCi Napu NpaBUbHO YTBOPEHI, TO BCA rpyna BMrpana, B iHWOMY BUNaAKy — nporpana.

2. OHnanH-popmaT. Ha ekpaH BMBOAATLCA BCi KapTKM (18 WwTyK) y 3miwaHomy nopsaaky. KokeH Hamaraetbca 3HanTK
AKomora binblue nap. Yepes 10 XxBUIMH BCi 04HOYACHO HAACKIAIOTL CBOT NPOMNO3MKLi. BUrpae cTyAeHT, AKWIA 3HaNWOoB HalbinbLy
KiNIbKiCTb MpaBUAbHMX Nap.

3. OHNaiH-dpopmaT (nonerweHmit BapiaHT 2). [LeMOHCTPYIOTbCA ABa CTOBMLi 3 KapTKamu (nNo 9 B KoxkHomy), MoTpibHO
NOCTaBUTU Yy BiAMNOBIAHICTb KOXKHIM KapTLi 3 iBOrO CTOBMLA KapTy 3 NPaBOro CTOBMLUA.

Takox 6yno nepesipeHo, AK y L0 rpy Mir 61 3irpati WTYYHUI iHTeNeKT. [Ina eKcnepumMeHTy BUKOPUCTAHO iIHCTPYMEHT
Copilot, pe3ynbTaTv pob0TH AKOrO 3acBiAYMAN BCTAHOBIEHHA /INLLE TPbOX MPABU/IbHUX Nap i3 AeB’ATU MOXKAMBUX. OTpUMaHUIA
pe3ynbTaT CBiAYMTL MPO Te, WO YCMilHe BWKOHAHHA irpoBOro 3aBAaHHA notpebye He nvwe PopmanbHOro 3icTaBNEHHSA
iHdopMaLii, a 1 rMBOKOro Po3yMiHHA MaTEMATUYHOIO 3MICTY Ta BCTAHOBNEHHSA NPUXOBAHMX NOTYHUX 3aB’A3KIB MiXK NOHATTAMM.
TaKMM YMHOM, 3aCTOCYBAHHSA LUTYYHOTO iIHTENEKTY B SLAHOMY BUMAAKY He € eHEKTUBHUM iIHCTPYMEHTOM A1 LLOCATHEHHA NEepemoru
B LM rpi Ta He 3aMiHIOE CaMOCTIMHOI iHTeNEeKTyaNnbHOI AiANbHOCTI CTyAeHTiB. Ha 3asepwanbHoMy eTani 6yno 3ailicHeHo
y3arasibHeHHsA 11 aHani3 OTPMMAHMUX Pe3y/bTaTiB, LLLO 43N0 3MOTY OLLIHUTW LOLiIbHICTb | NepPCNeKTUBU BUKOPUCTAHHSA po3pobieHoi
rpY B OCBITHBOMY NPOLLEC.

Tabnuua 1. Pesynbtaty rpu crypenTie rpyn IKM 224 3, 6, 8, 1, 4, N, K

Ne KapTku 1 2 3 4 5 6 7 8 9
Biacotok

npasuabHUX 64% 36% 79% 11% 9% 45% 50% 33% 11%
BiAnosigen

Lepeno: aemopceKa po3pobka

B Tabnuui HaBeAeHO BiACOTOK NPaBWAbHWUX BIAMOBIAEW 3aneXKHO Bif HOMepa KapTKu 3aBAaHHA. He aye BMCOKI
pe3y/bTaTi NoB’A3aHi 3 HECTAaHAAPTHUM TUNOM 3aBAaHb. Ha NpakTULi po3B’A3yIOTbCA 334a4i 3 O4HIEl TEeMM, HAMYACTILi NUTAHHA:
3HalTU rpaHuKLIo, 3HAUTK NoxigHy abo 06uYUCAUTM iHTerpan. TyT NUTAHHA He CTaBUTLCA, CTYAEHT NOBUHEH 3HAWTU BHYTPIWHIA
3B’A30K MiXK KapTKamu. Hawripwi pesynbtatu: 4 — NOPiBHAHHA HECKIHYEHHO ManuX, UA TeMa CKnafaHa 3a3suyall; 5 — noTtpibHo
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nobaunTi, WO Le 03HaYEHHA NOXiAHOT i 3HAWTW i, TYT BUABNEHO TaKy Npobaemy: CTyAeHTU 3HaXoAATb NOXiAHY 3@ BACTUBOCTAMM
4n Tabanuero Ta He YCBIAOMAIOIOTb 3MICTY; 9 — CTYAEHTU 3BMKAW A0 TOrO, WO iHTErpan 3aBXgy 0b64YMCNOEMO, a TyT NPOCTO
HaBegeHa dopmyna Ana OOBXKMHU KPUBOT i 0BUMCNIOBATM He MOTPIOHO, TiNbKM 3PO3YMITH, JOBMKMHA AKOI KPUBOI LLIYKAETbCA.
Halikpalui pesynbtati: 1 1a 3 - rpaHMUs NOCAIA0BHOCTI Ta FeOMETPUYHWNI 3MICT iHTerpana — Ui TeMu po3yMitoTb Kpalle.

PesynbTatv pocnigKeHHA NigTBEPAXKYIOTb MO3UTUBHUI BNAMB relimidikauii Ha AKiCTb 3aCBOEHHA maTepiany 3
MaTeMaTUYHOro aHani3y. MNopiBHAHHA pe3ynbTaTiB TeCTYBaHHA «40» i «NiCNA» BNPOBAAMKEHHA rpy NOKasano:

® NiABMLLEHHA NPAaBUIbHOCTI BiANoBigen y cepegHbomy Ha 23%;

® 3pOCTaHHA iHTepecy A0 ANCLMNAIHM 33 AAaHUMM aHKeTV — Ha 41%;

® 3HUMKEHHA YaCTKN CTYAEHTIB 3 HU3bKOK MOTUBaL i€l 3 28% A0 14%;

® BULLY HaBYa/IbHY aKTUBHICTb (KiNbKICTb NiAHATUX PYK, y4acTb Y ANCKYCIT +37%).

AHaniTMYHMIA Ornag, pesynbTaTiB 3a KapTKaMu 3acBifumMB, WO HaMHWMKYI NOKA3HWKKM BYM y 3aBAAHHAX, NOB'A3aHMX i3
MOXiZHOI Ta MOPIBHAHHAM HECKIHYEHHO Manux — came TUX Temax, Ae CTyAeHTM 3a3Buyall CMMpPaloTbCA Ha aNropUTMIYHe
BMKOHAHHA, @ HE Ha PO3YMiHHA 3MiCTy.

Byno nepesipeHo HynbOBY CTaTUCTUYHY rinoTe3y Ho: 1 = 50 % o0 BiACYTHOCTI BiAMIHHOCTI MiX cepefHim BiACOTKOM
npaBu/bHUX Bignosigel Ta 3HayeHHAM 50 % (4BObGiYHA nepesipKa). 3a pesy/sbTaTaMu OAHOBMOGIPKOBOrO t-TeCTy CTaTUCTUYHO
3HavyLWmMX BigmiHHOCTen Big 50 % He BuaABneHo (p = 0.169). BoaHouac ouiHKa edeKTy CBiAuYMTb NPO HaABHICTb TEHAEHUi 4o
3HUKEHHA cepeAHbOro pesysbtaty BigHOCHO 50 %. Cnif TakoX 3a3HauMTW, WO AOBipYMI iHTEpBaN € JOCUTb WMPOKUM, LLO
3YMOB/IEHO HEBEIMKUM 06cArom Bubipku (n = 9).

BUCHOBKU TA MNEPCNEKTUBU NOAANBbLUOIO AOCNIAKEHHA

Y cTaTTi AOCNiAKEHO MOXKANBOCTI BUKOPUCTaHHA reimidikauii y npoueci BUKnagaHHA Kypcy «MaTtemaTUyHUIA aHanis» y
3aKafax BULLOI OCBITU. Byno po3pobaeHO aBTOPCbKY ANMAAKTUYHY rpy « MaTeMaTuyHi acouialii», CNpAMOBAHY Ha NOBTOPEHHS,
cMCTEMATM3aL,l0 Ta OCMUC/IEHHA K/OYOBUX MOHATb MAaTEMATUYHOTO aHani3y. 3anpPonNOHOBaHW irpoBu GopmaT OpiEHTOBAHMIA
He Ha MexaHiYHe BiATBOPEHHA 3HaHb, @ HA BCTAHOBJIEHHA 3MICTOBMX 3B’A3KIB MiXX MaTeMATUYHUMMU MOHATTAMM, WO CPUSE
PO3BUTKY JIOTIYHOTO I aCOLLiaTUBHOrO MUCNEHHSA CTYAEHTIB.

Pe3ynbTatv neparoriyHOro eKcnepMMeHTy 3acBigYyuan, WO BUKOPWUCTAHHA irpoBMX 3aBAaHb CNPUAE aKTMBI3aLil
ni3HaBasbHOI AiANbHOCTI CTYAEHTIB, NiABULLEHHIO iXHbOI HaB4Ya/IbHOI MOTMBALii Ta 3a/y4yeHOCTi A0 OCBITHbOrO MpPOLECy.
MopiBHAHHA pe3yabTaTiB 40 Ta Nicaa NPOBeAEHHA rPW NOKasano NigBULLEHHA NPaBUAbHOCTI BignoBigel y cepeaHbomy Ha 23%,
3pPOCTaHHA iHTepecy 40 AMCUMNAIHM Ta 36iNblWEHHA HAaBYa/NbHOI aKTUBHOCTI CTYAEeHTIB. AHaNi3 BUKOHAHHA OKpPeMWX 3aBAaHb
[03BO/IUB BUABUTM TEeMM, AKI BUKAMKAIOTb HaMbinblui TPyAHOLL, 30Kpema NOPIBHAHHA HECKIHYEHHO Manux i PO3ymiHHA
03HAYeHHA MOXiAHOI, WO CBiAYUTb MPO CXMAbHICTb CTYAEHTIB A0 aNrOPUTMIYHONO BMKOHaHHA 3aBAaHb 6e€3 A0CTAaTHLOro
OCMWC/IEHHA TEOPETUYHOTO 3MICTY.

MpoBeaeHa cTaTUCTMYHA NepeBipKa HY/1IbOBOI riNOTe3n WoAo BiAMNOBIAHOCTI cepeHbOro pe3ynbTaTy 3HavyeHHto 50% He
BMABWMIA CTATUCTMYHO 3HAYyWMxX BigMiHHoOcTen (p = 0.169), WO YacTKOBO MOACHIOETLCA HEBENMKUM obcarom BMBIpKM Ta
CKNAAHICTIO 3anpomnoHOBaHMX 3aBAaHb. BoaHOYac OTpMMaHi AaHi AEMOHCTPYHOTb TEHAEHLIIO A0 NOrMBNEeHHSA PO3YMiHHA
HaBYa/NbHOrO MaTepiany Ta MiATBEPANYIOTb NoTeHuian revimidikauii AK iHCTPYMEHTY AiarHOCTUKKM piBHA CcHOPMOBAHOCTI
MaTEMATUYHUX KOMNETEHTHOCTEN.

OmKe, pe3ynbTaTM AOCNIAMKEHHSA NiATBEPAMKYIOTb AOUINbHICTD BUKOPUCTAHHA reimidikoBaHUX AUAAKTUYHUX
IHCTPYMEHTIB Yy BMK/NaAaHHI MaTeMaTUYHOro aHanidy. 3anponoHOBaHa rpa MOXe 3acToCoBYBATUCA AK 3acCib NOBTOPEHHA Ta
y3arasbHeHHA HaBYaNbHOrO MaTepiany, AiarHOCTUKWU PiBHA PO3YMIHHA KJAKOYOBMX MOHATH | aKTMBI3aLii HaBYa/IbHOI AiANbHOCTI
CTyAeHTiB. MepcnekTMBM NOAANbLUMX AOCNIAXKEHD MNONATAOTb Y PO3LUMPEHHI BUBIPKM YYaCHUKIB €KCNEPUMEHTY, YAOCKOHANEHHI
CTPYKTYpM irpoBMX 3aBAaHb Ta PO3pPO6/aeHHi iHWKUX relimipikoBaHUX MeTOAUK AR BUKNALAHHA MATEMATUYHUX OUCLUMNAIH Y
3MilLlaHOMY Ta AMCTaHUiMHOMY popmaTax HaBYaHHA.

Ha ocHOBi OTpMMaHMX pe3ynbTaTiB AOUiJIbHO PEKOMEHAYBaTM BWKIaZavyaM MATEMATUMYHOrO aHanily Ta BULOI
MaTeMaTWMKU BNpOBaAKyBaTyW irpoBi BNpaBu ANA NOBTOPEHHA Ta cMCTeMaTM3alii HaB4albHOro MaTepiany. BUKOpUCTaHHA irpoBux
MeXaHiK MOXKe TaKOX CNyryBaT epeKkTUBHUM iHCTPYMEHTOM AiarHOCTUKM PO3YMiIHHA CKNaZHMX TemM Kypcy. Kpim Toro, BaxiMemMm
€ 3aCTOCYBaHHA 3BOPOTHOrO 3B’A3KYy B peasibHOMY 4aci, WO CnpusAe NiaBuLLEeHHIO epeKTUBHOCTI HaBYasbHOrO npolecy Ta
AKTMBI3aL,ii Ni3HaBaNbHOI AiANbHOCTI CTYAEHTIB.

MiacymoBytoUYM, MOXKHA CKa3aTy, WO reimidikaLis HaBYaHHSA € HEBIA EMHOIO CKNAA0BOK AMAAKTUKM, @ Cy4acHi yMOBM
Nive 3MIHIOITb CNoCcobU BUKOPUCTAHHA irPOBMX METOAIB B OCBITi. 3MillaHe HaBYaHHA, MOTYXHWUIA iHGOPMALINHWMIA NOTIK Ta
PO3BUTOK LMPPOBUX HABMYOK BMMAraloTb Bif, BMKNALAYiB YMIHHA afanTyBaTW KNacUUHY AMAAKTUYHY TPy 4O HOBWX peanii.
BMKOpUWCTaHHA IHTEPAKTUBHMX irop Aa€ 3MOTy BUK/IaZauy He /iMiie 3aLiKaBUTK CTYAEHTIB Y HaBYaHHI, 30Kpema nif, 4ac BUBYEHHA
MaTEMATUYHUX AUCLMNAIH, 3 11 3a6e3NeYnTy 'PyHTOBHE 3aCBOEHHA 3HAHb i PO3BUTOK MAaTEMATUYHMX KOMMETEHTHOCTEN.

KOH®NIKT IHTEPECIB

ABTOpPM 3aABAAIOTb NPO BiACYTHICTb GiHAHCOBMX, OCOBUCTUX UM iHWMX iHTEpPeciB, O MOXKYTb PO3rNAgaTUCA fK
NOTEHLiMHMI KOHOAIKT iHTepeciB Woao nybnikauii Liei cTaTTi.

OKEPENA ®IHAHCYBAHHA

Pob0oTy BMKOHaHO 3a BiaCyTHOCTI GiHAaHCOBOI NiATPUMKM 3 BOKY ByAb-AKMX OpraHisauii.

AOCTYNHICTb AAHUX

Lle focnigxeHHa He nepeabayano BUKOPUCTaHHA OKpeMux Habopis gaHuX.
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ABSTRACT

®opmyntoeaHHa npobaemu. CydyacHuli po3sumMoK yugpposux
mexHonoeili 3ymoenoe aKmueHe 8MpoeadHeHHA MobinbHO20
HABYAHHA Y 3aKAA0ax 3a2aabHOI cepedHboi ocsimu, wo 3a6e3neuye
docmyn 0o oceimHix pecypcie y 6ydb-aKuli Yac i 8 6ydb-aKomy micyi.
BodHo4Yac 3pocmaHHA  KinbKocmi  mMobinbHUX 3acmocyHKie i
uyugposux cepsicie akmyanizye npobaemy ix 06rpyHmMoeaHo2o
dobopy ma cucmemamusayjii. ¥ Haykosili nimepamypi 8iocymwHili
€0uHuli  nioxid Ao Knacugpikauii 3acobie  nNidMpumysaHHA
MObIiNbHO20  HABYAHHA, WO  YCKAAOHIOE Ix  epekmusHe
BUKOPUCMAHHSA 8 0C8IMHLOMY MPOYECi.

Mamepianu i memoodu. [ocnidneHHA TrpyHmMyemeca Ha
3aCmocy8aHHI  meopemuyvHUX Memooie HAyKo8o-nedazo2iyHo20
aHanizy. 30ilicHeHo 0ena0 | y3a2anbHEHHA HAyKOBUX MpPayb
8iMYU3HAHUX | 3apyBincHUX O0CNIOHUKIB, MPOaHanNi308aHO nybikayii,
iHOeKcosaHi y 6azax Scopus i Web of Science. BukopucmaHo memoou
cucmemamusayii, rOPIBHAHHA ma y3020/16HEHHA ona
8rnopAOKY8aHHA 3acobie NidmMpumyeaHHs MobinbHO20 HABYAHHA Ma
BU3HAYEHHSA iX pOsli 8 0C8IMHbLOMY NPOYECi.

Pesyabmamu. BcmaHosneHo, wo 3acobu nidmpumysaHHs
MObinNbHO20 HABYAHHA OOUiNbHO po32aAd0amu  AK CKAaA008i
uyugposozo oceimHbo20 cepedosuwia, Wo 3abesneyyromeo
peanizayito 0CHOBHUX KOMMNOHEHMI8 HAB8YAbHOI QifiabHOCMI YYHI8.
Bu3sHa4eHo ix Kao4o8i OUOAKMUYHI hyHKYii: NTOOAHHA HABYAbHO20
mamepiany, opeaHizayia 63aemodil, ynpasniHHA HABYAAbHOK
0ifinbHICMIO, BUKOHAHHA MPAKMUYHUX i 00CAIOHUYbKUX 3080aHb,
KOHMPpOAb i OYiHIBAHHA pe3ynbmamis, nidmpumka momueayii, a
maKoX nowyK i onpaytosaHHa iHgopmauil. Ha uil ocHosi
po3pobneHo knacugikayito 3acobie NiompumyeaHHa MobinbHo2o
HABYAHHA, W0 BKMYAE iHopMayiliHo-0c8iIMHI, KoMyHiKayiliHi,
op2aHi3ayiliHo-ynpassniHCoKi, KOHMPOsbHO-0YiHI08ASbHI,

iHcmpymeHmu  cmeopeHHs  KoHmeHmy,  00CAiOHUUbKi  ma
MPAKMUKO-0PIEHMOBAHI, eelimipikosaHi  ma 008i0Ko80-
iHhopmauyiliHi 3acobu.

BucHoskKu. 3anponoHosaHa  Kaacugikayia — 3ab6e3nevye

cucmemamu3sayito MobinbHUx 3acobie 8i0nosioHo Ao ix MposioHol
posni 'y cmpykmypi Hag4anbHoi disnibHOCMi Ma cmeoptoe niorpyHms
0717 ix nedazo2iyHo 06rPYHMOBAHO20 BUKOPUCMAHHA 8 3aKAadax
302an1bHOI cepedHboi ocsimu. Ii npakmuyHa yiHHicMe nonszae y
Moxcusocmi uinecnpAmMosaHo20 dobopy yugposux
iHcmpymeHmie 8i0nosidHo 00 OUOAKMUYHOI Memu HABYAHHA ma
CMPYKMypu ypoKy, WO Crpuse nidsuweHH egpekmusHocmi
0C8iMHbLO20 MPouecy 8 ymosax yugpposizayii.

Formulation of the problem. The contemporary development
of digital technologies has led to the widespread implementation
of mobile learning in general secondary education institutions,
providing access to educational resources anytime, anywhere. At
the same time, the growing number of mobile applications and
digital services highlights the need for their justified selection
and systematization. The scientific literature lacks a unified
approach to classifying mobile learning support tools, which
complicates their effective use in the educational process.

Materials and methods. The study is based on the application
of theoretical methods of scientific and pedagogical analysis. A
review and generalization of scientific works by Ukrainian and
foreign researchers were carried out, and publications indexed
in Scopus and Web of Science databases were analyzed.
Methods of systematization, comparison, and generalization
were used to organize mobile learning support tools and
determine their role in the educational process.

Results. It has been established that mobile learning support
tools should be considered as components of a digital
educational environment that ensure the implementation of the
main components of students’ learning activities. Their key
didactic  functions have been identified, including the
presentation of learning content, organization of interaction,
management of learning activities, implementation of practical
and research tasks, control and assessment of learning
outcomes, support of student motivation, and information
search and processing. On this basis, a classification of mobile
learning support tools has been developed, including
informational-educational, communication, organizational-
management, assessment, content creation, research and
practice-oriented, gamified, and reference-information tools.

Conclusions. The proposed classification ensures the
systematization of mobile tools according to their leading role in
the structure of learning activities and provides a basis for their
pedagogically grounded use in general secondary education
institutions. Its practical value lies in enabling the purposeful
selection of digital tools in line with the didactic goals of learning
and the structure of a lesson, thereby improving the
effectiveness of the educational process in the context of
digitalization.

K/TKOYOBI C/IOBA: mobinbHe Has4aHHA; Yugposi mexHosnoaii;
30KNa0U  3a2anbHOI  cepedHboi oceimu; 3acobu  HABYAHHSA;
Kaacugikauis; MobinbHi 3acmMocyHKU.

KEYWORDS: mobile learning; digital technologies; general
secondary education institutions; learning tools; classification;
mobile applications.
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BCTYN

dopmyntoBaHHA npobaemu. CyqacHWUM eTan PO3BUTKY OCBITM XapaKTePU3YETLCA aKTUBHUM YNPOBAAMKEHHAM LUDPOBUX
TEXHOJIOTi B OCBIiTHIl NpoUeC, WO 3yMOB/OE TpaHcPOpMaLLio TpaguLUiiHMX NiaxoaiB 40 opraHisauii HaByaHHA. OcobauBoro
3Ha4YeHHA HabyBae mobinbHe HaBuaHHA (mobile learning), Ake 3abe3neyye AOCTyN A0 OCBITHIX pecypciB y byab-aKuii Yaci B byab-
AKOMY MicLi, cnpuse iHAMBIAyani3auii HaBYaNbHOI AiANbHOCTI YYHIB Ta PO3LIMPIOE MOXKINBOCTI IXHBbOT B3aemogii B umdposomy
OCBITHbOMY CepeaoBMLL.

Y 3aKknagax 3arasnbHoi cepeaHboi ocBiTM (33CO) mobinbHe HaBYaHHA HabyBae Aefani GiNbLIOro NOLWMPEHHS, LWO
3YMOB/IEHO LUMPOKUM BUKOPUCTAHHAM YYHAMU MOBINBbHUX NPUCTPOIB (CMapThOHIB, NAaHLIETIB) Ta PO3BUTKOM BiAMOBIAHUX
OCBIiTHiX nnatdopm i cepsicis. BogHouac epeKTUBHICTb MOro peanisauii 3Ha4HOK MipOtO 3a1EXKMUTb Bif 06rpyHTOBaHOrO A06opy
Ta BMKOPMCTAHHA 3acobiB NigTPUMYyBaHHA MOBGINbHOTO HaBYaHHA, AKi 3abe3neyyloTb AOCTYN A0 HABYA/NbHOTO KOHTEHTY,
OpraHisaLito KOMyHiKaLii, KOHTPO/b | OLiHIOBAaHHA pe3yNbTaTiB HAaBYAHHA.

Ha BiamiHy Big, 3aknagiB BULLOT OCBITU, Ae MOBiNbHE HaBYaHHA 3HAYHOM MipOto 6a3yeTbCA Ha MPUHLMMNAX aBTOHOMHOCTI
Ta CamoCTilHOI AisnbHOCTi 3506yBaviB, y 33CO BOHO peani3yeTbcs B yMOBax NeAaroriyHO KEpoBaHOMo OCBITHLOTO npouecy. YYHi
WKiNbHOTO BiKYy NOTPe6yloTb Binblu YiTKOT CTPYKTYpuM3auii HaBYanbHOI AiANbHOCTI, AMAAKTMYHO ObrpyHTOBaHOro Ao060py
undpoBux 3acobis, a TAaKOXK ypaxyBaHHA BiKOBMX 0COB6MBOCTEN CNpUWHATTA iHPopMaLil Ta piBHA cdopmoBaHOCTI undpoBUX
KOMMNeTeHTHocTel. Le 3ymoBntoe cneundiky mobinbHoro HaByaHHA y 33CO, siKa NpoABASAETLCA Y HEOOXiIAHOCTI NeaaroriyHoro
CynpoBOAY, PErNameHTOBaHOCTI OCBITHbOrO NPOLLECY Ta 0OMEKEHHAX LLOAO0 BUKOPUCTAHHA MOBINbHUX NPUCTPOIB.

Y 383Ky 3 UMM BMKOPUCTAHHSA 3arasibHUX abo agantoBaHUX KnacudikaLii MobiNbHOro HaBYaHHSA, po3pobaeHux ana
iHWKMX piBHIB OCBITW, He 3abe3neyye HanexHOI NnefaroriyHoi ePpeKTUBHOCTI Ta NOTPebye yTOUHEHHSA 3 ypaxyBaHHAM crneundiku
LWKiZIbHOTO OCBITHLOIO cepenoBuLa. Lle BU3Havae noTpeby y crneujiasbHO afanToBaHUX Niaxoaax Ao Aobopy Ta cuctemaTtumsadii
3acobiB NigTpMMyBaHHA MOBINIbHOrO HaBYaHHA, K BPaxoBYHOTb AMAAKTMYHI LiNi, CTPYKTYPY YPOKY Ta piBeHb chOpMOBaHOCTI
LMbPOBUX KOMMNETEHTHOCTEN YYHIB.

He3Baatoum Ha 3HAYHY KiNbKICTb AOCNIAXKEHb, NPUCBAYEHMX MOBINIBHOMY HAaBYaHHIO, MUTAHHA cUCTemaTM3aLii Ta
Knacudikauii 3acobis 10ro NiATPMMYBAHHA Y WKIiNbHIM OCBITI 3a/MWAOTLCA HEAOCTAaTHbO Po3pobaeHMMu. Y HayKoBil niTepaTypi
BiACYTHIM €AMHMI niaxia [0 BW3HAYEHHA CKNagy Takux 3acobis, ix ¢yHKLIOHANbHOrO nNpu3HaYeHHA Ta AULAKTUYHUX
MOM/IMBOCTEMN, LLLO YCKNAAHIOE iX ePEKTUBHE BUKOPUCTAHHA B OCBITHBOMY NPOLLECI.

TakMM YMHOM, BUHWKaE NoTpeba B TeopeTUHHOMY 06rPYHTYBaHHI Ta po3pobaeHHi knacndikalii 3acobis NigTpMMyBaHHA
MobinbHOoro HasuyaHHA came y 33CO, wWo 3abe3neynTb CUCTEMHICTb IX BUKOPUCTAHHA 3 ypaxyBaHHAM BiKOBMX, NeAaroriyHux i
opraHisauiHux ocobamMBOCTEN HaBYAbHOT AiANBHOCTI YYHIB Ta CNpUATMME NiABULLEHHIO edEeKTUBHOCTI OCBITHLOTO NpoLecy.

AHani3 akTyanbHuUX gocnigeHb. NpobiemaTvka MobifIbHOrO HaBYaHHA B OCTaHHI POKM € OAHIEID 3 NPOBIAHUX Y chepi
umoposiszauii ocBiTM. CyyacHi 4OCNIAXKEHHA OXOMNOITb LWMPOKUIA CNEKTP acneKTiB: Big edeKTMBHOCTI MOBINbHOIO HaBYaHHA 40
Knacudikauii iHCTpymeHTIB, NnegarorivHmx mogenen i GakTopis BNPOBaAKEHHS.

CuctemaTunuHuii ornag noHag 160 pocnigxkeHb, nposegeHux y 2016—2022 pp., AEMOHCTPYE CTPIMKe 3POCTaHHA
KiNIbKOCTi flocnigKeHb MobBiNbHOro HaBYaHHA Ta Moro TpaHchopMaLLMHUIA BNAMB Ha ocBiTHIM npouec (Naveed, 2023). MobinbHe
HaBYaHHA 3abe3neyye iHTerpaLito oHNalH- i odnaliH-cepeoBULL, NIATPMMYE CNiBNPALLO, MiIKPOHABYAHHSA, aKTUBHO IHTErPYETHLCA
3 TEXHONIOTiIAMM AOMNOBHEHOI peasnbHOCTI Ta rerimidikauii.

B OCTaHHiX cMCTEMATUUYHMX OFNAZAX TAKOX NiAKPECNIOETbCA, WO MObiNbHE HaBYaHHA CTA€ KAKOYOBMM UYMHHUKOM
MOZAepHi3aLii 0CBiTH, 3a6e3neyyroymn 4OCTYMNHICTb | THYYKICTb OCBITHBOTO NPOLLECY, @ TAKOXK CpUsAtouM GopMyBaHHIO iHAMBIAYANbHUX
OCBITHiX TpaekTopin (Garzon, 2025). JocniaHMKM Big3HAYatOTb, WO MODINbHI TEXHONOTIT CTBOPIOOTL YMOBM ANA aKTUBHOI B3AaEMOL,,
cniBnpaw,i Ta CNifIbHOro CTBOPEHHA HaBYa/IbHOTO KOHTEHTY, LLLO CYTTEBO NigBuULLYe edbeKTUBHICTb HaBYaHHsA (Lazaro, 2023).

OKpeMu1it HanpAM Cy4acHUX AOCNIAXKEHDb NOB’'A3AHWUI i3 BUBYEHHAM CTPYKTYPU Ta Knacnoikauii mobinbHOro HaBYaHHsA.
Y pagi pobiT 3anponoHoBaHO KnacuoikyBaTM MODiNIbHE HABYAHHA 3@ TaKMMW MapameTpamu, AK TUM MPUCTPOIB, OCBITHE
cepefoBuLle, NeaaroriyHnin nigxip Ta pesynbTaTv HasyaHHA (Garzdn, 2025). IHWi focnigKeHHA NPonoHyTb Knacudikau,ito
dyHKLioHanbHoCTel MobiNIbHOro HaBYaHHA (KOMYHIKaLiA, CTBOPEHHA KOHTEHTY, OLLIHFOBAHHSA), LLO CBiAYMTb NPO HAABHICTb Pi3HWUX
niaxoAis Ao cuctemaTm3auii 3acobis (Moya, 2024).

BaXnMBMM HaMpPAMOM € TaKOX [OCNIAMEHHA KOHKPeTHUX 3acobiB MoGiNbHOrO HaBYaHHA, 30Kpema MObINbHUX
3aCTOCYHKiB, refimidikoBaHmx naatdopm, AR/VR-TexHoNOriI Ta afanTUBHUX cucTem. CydacHi 4OCNIAKEHHA TaKOXK aKLEHTYIOTb yBary
Ha HeobXiZAHOCTi OUiHIOBAHHA AKOCTI MOBINbHWMX OCBITHIX 3aCTOCYHKIB A/1 Y4YHIB LWKiZIbHOTO BiKy, 30Kpema 3a KpuTepiamu
neAaroriyHol A0LiIbHOCTI, IHTePaKTUBHOCTI, aaanTUBHOCTI Ta 6e3aneyHocTi (Papadakis, 2021). AocniaxeHHA MOBiNbHUX HaBYaNbHUX
3aCTOCYHKIB CBig4aTb NPO iX BUKOPUCTAHHA AK Y KNaci, TaK i N03a HUM ANA OpraHi3au,ii cnisnpaLi Ta aBTOHOMHOIO HaBYaHHSA.

Y poboTax OCTaHHiX POKiB 3HA4YHa yBara NPUAINAETbCA iIHHOBALIMHUM TEXHOOTIAM Y MOBGiIbHOMY HaBYaHHI, TaKUM 5K
WTYYHUI iHTENEeKT, AONOBHEHA peanbHicTb i MOBINbHI irpoBi cepepoBua. [OCNioKEHHA MOKasyloTb, WO iHTerpauia Takux
TEXHONOMN PO3WMPIOE PYHKLOHANbHI MOXAMBOCTI MOBINLHOIO HaBYaHHA Ta NOTpebye HOBMX NiAXoAiB [0 Kaacudikauii
BignosiaHux 3acobis (Moya, 2024). Kpim Toro, cyyacHi 4ocCiasKeHHA 30cepeaKyoTbca Ha GpaKkTopax BNPOBaAKeHHA MoBinbHOro
HaBYaHHA, 30Kpema TeXHO/IOMYHUX, NeAaroriYHUX i COLLOKYNbTYPHMX. 30Kpema, BCTAaHOBNEHO, WO edeKTUBHICTb MObinbHOro
HaBYaHHA 3aNEXUTb Big, PiBHA LMPPOBOi KOMNETEHTHOCTI Y4YHIB i BUMTENiB, 0COBMBOCTEN OCBITHLOrO CEPEAOBULLA Ta MOoAenen
NpUAHATTA TexHonoril (Valencia-Arias, 2024). BaxXN1MBMM € TaKOX Hanpam A0CAioKeHb, NOB’A3aHMI i3 NpeaMeTHOLo cneuundikoto
MObBiNbHOro HaBYaHHA. HanpuKknag, ornag mobinbHOro HaBYaHHA Y NPUPOAHUYMX AUCUMMNIHAX NOKA3aB, WO MObBiNbHI TexHoNoriT
CNpU1AOTb Bidyanizal,ii CKnagHUX NOHATb, OpraHisaLii NPakTUYHOI A4iANbHOCTI Ta NiABULLEHHIO MOTUBaLT yuHiB (Sangur, 2025).

BibnioMeTpUYHI LOCNIOKEHHS CBIAYATb NPO CTiNKY TEHAEHLLHO 4,0 3POCTAaHHSA KiIbKOCTi NybiKaLii i3 MObiNbHOro HaBYaHHSA
Ta PO3LUMPEHHA TEMATUYHMX HANPAMIB, LLLO NiATBEPAXKYE aKTYaNbHICTb Liel npobaemaTnku Ta ii MixkaucumnaiHapHUit xapakTtep.

Y BIiTYUM3HAHINA HayKOBIA Tpaaumuii BKe TPMBaNWUM Yac AOCAILKYIOTbCA NUTAHHA UMPPOBOI TpaHchopmalii ocBiTK,
po3BUTKY IKT-KOMNETEHTHOCTI Ta BRpoBaAMeHH MObBiNbHOro HaB4YaHHA y 3aknagax ocsith (Bukos, 2013; KpusoHoc, 2023;
MucbmerHa, 2021; MpoxopeHko, 2023; Yefremenko et al., 2025). BogHouac y 6inbwocTi pobiT oCHOBHA yBara NpuAiNAeTbCa
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3ara/lbHUM acnektam LmopoBizaLii abo BMKOPUCTAHHIO OKPEMUX IHCTPYMEHTIB, Toai AK npobnema cuctemHol Kaacudikauii
3aco06iB NiATPMMYBaHHA MOBINbHOrO HaBYaHHSA 3a/IMLLAETLCA HEAOCTATHLO Po3pobeHolto.

TaKUM YMHOM, aHaNi3 Cy4aCHUX JOCAIKEHD CBIAYMTL NPO Te, Wo MObiNlbHEe HAaBYAHHA € O4HUM i3 K/HOYOBMX HaNpsAMIB
PO3BUTKY LMPOBOT OCBITU; OBELEHO MOr0 NO3UTUBHUI BMN/IMB Ha HABYA/IbHi Pe3yNbTaTh, MOTUBALLIO T AOCTYNHICTb OCBITU; HOBI
MOBiNbHI OCBITHI IHCTPYMEHTM Ta TEXHO/Orii aKTMBHO PO3pobAAIOTLCA | PO3BMBAOTLCA. XO4ya iCHYIOTb Pi3Hi niaxoau Ao
KnacudikaLii MobinbHOro HaB4YaHHA Ta Moro 3acobis, Hapasi BiACYTHA y3ro4XeHa, LinicHa Knacudikauia 3acobiB nNigTpMMyBaHHA
MOGiNbHOr0 HaBYaHHA Y LWKiNbHI OCBITI, LLLO YCKNAAAHIOE iX CUCTEMHE BUKOPUCTAHHA.

MeTolo CTaTTi € TeopeTMyHe OOFPYHTYBaHHA Ta po3pobneHHsA Knacuéikauii 3acobiB niaTpumyBaHHA MOBiNbHOrO
HaBYaHHA y 3aKNagax 3arajabHOi cepeHbOl OCBITH.

HaykoBa HOBM3HA OTPUMaHMX Pe3yNbTaTiB NOJIATAE B TOMY, LLO:

— enepwe obrpyHTOBaHO Knacuodikauilo 3acobis niaTpUMyBaHHA MOBINbHOTO HABYaHHA y 3aKnagax 3arasibHol
cepegHboi OCBITU Ha OCHOBI NOEAHAHHA TEXHONOTIYHOIO Ta AMAAKTUYHOIO Niaxo4is;

— YOOCKOHAs1eHO Nigxoau A0 cUCTeMaTm3alii MoBiIbHUX OCBITHIX 3ac06iB Yepe3 BMOKPEM/IEHHS X PYHKLiOHaNbHMX
rpyn (iHpopmauiiHO-0CBITHI, KOMYHIKaLiMHi, OpraHi3aLiiHO-ynpaBAiHCbKi, KOHTPONbHO-OUiHIOBa/bHI, IHCTPYMEHTU CTBOPEHHSA
KOHTEHTY, AOCNIAHMLbKI Ta MPAaKTUKO-OPIEHTOBAHI, reimidikoBaHi, f0BiAKOBO-iHPOpPMaL,ifiHi);

— HabyAu Modanbuio2o po3sUMKy TEOPETUYHI 3acaay BUKOPUCTAHHA MOBINbHUX TEXHO/OTIN Y WKINbHIN OCBiTi B ymoBax
uMopoBiszaLii OCBITHLOro cepeaoBULLA.

MATEPIAZIN | METOAU AOCNIAXKEHHA

JocnifyKeHHs FPYHTYETbCA HAa CUCTEMHOMY MiAXO0Ai, 3ri4HO 3 AKMM PO3INAAAEMO 3aCO6M MOBINILHOrO HABYAHHA AK eNeMEHT
OCBITHBOIO CepefloBMLLA. 3aCTOCOBAHO TEOPETUYHI METOAM HayKOBO-MEeAaroriYHOro MoLuyKy, 30Kpema, NpoaHasi3oBaHO HayKOoBi
npaui BITYM3HAHUX i 3apybiXKHUX yYEeHWUX, NPUCBAYEHi npobremam MobiINbHOrO HaByaHHA, LMPOBI3aL,ii OCBITM, BUKOPUCTAHHA
LUMPPOBUX TEXHOOTI B OCBITHbOMY NpoLeci. 3ailcHeHO aHani3 Nybikauii, iHAEKCOBaHUX Yy HAyKOMETpUYHMX 6asax Scopus Ta Web
of Science, WO BMCBITIOIOTL CyyacHi Niaxogn A0 opraHisauii MobibHOrO HaBYaHHA Ta BMKOPMCTAHHA BiAMNOBIAHWX 3acobis.
3acTocoBaHO MeToaM cucTemaTtmsauii Ta Knacudikauii gna rpynyBaHHA 3acobiB NigTpUMyBaHHA MOBINbHOrO HaBYaHHA 3a
BM3Ha4YeHMMM O3HaKkamu. KnacuodikauiiHi o3Haku 6yno BM3HAYEHO Ha OCHOBI y3arasibHeHHA QYHKLIOHANbHUX XapaKTepUCTUK
MobinbHMX 3acobiB, NpeacTaBNeHMX Yy MNpPOaHasi3oBaHUX HayKoBWUX gykepenax. OCHOBHUM KpuTepiem Knacudikauii obpaHo
ONAAKTUYHY dYHKLiI0 3acoby B CTPYKTypi HaBYaibHOI AifnbHOCTI (NogaHHA iHdopMaUii, B3aemoais, ynpaBaiHHA, OLiHIOBaHHSA,
NPaKTUYHa AiANbHICTb TOLWO). loaaTKOBO BPaxoByBancA 0CO6MBOCTI BUKOPUCTAHHA 3acobiB Y LWKiIbHOMY OCBITHbOMY CepeioBULL.

PE3Y/ZIbTATU OOCNIAXEHHA

Pe3ynbTaTM npoBeAeHOro TEOPETUYHOrO aHasni3y CBiAYaTb, WO CyvyacHi MobinbHi TexHosorii opmytoTb HOBUIA TUN
OCBITHBOIO CepefoBUILLA, Y MEXKAX AKOTO HAaBYa/IbHA AiS/IbHICTb YYHIB BUXOAWTL 33 MEXKi TPaAMNLIMHOIO KNacHO-yPOYHOro NpocTopy
Ta HabyBae MOBINbLHOrO, FTHYYKOro i KOHTEKCTHO 3a/IEXKHOIO XapakTepy. Y TakMx ymoBax 3acobu niaTpvmyBaHHA MObiNbHOro
HaBYaHHA BUCTYNalOTb He /IULLIEe AK TEXHIYHI IHCTPYMEHTH, a AK CKNaA0BI LiNiCHOT cMCTeMM opraHi3aLii ocBiTHbOro npouecy.

Mig, 3acobamu niompumyeaHHa MobinbHO20 HABYAHHA Y AOCNIAKEHHI PO3YMIEMO CYKYMHICTb LUGPOBUX IHCTPYMEHTIB,
MODbiNbHMX 3aCTOCYHKIB i cepsiciB, WO 3abe3neyyroTb peanisauito OCHOBHWMX KOMMOHEHTIB HaBYa/IbHOI AiANIbHOCTI YYHIB Yy
MObiNbHOMY OCBITHbOMY CepefoBMLLi, 30KpemMa MOAaHHA HaBYa/JIbHOrO MaTepiany, OpraHisauito B3aemoaii, ynpasiHHA
HaBYa/IbHUM NPOLLECOM, BUKOHAHHA 3aBAaHb, KOHTPO/Ib | OLLIHIOBAHHSA pe3ybTaTis.

AHani3 gocnigykeHb nokasye (/lasapeHko, 2017; Chergui et al., 2017; Edumadze, 2022; Georgieva, 2005), Lo icHytoui
nigxoau Ao Knacudikauii 3acobiB Mob6iNbHOro HaBYaHHA OyAylHOTbCA MEepPeBa)KHO 3a TEXHONOTIYHMMM (TUM NPUCTPOID, TUM
3aCTOCYHKY, TWUM  MiAKAIOYEHHA), KOHTEKCTHO-OpraHisauiiHumm  (on-campus / off-campus, BYOD Towo) a6o
3arafibHONeAaroriYHMMM O3HaKamm  (BiXeBIOPUCTCbKMUIA, KOHCTPYKTUBICTCbKUIA, KOHTEKCTHMM Ta iH. nigxoau), Toai K
DYHKLIOHaNbHO-ANAAKTMYHA cMCTeMaTU3auia MobinbHMX 3acobis came gna 33CO 3a/MIWAETHCA HEAOCTAaTHLO PO3pPOobAeHO
(tabnuua 1). Y 6inbwocTi BUNagKis Taki kKnacudikaLii opieHTOBaHI Ha BuLLy OCBiTY abo He andepeHuilotoTb neaarorivyHi GyHKLiT
3acobiB y CTPYKTYpi YPOKY.

Tabnuuya 1. NMiaxoau po knacudikauii 3acobis niaTpumyBaHHA MO6iNbHOro HaBYaHHA

Axepeno Kpurepii knacudikauii Nipxoau po knacudikauii Ob6mexeHHsA nigxoay
. ) Gmail, Google Drive, Google Forms, ) ) L )
JlasapeHkKo, ®yHKUiOHaNbHI . . OpieHTaujis Ha OKpemi IHCTPYMEHTH; BiACyTHA
. . Google+, Google Chrome, Mobile Learning L I
2017 MONNBOCTi 3aC06iB. ! uinicHa cuctema knacuoikadii.
Class Ak iHTerposaHe cepegosuLle.
Crpaterii HaBYaHHA Ta Knacudikye nepeaycim oCBIiTHE BUKOPUCTAHHA
Cheraui et al eNleMeHTapHi  HaB4YanbHi | BYOD (BMKOpUCTaHHA BAACHUX MPUCTPOIB), | MOBINbHOCTI, a He KOHKpeTHui Habip
ng17 | i, BpaxyBaHHA | mMobinbHi  couianbHi  mepgia, Mob6inbHi | iHCTpymeHTiB ana 33CO; OXOMNJ/IEHHA LUMPOKe,
nepcnekTnaun YUHA i | 3acTocyHKM, MoBiNbHI ceHcopu ToLLO. ane ANA  WKINbHOI  NpakTUMKM  noTpebye
BUMTENA. aganTauii.
He nponoHye  3aBepleHOi  aBTOPCbKOI
Edumadze, Onuc yKnBaHMX NpUcTpois | MobinbHi  TenedoHn /  cmapTdoHK, | Knacudikalii; opieHTOBaHe Ha BMLLY OCBITY i Ha
2022 i TexHonorili y 3BO. NNAHLWETHU, HOYTOYKK, UNMGPOBI BNOKHOTU. | UMHHUKM NPUAHATTA TEXHONOrINM, a He Ha
CMCTEMATU3ALLiH0 OCBITHIX 3ac06iB.
Tvn  NiATPUMYBaAHUX MPUCTPOIB; TUN . .
. MNoeaHaHHA ) ATPAMY prcTpols; Knacudikye cuctemm, a He KOHKpeTHi 3acobu;
Georgieva, ) . . 3B'A3KY; CMHXPOHHe /  acMHXPOHHe . . o
TEXHO/IOMNYHUX i OCBITHBO- . OpieHTOBaHa Ha iHppPaCTPyKTypy I AOCTyN, a He
2005 R HaBYaHHA; Micle BMKOPUCTaHHA (on- . R
opraHi3auiiHux KpuTepiis. Ha neaaroriyHi GyHKUT iHCTpYMeHTiB.
campus / off-campus) Towo.

[cepeno: cknadeHo asmopom Ha ocHosi (/lazapeHko, 2017; Chergui et al., 2017; Edumadze, 2022; Georgieva, 2005)
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AIK 6auMmo, BiNbWICTb iCHYHOUYMX NiAXOAIB OPiEHTOBAHa HA 3arasbHWUA abo YHIBEPCUTETCbKUIA OCBITHIM KOHTEKCT,
30cepeaeHa abo Ha TEXHONOTYHUX XapaKTePUCTUKaX, abo HA OKPeMMX iIHCTpyMeHTax, He 3abe3nedye CUCTEMHOTIO Y3roAMKeHHsA
MObiNbHMX 3acobiB i3 AMAAKTUYHOK CTPYKTYPOK HABYa/bHOI AiANbHOCTI yYHiB. TaKMM UMHOM, MOMKHA MiACYMYBaTv, WO Yy
Cy4YacHili HayKoBIl niTepaTypi BiACYTHA uinicHa Knacuoikauia 3acobiB niaTpMMyBaHHA MOBINbHOTO HaBYaHHA, NobyaoBaHa Ha
bYHKUiOHaNbHO-ANAAKTUYHOMY NPUHLMNI Ta OpiEHTOBaHA Ha cneumoiky 33CO.

Ha BigMmiHy Big icHytouMx nigxoAis, 3anponoHoBaHa y A0CNIAXKEHHI KnacudiKallia opieHTOBaHa He HA TMN NPUCTPOIO UK
€nocib TexHiYHoi peanisaLii Mob6iNbHOrO pilleHHs, a Ha Moro NpoBiaHy GyHKLito B ocBiTHboMy npoueci 33CO. BoHa nobyaoBaHa
33 GYHKLIOHANbHO-ANMAAKTUYHUM NPUHLMNOM, WO nepeabavae rpynyBaHHA 3acobis BignoBiAHO A0 POAi Y CTPYKTYpPi HaBYaNbHOT
LiANbHOCTI YYHIB, 30Kpema:

— AOCTYN A0 HaBYanbHOI iHpopmaUii Ta il Bidyanisau,ito;

— OpraHisauito B3aEMOZAiT MiXX y4aCHMKaMM OCBITHbOTO npoLecy;

— yNpaB/iHHA HAaBYa/IbHOIO AiANbLHICTIO Ta il NN1aHyBaHHA;

— BUKOHAHHA HaBYa/IbHUX 3aBAaHb, Y TOMY YUCAi AOCAIAHULBKOIO Ta NPAaKTUYHOTO XapaKTepy;

— KOHTPO/Ib i OLiHIOBaHHA pe3y/bTaTiB HAaBYaHHA;

— NiATPUMKY HaBYa/IbHOI MOTUBALLi Ta 3a/1y4EHOCTi YUHIB.

BoaHoOYac BCTAHOBNEHO, WO Cy4YacHi MOBiNbHI 3ac0bM XxapaKTepusyoTbea NonidyHKLIOHaNbHICTIO, NPOTe B KOXHOMY
KOHKPETHOMY BMMAZAKY iX BUKOPUCTAHHA MOXHa BUOKPEMUTW NPOBiIAHY PO/b, AKa BM3HAYaE iX MicLe y CTPYKTYpi HaB4yasbHOro
npouecy. OpieHTaLia Ha TaKky NPOBiAHY PO/b CTasa OCHOBO A1 CUCTEMATU3aL,ii 3acobiB NiATPMMYBaHHSA MOBINIbHOrO HaBYaHHA.
Takui nigxig [o3BONAE nepeilTV Big, PparMeHTapHOro po3rnafdy OKpeMux LMOPOBUX IHCTPYMeEHTIB Ao iX uinicHoro
NPeACTaB/NeHHA AK €e/leMEeHTIB MNefaroriyHoi cuctemu, Wo 3abesnevyye peasnisauito Pi3HUX acneKTiB HaBYaHHA B YMOBaXx
MOBINbHOrO OCBITHLOrO CcepefoBuUa. Y pe3ynbTaTi MNPOBeAEHOro AOCAIAXEHHs 6yno BWOKpemneHo rpynu 3acobis
niATPUMYBaHHA MOBiNIbHOTO HaBYaHHA, AKi BigobpaxKaloTb iX Npu3HaYeHHA Ta GyHKLii B ocBiTHbOMY npoueci 33CO.

Y3aranbHEeHHA OTPUMaAHUX Pe3ynbTaTiB Aano 3mory chopmysaT Knacudikauito 3acobis niaTprmyBaHHA Mob6iNbHOIO
HaBYaHHA, O BPAXOBYE Cy4aCHi TEHAEHL,ii PO3BUTKY MOBIiNIbHUX TEXHOOTIN | NOTpebu opraHisaLii HaBYaNbHOI AiANBHOCTI YYHIB.
3anponoHoBaHa Kaacudikauia [A03BONAE CUCTEMATM3yBaTM Pi3HOMaHITHI 3acobu NiagTPMMYyBaHHA MOBINBHOTO HaB4YaHHA
BiANOBIAHO A0 iX PYHKLIOHANbHOIO NPU3HAYEHHA Ta AMAAKTUYHOI PO, WO cnpusE Binblw 0BrPpyHTOBAHOMY X BUKOPUCTAHHIO B
ocBiTHbomy npoueci 33CO (Tabaunua 2.).

Tabauuya 2. Knacudikauia 3acobis nigTpumysaHHA Mo6inbHOro HaBYaHHA B 3aKNaAax 3araZibHOI cepeAHbOoi OCBITH

. WAAKTUYHA
I'pyna 3acobis Ana . Tun 3acoby Xapakrepuctuka Mpuknagu
}yHKuUifa
NopaHHA OcBiTHi nnatpopmm 3abesneuytoTb ocTyn o Khan Academy,
IHdbopmauiitHo- A . . P ' v Aoty A Prometheus,  YouTube
L HaBYa/NbHOrO | BifEOCEPBiCM, ENEKTPOHHI | CTPYKTYPOBAHOrO HaBYa/NbHOIO KOHTEHTY, R
ocaiTHl matepian ecypcun Bi3yanisau,jito Ta NOACHEHHA MaTepian (ocsiTHiid KOHTEHT),
piany pecyp ¥ u piany Google Arts & Culture
- MeceHaxkepu 3a6e3neyytoTb CUHXPOHHY Ta aCUHXPOHH ;
L OpraHisauis . A p., . Ay R POHHY .p Y Viber, Telegram, Zoom,
KomyHikauiiHi BiA€OKOMYHIiKaLiMHi B3AaEMOZI0 MiX Yy4aCHUKAMW OCBITHbOFO
B3aEMoA;i . Google Meet
cepsicu npouecy
N . - . - Google Classroom,
OpraHisauiiiHo- YnpasniHHA LMS, ocgitHi nnatdopmu | MNiaTpMmytloTb NAaHyBaHHSA, OpraHisaiiio Moodle Microsoft
ynpasniHCcbKi HaBYaHHAM YNpPaBAiHHA HaBYaHHAM Ta KOOPAMHALLIO HaBYaNbHOT AiANbHOCTI Teams !
. ) 3abe3neyytoTb opMmyBanbHe Ta
KoHTponbHo- OuiHlOBaHHA CepBicM  TecTyBaHHA Ta K Y . bopmy L . Google Forms, Kahoot!,
. . R niacymKose ouiHoBaHHA, 36ip i aHani3 S )
OLLiHIOBaNbHI pe3ynbTartis ONUTYBaHHA . Quizizz, Classtime
pesynbTatis
IHcTpyMmeHTH AKTUBHa o
. ; Pepakropu, nnatdopmu | [l03BONAIOTL CTBOPHOBATM  HaBYasbHUI .
CTBOpPEHHA LiANbHICTb . A . R Canva, Padlet, Miro
. cninbHoi poboTn KOHTEHT, Bidyanisauii, npeseHTauji
KOHTEHTY yYHiB
. . . PhET, GeoGebra; AR-
[ocnigHUubKi HasuanbHi CUMYNATOPY, .
MNpakTuyHa . MigTpUMyoTh mogentoBaHHs, | aogatkm (Merge Cube),
Ta NPaKTUKO- ; ) maTemaTU4Hi cepefoBuLLa, K
. . LiANbHICTb eKCNepUMEHTYBaHHSA Ta AOCIAKEHHSA VR-#oA8aTku (Google
opieHTOBaHI AR/VR-3aCTOCYHKM o
Expeditions)
FemidikoBaHi MoTuBauis . . Peanisylotb  irpoBi  mexaHikun na | Duolingo Classcraft
b u OcBiTHi irposi nnatpopmu . 4 P A - gor ’
3acobu HaBYaHHA niaBULLLEHHA MOTUBALLi Quizizz
. Mowyk i . . . s .
JosiaKkoso- 06006Ka [osiakosi pecypcu, | 3abesneuyiotb goctyn Ao gosigkosux | Wikipedia, Wolfram
iHpopmaUiiiHi . P eHuuknoneaii 3HaHb Alpha
iHpopmaL,i

Lepeno: asmopcbKa po3pobra

Knacudikauia nobyaosaHa Ha GpyHKLiOHANbHO-ANAAKTMHHOMY NPUHLMNI, BiANOBIAHO A0 AKOro 3acobu rpynytoTbea 3a
X NPOBIQHOI POAIO Y CTPYKTYPI HABYANIbHOI AiA/bHOCTI YYHiB. MpY LLbOMY BPaxoBaHO, WO OKpeMi UMpOoBi cepsick MOXKYTb
NOEAHYBATU KiNbKa YHKUII, OAHAK Y Mexax Knacudikalii BOHM BigHeceHi fo Tiei rpynu, B AKil peanisyeTbes iX AomiHyloue
neparoriyHe NPU3Ha4YeHHs.

Po3pobKa Mae AK TeopeTuyHe, TaK i NpaKTMYHE 3HA4YeHHA. 3 HAYKOBOI TOYKM 30py il AOUINbHICTL 3yMOBAEHA
HeobXigHICTIO BNOPSAAKYBAHHA Pi3HOMAHITTA MOBINbHUX UMPPOBUX IHCTPYMEHTIB, KiNbKiCTb i GYHKLiOHANbHI MOMKIMBOCTI AKMX
NMOCTIMHO 3POCTaOTb. Y Cy4aCHOMY OCBITHbOMY cepenoBuLli MobinbHi 3acobu npeacTaB/ieHi BE/IMKOIO KiIbKICTHO 3aCTOCYHKIB i
cepBiciB, WO MalOTb pi3HEe MPU3HAYEHHSA, CTPYKTYpYy Ta MeaaroriyHuin noTeHuian. BiacyTHicTb ix cucTemaTmsauii ycKnagHtoe
TEOpPETUYHE OCMUCIEHHA X POAi B HaBYa/bHOMY MPOLLECi Ta OOMENKYE MOMK/IMBOCTI iX LiNecnpsAMOBaHOrO BUKOPUCTAHHA.
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3anponoHoBaHa Knacudikauia L03BONAE PO3rNafaTM 3acobu NiaTpMMyBaHHA MOBINLHOIO HABYaHHA AK €NeMeHTU LificHOT
nejaroriyHoi CMCTeMM, LLO BiANOBIAAOTbL Pi3HMM acneKTaM HaBYabHOI AiANbHOCTI.

MpaKTUYHa UiHHICTb Knacuodikauii nonarae y CTBOPEHHI OPiEHTMpPaA ANAa BuUMTENs WoAo obrpyHToBaHOro Aobopy
UMPPOBUX IHCTPYMEHTIB 3a/1eXKHO Bif, AUAAKTUYHOI METU YPOKYy. B yMOBax HAA/IMLLKY OCBITHIX 3aCTOCYHKIB y4yuUTesb 4acTo
CTMKAETbCA 3 Npobaemoto BMBOpPY AouinbHMX 3acobiB. CucTemaTM3oBaHe NpeacTaB/eHHA TakMX 3acobiB 3a iX MPU3HAYEHHAM
[,03BONIAE:

— WBWAKO BM3HAYUTU, AKi IHCTPYMEHTU AOLNbHO BUKOPUCTOBYBATW ANA MOACHEHHA HOBOro maTepiany, opraHisauii
B3aEMOAii ab0 KOHTPOIO 3HaHb;

— y3roauTV BUKOPUCTaHHA MOBiNIbHMX 3aC06iB 3i CTPYKTYPOIO YPOKY Ta eTanamu HaB4asibHOI A4ifIbHOCTI;

—3abe3neunTy negaroriyHo AouiibHe NOEAHAHHA Pi3HMX IHCTPYMEHTIB Y MeXKax 04HOT0 HaBYa/IbHOTO 3aHATTA;

— YHUKHYTU BUMaAKOBOro abo ¢opmasibHOro BUKOPUCTAHHA LUPPOBUX TEXHOIOTIN.

Kpim Toro, 3anponoHoBaHa Knacudikauia cnpuse nNigsuLeHHIO pPiBHA LMPPOBOI KOMNETEHTHOCTI BUMTENIB, OCKINIbKK
dopmye uinicHe yaBNeHHA NPO MOKAUBOCTi MOBINIbHUX TEXHOOTIM Y HAaBYaHHI Ta X NegaroriyHniA NnoTeHuian. BoHa Takox MoxKe
6yTVM BMKOPWCTaHa AK OCHOBa ANA PO3pobieHHA MEeTOAMYHMX PEeKOMEHAALN, OCBITHIX nporpam i niapuweHHsa KBanidikauil
negaroriyHUX NpaLiBHUKIB.

Bax/MBOO € i MeToAMYHA LiHHICTb Kaacudikauii, AKa NONArae y MOMAMBOCTI Ti BUKOPUCTAHHA ANA MPOEKTYBAHHA
HaBYa/IbHUX 3aHATb i3 3aCTOCYBaHHAM MOBINbHUX TEXHONOTIN, 30Kpema y STEM-opieHTOBaHOMY HaBYaHHi, A& NOEAHAHHA PiI3HUX
TUNIB AianbHOCTI (iHpopMaLiiHOi, AOCNIAHWLBKOI, NPaKTUYHOI) € 0CO6/MBO BaXXUBUM.

TakuMM YMHOM, 3anponoHOBaHa Knacudikauia He nule y3arasbHIOE Cy4acHi MiAXOAW A0 BUMKOPUCTAHHA MOBINbHUX
3acobiB y HaBYaHHi, @  BUCTYNAe ePpeKTUBHUM iHCTPYMEHTOM MeZaroriYHOro NPOEKTYBAHHSA, WO CNPUAE MNiABULEHHIO AKOCTI
OCBITHbOrO NpoLecy B ymoBax LndpoBsizaLii ocsitu.

OBrOBOPEHHA

OTpWMaHi pe3ynbTaTh y3ro4KytoTbCA 3 BUCHOBKAMM CYHaCHUX JOCNIAKEHD, Y AKMX MODiNbHE HAaBYAHHA PO3rNALAETLCA
AK CKnagHa 6araToKOMNOHEHTHA CMUCTEMA, WO MOEAHYE TEXHO/OTYHI, NeAaroriyHi Ta opraHisauiiiHi acnektn (Garzén, 2025;
Naveed, 2023). AHani3 HayKOBOI NliTepaTypu 3aCBiAYMB HAABHICTb Pi3HUX NiAX0AiB A0 KnacudiKaLii Mob6iNbHOro HaBYaHHSA Ta Moro
3acobiB. 30Kkpema, y padi AocniarKeHb Knacudikauii 6yayoTbCa Ha TEXHONOTIYHUX 3acafax, e OCHOBHOK O3HAKOK BUCTYNalTh
TUMNM NPUCTPOIB, CNOCOBU NigKNHOYEHHA abo TexHiYHi xapakTepuctukn cuctem (Georgieva, 2005). Taki niaxoan A03BONAIOTb
onucat iHbpacTpyKTypy MobiNbHOrO HaBYaHHA, O4HAK He BiZOOpaXKaloTb MOro AUAAKTUYHWUIA NoTeHuian. |HWi JAocnigKeHHs
OpiEHTOBAHI Ha nNeparoriyHi nigxoAuM A0 HaBYaHHA, 30Kpema OixeBiOPUCTCbKMMA, KOHCTPYKTUBICTCbKMM, KOHTEKCTHUM Ta
KonabopatneHuit (Chergui et al., 2017). Y mexax uux nigxoais MobinbHe HaBYaHHA PO3rNALAETLCA AK IHCTPYMEHT peanisalii
NeBHMX OCBITHIX CTpaTerili, 0AHaK yBara 30cepesKyeTbCcA NepeBarkHO Ha NPOLLEecax HaBYaHHA, @ He Ha CUCTeMATU3ALLIT KOHKPETHUX
3acobi..

MopiBHAHO 3 HAaBeAEHMMM MiAXO[aMM, 3anNPOMNOHOBAHA Y AOCNIAMKEHHI Knacudikauis noeaHye ¢yHKLiOHaNbHUM i
[NAAKTUYHUIA aCNEKTU Ta OPIEHTOBaHa Ha CTPYKTYPY HaBYanbHOI AianbHOCcTi yuHis y 33CO. i ocobamsicTio € rpynysaHHA 3acobis
Bi4NOBIAHO [0 iX NPOBIAHOI PO/ B OCBITHLOMY MPOLECI, WO A03BO/AE CMiBBIAHECTU BUKOPUCTAHHA LUPPOBUX IHCTPYMEHTIB 3
eTanamu ypoKy Ta AUAAKTUYHUMMU LLiNAMMN.

CninbHoOl pUCOI0  3anpONOHOBaHOI  Knacudikauii 3 icHyluMMM nigxoA4amu € BpaxyBaHHA QYHKLIOHANbHUX
MOXKMBoCTEN MOBiNbHUX 3acobiB, 30Kpema iX posi y KOMyHiKaLlii, CTBOPEHHI KOHTEHTY Ta OLiHIOBaHHI. BogHouac BiAMIHHICTb
NONATAE B OPIiEHTALLl Ha LUKINbHWIA OCBITHIN KOHTEKCT, ypaxyBaHHI ANAAKTUYHOT CTPYKTYPU HaBYa/bHOI AiANbHOCTI, iHTerpauii
pi3HMX TUNiB LMdpOoBUX 3ac0biB y EANHY cnucTeMy. MepeBaroto 3anponoHoBaHoi Knacudikau,ii € il NPaKTUYHa CNPAMOBaHICTb, WO
[,03BOJISIE BUKOPUCTOBYBATHU il IK iIHCTPYMEHT NeAaroriyHoro NpoeKTyBaHHA. BoHa cTBOPtOE OCHOBY A/1A 06rpyHTOBaHOrO A060pY
umdpoBMx 3acobis BiAMOBIAHO A0 UiNeN HABYAHHA, CNPUSAE MNIABULLEHHIO e(EeKTUBHOCTI OCBITHbOrO MPOLLECY Ta PO3BUTKY
LMbpPOBOI KOMMNETEHTHOCTI BUMTENIB.

Pasom 3 TUM, cnif BpaxoByBaTM MeBHi 0BMeXKeHHA 3anponoHOBaHOro NiaxoAy. 30Kpema, cy4acHi mobinbHi 3acobu
4yacTo € NonipyHKLIOHANbHUMM, LLLO YCKNAOHIOE X OLHO3HaYHe BigHeceHHs 40 neBHOI rpynu. Kpim Toro, WBMAKKMIA PO3BUTOK
UMPPOBUX TEXHOOTIM 3yMOBJIHOE NOABY HOBUX TUMIB IHCTPYMEHTIB, WO NoTpebye nepiogMyHOro oHoBAeHHA Knacudikauii. Takum
YMHOM, 3aMpONoHOBaHaA Knacudikalis He cynepeynTb iCHylOYMM Nigxonam, a AOMNOBHIOE X, 3abe3neyytoun ¢yHKLUiOHaNbHO-
OUAAKTUYHY cMcTemaTm3auito 3acobiB MobinbHOro HaBYaHHSA 3 ypaxyBaHHAM crnieumdikm 33CO.

BMUCHOBKM TA NEPCNEKTUBU NOAANBLLUOIO AOCNIAXEHHA

Y pe3ynbTaTi NpoBeAeHOro A0CNigKEHHA 34iCHEHO TeopeTUYHe 06r'PyHTYBaHHA Knacuodikauii 3acobis niaTprmyBaHHA
MobinbHoro HasyaHHA y 33CO Ta fLOBeAEHO AOLiNbHICTb i N06YA08BM Ha GYHKLiIOHANbHO-AUAAKTUYHOMY NPUHLMNI. BCTaHOBNEHO,
Wo edeKTUBHICTb BUKOPUCTAHHA MOBINbHMX TEXHONOTIN Y LWKiIIbHOMY OCBITHbOMY MPOLECI 3HAYHOKO MIPOIO 3aNeXUTb Big,
cucTeMHoro gobopy undposux 3acobis BigNOBIAHO 40 CTPYKTYPU HaBYabHOI AiSIbHOCTI YYHIB.

Y xopaj pocnigKeHHa foBeAeHo, WO iCHYoYI Nigxoam Ao KnacuodikaLii MobiNbHOro HaBYaHHSA NepeBaXKHO OPIEHTOBaAHI
Ha TexXHO/OriYHi, opraHisauiiHi abo 3aranbHoneparoriyHi O3HaKM Ta He 3abe3nedyyloTb LiNiCHOT cucTemaTtusauii 3acobis
NiATPMMYBaHHA MOGINbHOrO HaBYaHHA 3 ypaxyBaHHAM cneumndikm 33CO. Ha uit ocHoBi po3pobneHo Knacudikauito 3acobis
niATPUMYBaHHA MOBINBbHOIO HaB4YaHHSA, fiKa nepeabayvae iXx NoAin Ha BiCiM GYHKLiOHANbHUX TPyn: iHGOPMAL,iMHO-OCBITHI,
KOMYHIiKaL,iHi, opraHisaLiiHO-ynpaBAiHCbKi, KOHTPO/IbHO-OLiHIOBa/IbHi, IHCTPYMEHTU CTBOPEHHSA KOHTEHTY, AOCAIAHWUDBKI Ta
NPaKTUKO-OPIEHTOBAHI, reimicdikoBaHi, A0BIAKOBO-iHGOPMaLiiHi. OBrpyHTOBAHO, LLO BMOKPEMEHi Tpynu € AocTaTHIMU Ta
HecynepeynnmsuMMn, OCKINIbKM BOHM Bif0bpaXkatoTb OCHOBHI KOMMOHEHTU HaBYa/ibHOI AiANbHOCTI yYHiB (NogaHHA iHGopMmaLi,
B3AaEMOZiA, YNPaBAiHHA, BUKOHAHHA 3aBAaHb, OLHIOBAHHA, MOTMBALiA, OOCNIAKEHHA Ta Mowyk iHdopmauii) i oxonaoTb
KNY0Bi PYHKLiT MOBiNbHUX 3acobiB y HaBYaIbHOMY NPOLECI.
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BcTaHOB/NEHO, WO 3anponoHoBaHa Knacudikalia [03BOMIAE CUCTEMATM3YBATU Pi3HOMaAHITHI MObBiNbHI 3acobu fAK
efleMeHTH LiNiCHOT neaaroriyHoi cuctemu, 3abesneyye ix y3arogeHHs 3i CTPYKTYpOIO YPOKyY Ta cnpuse obrpyHToBaHoMy go6opy
UMObPOBUX IHCTPYMEHTIB BigNOBIAHO A0 AMAAKTUYHOI METM HaB4YaHHA. BM3HauyeHO, WO MeXi 3acTocyBaHHA Knacudikauii
oxonatowTb 33CO Ta NoB’A3aHi 3 BUKOPUCTAHHAM MOBINbHUX TexHoNori y dopmanbHin ocBiTi. Knacudikauis moxe 6yTtm
BMKOPMCTaHA Y NpaKTULi neaaroriyHoi AiANbHOCTI BUMTENIB, Y NPOLECi NPOEKTYBAHHA YPOKIB, @ TAKOX Yy CUCTEMi NiABULLEHHA
KBanidikaLii negaroriyHMX NpaLuiBHUKIB.

Pasom 3 TuUM, gocnigXeHHA Mae neBHi obmerkeHHA. 30Kpema, cyvacHi uMdpoBi 3acobum xapaKTepusyoTbCa
NoNipyHKLIOHANbHICTIO, WO YCKNAAHIOE iX OA4HO3HAYHe BifHECEHHA A0 MeBHOI rpynu. Kpim TOro, AMHaMiYHWI PO3BUTOK
MOBINIbHUX TEXHOOTI 3yMOB/IIOE MNOABY HOBUX IHCTPYMEHTIB, LLLO MOXKe NoTpebyBaTi NoAanbloro yTOYHEHHA Ta PO3LWMpPEHHS
3anponoHoBaHoi Knacuaoikauii.

MepcneKkTMBM NOAANbLUMX AOCNIAMXKEHb NOB’A3aHI 3 PO3POBAEHHAM METOANYHUX PEKOMEHAALM WoA0 BUKOPUCTAHHSA
pi3HMX rpyn 3aco6iB MO6INbHOIO HaBYAHHA, AOCAIAXKEHHAM BNAMBY MOBINIbHOrO HaBYaHHA Ha GOPMYBAHHA KAOHOBUX i LUPPOBUX
KOMMETEHTHOCTEN YUHIB.

KOH®JIKT IHTEPECIB

ABTOpPM NiATBEPAMKYIOTL BiACYTHICTL GiHAHCOBMX, OCOBUCTMX UM iHWMKX iHTEPECiB, WO MOMYTb PO3rNA4aTUCA AK
NOTEHUiMHMIA KOHOAIKT iHTEpeciB Woao nybnikauii Liei cTaTTi.

OXEPENA ®IHAHCYBAHHA

PoboTa BMKOHaHa 3a BigcyTHOCTI GiHaHCOBOT NiATPUMKM 3 BOKY ByAb-AKMUX OpraHisauii.

JOCTYMHICTb AAHUX

Le pocniaxkeHHs He nepenbayvano BUKOPUCTAHHA OKpPeMUX HabopiB AaHUX.

BUKOPUCTAHHA LUTYYHOTO IHTENEKTY

IHCTPYMEHTU LITYYHOrO iHTENEKTY BMKOPUCTOBYBAMCA MPU HAMUCAHHI Uiei poboTM ANA NepeBipKM TPamaTUKW,
NOKpPaLLEHHA aHrIoMoBHOro nepeknagy (GPT, Grammarly).
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ABSTRACT

@PopmyntosaHHA npobaemu. [eomempuyHi nepemeopeHHs €
8aM(IUBUM KOMMOHEHMOM WKIiNbHO20 Kypcy 2eomempii ma
nidezomosku malibymHix yqumesnie mamemamuku. Pazom i3 mum,
aHani3 3micmy WKinbHUX NIOPYYHUKI8 | Ha84asnb6HO-MemoduYHoI
nimepamypu ceid4ums npo HAABHICMb MEBHUX MemoO0a02iYHUX
Hemo4yHocmeli Yy  MPAKMy8aHHi  MOHAMb  2eOMEempUYHUX
nepemeopeHb ma ix enacmusocmedl, 3amicme nepemeopeHs
NAOWUHU pO32/1A0aromscA nepemeopeHHs gizyp. Lie obymossntoe
HeobxioHicms 6inbw cucmemHo20 (U Haykoeo 06rpyHmMoeaHo2o
sucsimnaeHHA memu nepemeopeHs ModibHocmi ma ix okpemux
nidepyn y Kypci aHanimu4Hoi 2eomempii 017 malibymHix yyuumenie
mMamemamuku.

Memodu ma mamepianu. Y 0ocnidxeHHi BUKOpUCMAaHoO
meopemuy4Hi memoodu HayKoso-neda2o2i4Ho20 MOowyKy, 30Kpema
aHani3 ma y3a2aabHEHHA HayKosoi i Ha84asbHO-MemoduYyHoI
nimepamypu, @ Maxkox mamemamuyHi memoou 0osedeHHA |
06rpyHMYBAHHA 260MEMPUYHUX MBEpPOHEHb.

Pe3yaemamu. ¥ cmammi po3easHymo ouaamayii nAouWuHu AK
nidepyny epynu nepemeopeHb nodibHocmi. [lpoaHanizoeaHo ix
OCHOBHI 81aCMUBOCMI mMa  iHeapiaHMu 2eoMempuyHi
snacmusocmi ghieyp i 8iOHOWeHHA M HUMU, ujo 36epieatombca
npu 8i0nogioHuUx nepemeopeHHAx. JosedeHo, wo OJuaamayii
nAOWUHU Y 2pyni nepemeopeHs s8u4eprytomeca 20Momemiamu,
napanenbHUMU nepeHeceHHAMU ma ix Komno3uyiamu. MoKasaHo,
wo ounamauii ymeoprorome 2pyny 2eoMempuyHUX rnepemeopeHs,
0 MAaKOX HaBeo0eHO MmeopemuyHi meepoxeHHA ma MpuKaaou
300ay4, AKi iNCMPYOMb 30CMOCYBAHHA UUX MepemeopeHs y
docnidreHHi ceomempuyHuUx 06’ekmis.

BucHoskKu. Mposedere docnionceHHs do380s19€
cucmemamusysamu yAeseHHA Mpo  ouaamauyii  nAoWuHU  AK
nidepyny nepemeopeHs nodibHocmi ma ymo4yHumu ix micye y
cmpykmypi 2e0MempuYyHUX rnepemaeopeHso. OmpumaHi

Formulation of the problem. Geometric transformations
constitute an important component of the school geometry
curriculum and the professional training of future mathematics
teachers. However, an analysis of school textbooks and
educational literature reveals certain  methodological
inaccuracies in the interpretation of geometric transformations
and their properties. This necessitates a more systematic,
scientifically grounded presentation of  similarity
transformations and their particular subgroups in analytical
geometry courses for pre-service mathematics teachers.

Materials and methods. The study employs theoretical
methods of scientific and pedagogical research, including the
analysis and synthesis of scientific and educational literature, as
well as mathematical methods for proving and substantiating
geometric statements.

Results. The article examines plane dilations as a subgroup of
similarity transformations. Their fundamental properties and
invariants — geometric properties of figures and relations
between them that are preserved under the corresponding
transformations — are analyzed. The connection between
dilations, homotheties, and translations of the plane is
established. It is shown that dilations form a group of geometric
transformations. In addition, the paper presents theoretical
statements and examples of problems illustrating the
application of these transformations in the study of geometric
objects.

Conclusions. The conducted research enables the
systematization of the concept of plane dilations as a subgroup
of similarity transformations and clarifies their place within the
structure of geometric transformations. The results can be used
in teaching analytical geometry at higher education institutions
and in school geometry courses, particularly in elective classes,

© The Author(s) 2026
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pesyasmamu mMoxyme bymu B8UKOPUCMAHI Mi0 4ac B8UKAAOAHHA mathematical circles, and extracurricular activities. Prospects for
aHanimu4Hoi 2eomempii y 3aKA1a0aX 8UWOI 0CBIMU, @ MAKOHC Y further research include expanding the analysis of subgroups of
WKiNbHOMY Kypci 2eomempil, 30Kpema HaA GaKyaAbMamueHUX similarity transformations and their application in the
3aHAMMAX, y 2ypmkoeili ma no3aknacHili pobomi. Mepcnekmusu methodology of teaching geometry.

nooanbwux 00CiOHeHb M08’A3GHI 3 PO3WUPEHHAM aHANIZY
nidepyn nepemeopeHs nodibHocmi ma ix 3acMocy8aHHAM 'y
memooduyi HaBYaHHA 2eomempii.
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BCTYN

MNocTaHoBKa npobnemu. |aea nepeTBOPEHHA € NAiAHOK B MaTeMaTHLi i Mae pi3HONNAHOBI peanisauii B pisHUX ranysax
HayKW i WKINbHUX HaBYaNbHUX AucuMNAiHax (B anrebpi po3rnagatoTbCA NepeTBOPEHHN BUPAsiB, PiBHAHb Ta HepiBHOCTEW, B
noyaTkax aHanisy — nepeTBopeHHa rpadikie ¢yHKuin). B reomeTpii BOHa peanisyeTbcs 4yepes MNOHATTA reOMETPUYHOro
nepeTBOPEHHA N/OWMHM Ta npoctopy (BiEKTMBHOrO BigobparkeHHA MPOCTOpy Ha cebe), nepeTBopeHHA ¢iryp, a TaKoX B
nepeTBOPEHHAX CUCTEM KOOPAMHAT, AKi TICHO NOB’A3aHi i 3 reOMeTPUYHUMM NepPeTBOPEHHAMM, i 3 NepeTBOpPeHHAMMU rpadikis
yHKLiN.

“lnbbepT NOpiBHIOBAB reOMeTpIt0 3 UyA0BMM CaZOM, B AKOMY KOXKEH MoXe niaibpaTu cobi KBiTKy 3a cmakom. HuHi cag,
reomeTpii po3piccs HaCTINIbKK, WO HaBiTb GaxiBUAM CTaN0 CKAaLHO OPIEHTYBATUCA B MOro 3apocaax.” AKLLO Nif KBITKOK pPo3ymiTh
reomeTpuyHuii 06'eKT (dirypy, BigHOWeEHHA) abo daKT (TBepAKEHHA), TO rTEOMETPUYHUI MeTog, (MeToa reomeTpii) € bykeTom, i
TaKMX B reoMmeTpii Yumano. 34aTHICTb iX raPMOHIYHO NOEAHYBATM € BEPLUMHOK MalCTEPHOCTI FeOMETPA | TOHKUM iHCTPYMEHTOM B
pyKax toBenipa-maTemaTtuka. Ha npeBenvKuii ¥Kanb, CbOroAHI reomMeTpia AK HaBYasbHA AMCUMNIHA BUMArae 3axucty. Togi Ak
came reometpia GOpPMye MPOCTOPOBY yABY, NPOCTOPOBE OAYEHHA, aNrOPUTMIYHE MUCNEHHSA Y4HA, GOPMYE PaLLiOHANbHICTDb i
aNbTEePHATMBHICTb, AONOMAarae 3HalTK He3abyTHI Bi3yasbHi iHTepnpeTau,ii cniBBigHOWEHb, HEPIBHOCTEN, 3aneXKHOCTen, aKTiB,
AKi He € CYyTO reoMeTpUYHMMU. BoHa € TeaTpom Gpopm i MOTUBATOPOM MaTEMATUYHOI TBOPYOCTI.

Cepep, pi3HOMaHITTA MeToAiB reomeTpii (CMHTETUYHWIA, apuPMeTUYHNIA, anrebpaiuHnin, BEKTOPHUI, KOOPANHATHUN,
reOMETPUYHMX MiCLLb TOUOK, KIHEMaTUYHUI, Pa30BOro YKPYMHEHHs, AOAATKOBOrO efiemMeHTa abo ¢irypu ToLlo) noyecHe micue
3aiMaE MeToj, reomMeTpuyHMX nepeTsopeHb. PadiHOBaHOro GopmyntoBaHHA CyTi LbOro meToay (Ta, BNAcHe, i AeAKUX iHLWMX
METOZIB) MM He 3HAaXOAMMO Y WKINbHUX NiAPYYHUKAX. OnA po3B'A3yBaHHA CKNAAHUX reOMETPUYHMUX 3a[a4 YacTo A0BOAMUTLCA
KOMbGiHYBaTK pi3Hi Npuiomu Ta meToau. Ane KOnu B MipKyBaHHAX BMKOPUCTOBYHOTHCA PIBHICTb Ta MOAibHICTb &iryp, pyxu
(cumeTpii, nepemileHHsA, NOBOPOTK), FOMOTETIsA, NepeTBOPeHHS NoAibHOCTI, iHBepCis, To, 6€3CYMHIBHO, TYT 3aisiHi reoOMeTpUYHi
nepeTBOPEHHS, | y4acTb MeToAy HEHYNbOBA.

AHani3 aKTyanbHUX AOCNiAMKeHb. [eoOMeTpUYHi NepeTBOPEeHHA MJIOWMHM Yy Kaacax 3 NOriMbaeHUM BMBYEHHAM
MaTeMaTUKM BUBYAOTLCA Y 9 Knaci. Y nporpami 3a3HayeHo Temy “FeomeTpuyHi nepeTBopeHHs”, a B NigpyyYHUKax 34ebinblioro
peanisoByeTbca Tema “MepetBopeHHn diryp” (Mep3nsak Ta iH., 2017a, 2021). BoHa BKAtOYaE NYHKTU (MUTaHHA): 1) MepeTBopeHHA
(BimobpaxkeHHn) oiryp; 2) Pyx. MapanenbHe nepeHeceHHsA; 3) OcboBa cumetpia; 4) LleHTpanbHa cumetpia; 5) MosoporT;
6) FfomorTerTia. MoAibHicTb ¢iryp. 7) IHBepcia (4nA 03HaMOMNEHHA). BUBYEHHIO Li€i Temn nepeayloTb NponeaeBTUYHa poboTa i
BMBYEHHA BaXX/NMBUX TeM “PiBHiCTb TPUKYTHUMKIB” Ta “lMoAibHICTb TPUKYTHUKIB” (8 Knac), AKi CYTTEBO PO3LWMPIOIOTL apceHan
3ac06iB po3B’A3yBaHHA rEOMETPUYHMX 33434, B NepLUy Yepry, Ha AoBeAeHHA Ta nobyaosy.

ICHY€e KinbKa neparoriyHnx npobsiem, NoB’A3aHUX 3 BUBYEHHAM FreOMETPUYHUX NEPeTBOPEHb NIOWMHK. MepLwa 3 HUX
CTOCYETHCA 3MiCTY NPOrpPam i BUKNAZY TEOPETUYHOrO maTepiany B WKINbHUX NiAPYYHUKAX, Apyra NOB’A3aHa 3 rOTOBHICTIO BUMTENSA
0,0 HaBYAHHSA YYHIB reOMETPUYHMM MEepPeTBOPEHHAM MAOLWMHM, IHOAI NPOCTO 3 HEAOCTATHLO NIArOTOBAEHICTIO A0 NpodeciinHol
OiANbHOCTI  BUMNYCKHMKA NeAaroriYyHoro yHiBepcuteTy (BPaxoBYyKOUM iCHYHOYi CbOrOAHIWHI HenpocTi YMOBM MifroTOBKW
neparoriyHMX Ta HaAyKOBO-MEAAroriYHMX Kagpis), Mano4YMCesbHICTIO AKICHOI YKpPaiHOMOBHOI HaBYa/ibHOI fiTepatypu i Ans
WKONAPIB, i AN1A MalbYTHIX Ta AiOYMX BUMTENIB MAaTEMATUKM, 30KPEMA AJ1A CAMOOCBITM BUMTeniB. Mpobaemm 3arocTprooTbes
yepes afNbTepHATMBHICTL NpoOrpam Ta NigpPy4YHWKIB. B KOHTEKCTI neplwoi npobiemu Mae iCHyBaTU KOHCTPYKTUBHWIA Aianor
HayKOBLiB, MEeTOAWUCTIB, AOCBiAYEHUX MeaaroriB i aBTOPIB LWKINAbHWUX MNiAPYYHWUKIB 3 METOK BAOCKOHANIEHHA HaBYaNbHOI
nitepaTypu. IPYHTOBHI 06roBOpPEeHHA, 3BaXKeHi anbTepHATUBM | BUBaXKEHi pilleHHA MOrAM 6 CNPUATU NOKPALLEHHIo cuTyauii. A ana
Lboro mae byt nnatpopma ans o6roBopeHHs.

CTOCOBHO gpyroi npobaemu, BapTo 3ayBaXKMTH, WO CbOroAHI MalibyTHI BUMTENT MaTEMATUKM FOTYIOTbCA A0 NpodeciiHol
OiANbHOCTI B CKNAAHMX OCBITHIX peanisx (3milaHnin GopmaT OCBITHLOrO NPOLLECY, HA 3aBaAi IHTEPHET i LUTYYHMI iHTenekT). Buxig,
OAMH - Ma€ byTu AKicHe AUAAKTUYHe 3abe3neyeHHs OCBITHLOrO NPOLLECY i B AOCTATHIM KiNIbKOCTIi HAafBHA HaBYanbHa NiTepaTtypa
ONS CAMOOCBITU. 3p03yMino, WO BKasaHi Nnpobsemu TicCHO NOB’A3aHi MiK cob0to, B MepLuy Yyepry, Kou Le CTOCYETbCA 3MICTy
HaBYaNbHOroO Marepiany.

3micT Temn «FeomeTpuyHi NepeTBOPeHHA» (Y 3MICTOBOI NiHii) y WKINbHMX NigPYYHUKAX MOXKHA CYTTEBO 3b6araTuTy,
[043BLWKM aHaNiTUYHY CKNagoBy (bopmynu pyxis, romoTeTii, nepeTBopeHHA NoAibHoCTi), AKa € 3acobom “Haibinbly TOYHOro
BUCBITNEeHHA dakTis” (P.KneliH). Lie He BUMarae L04aTKOBUX YaCOBUX PECYPCIB.
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Ha Haw nornag, gewo AMBHMM € Te, WO B 3arasbHOOCBITHII WKOAI (Ta BnacHe i B yCii niTepatypi 3 enemeHTapHol
reometpii) 4O UMX MNip OCHOBHMM METOAOM BWMK/IaAy Ta BUBYEHHSA FEOMETPUYHUX NEpPeTBOPEHb € CMHTETUYHWUIA MeTog (Big,
O3HayeHb, GakKTiB Ta IX 06rPyHTYBaHb A0 3acTOCyBaHb). ToAi AK BEKTOPHWUI | KOOPAMHATHUIA € 3HAYHO MOTYKHIWMMM | BinbLu
yHiBepcanbHUMK. Xo4ya dopmynn AnA nepeTBOpeHb MIOLWMHM MOBIbHO Mo4Yanu npobusaTv cobi [opory A0 LWKINbHUX
nigpy4Hukis (Mepsnsak Ta iH., 2017b, 2017c; LWKonbHUI Ta iH., 2025). B3aeMO40NOBHIOBAHICTL Ta rapmoHisalia nigxoais,
NPUMOMIB Ta METOAiB B reOMETPIi 3aBXK AN Mann nLIe NO3UTUBHUI edeKT.

Buknag maTepiany y IWKIAbHMX NigpyYHWKax BMMArae Jelo BULLOTO PiBHA HAYKOBOCTI, fKWUM MNONArae B
HecynepeynnBoCTi 3 HAaYKOBUMM daKTamu i 3araibHONPUNHATUMU HAYKOBUMWM O3HAYEHHAMM MOHATb Ta BigHOWEHb, i MaE
BiANOBIAATM 3ara/ibHOMPUAHATMM B HayLi AOMOB/IEHOCTAM Ta TPAKTyBaHHAM $aKTiB, WO, Ha ¥Kajb, HE CMNOCTEPIraeTbCa Ha
NPaKTULi. B WKINbHUX NiAPYYHMKAX MOXKHA 3yCTPiTM “O3HaYeHHA — e TBEPAMKEHHSA...”, WO “NepeTBopeHHs i BiaobpaxeHHs — Le
opHe i Te came”. Lle rpy6i meTog,0/10riYHi NOMUKM.

3MICT WKINbHMX NigPYYHMKIB Ta NOCIOHMKIB MM PO3rNA4aEMO Y B3aEMO3B’A3KY 3 FOTOBHICTIO BUMTENA NPALLIOBATHY 33 UMM
niapy4YHUKOMm (NocibHMKOM), a Lie BeZe Hac A0 NpoLecy NiaroToBKM ManbyTHbOrO BUMTENA MAaTEMATUKM B YHIBEPCUTETI, [0 3MiCTY
CYyTO reOMeTPUYHMX Ta METOAMNYHUX YHIBEPCUTETCLKMX KYPCiB, B AKMX PO3rNA4AI0TLCA (BMBYAKOTLCA) FEOMETPUYHI NEPETBOPEHHS.
Y BiTUM3HAHIN i 3apybiXKHIA MaTemaTUYHIN NiTepaTypi reoMeTpuyHi NepeTBOpeHHA MNOCiAaloTb NOMITHE Micue AK y BaacHe
TEOPETUYHOMY, TaK i B HaBYa/JIbHO-METOOMYHOMY BMMIpax. 3 OAHOro OOKy, K/AacWMYHi npaui 3 eBKNigoBOi reometpii Ta
reoMeTpUYHUX 33434 [LEeMOHCTPYIOTb BUCOKY MPOAYKTUBHICTb NEpPeTBOPEeHb AK IHCTPYMEHTa AoBefeHHA, nobyaosu i
ONTMMI3aLiiHMX MipKyBaHb. Lle npocTexyeTbca B poboTax, npucBadyeHnx nornubneHin eBkNifoBi reomeTpii Ta 3afavam Ha
EKCTPEMYMMU, [ie NepeTBOPEHHA GaKTUUHO BUCTYNaOTb MOBOK reOMETPUYHOTO aHanisy ¢iryp i BigHoweHb MixX HUMK (Andreescu
et al., 2006; Johnson, 2013). 3 iHwWoOro 60Ky, y BITYM3HAHIN NPaKTULi MeToA NepeTBOPeHb TPMBAAUIA Yac BXOAMB A0 3MICTy
WKiNbHOT Ta MO3aLWKiNbHOI MaTeEMaTMYHOI OCBITM 4Yepe3 NiAPYYHUKM, GAKYNbTATUBHI KYPCU W 33JaYHUKKM, Y AKUX YYHAM
NPOMNOHYBANOCA NPaLOBaTN 3 NepemilleHHAMU, NoAiIBHICTIO, CMMeTpIAMKM Ta HWKMMK BMAaMU BigobpaskeHb AK i3 3acobom
po3B’A3yBaHHA 33434 Pi3HOro piBHA cknagHocTi (Koamoropos Ta iH., 1972; NoHapuH & Ckonew, 1981; BeBs Ta iH., 1982; FoTmaH
& Ckoneu, 1988; Moropenos, 1993; BuanbHioK Ta iH., 1998). Taka niHia 3acBigvye, Wo TeMa reoMeTpUYHUX NepPeTBOPeHb Ma€E He
eni3oAnYHUI, @ CUCTEMHUI XapaKTep Y MaTeMaTUYHil OCBITi, Xoua cnocobu ii NoAaHHA, piBeHb CTPOroCTi M METOAMUYHI aKLEeHTH
iCTOTHO pi3HATbCA.

BopHouac oKpeMuii HanpsamM CTaHOBAATb MpaLi, Y AKUX FrEOMETPUYHI NEePETBOPEHHA OCMUCIIOIOTLCSA AK CAMOCTIMHWUI
06’€eKT ANA BMBYEHHA Ta AK OCHOBA MiArOTOBKM ManMbyTHbOro BUMTENA maTeMaTuku. Hacamnepep igeTbca Npo BUAAHHA, ae
Noc/if0BHO PO3KPUTO PyXU MIOLWMHU, NEPETBOPEHHA NOAIOGHOCTI, OPTOroHanbHi Ta adiHHI NEPETBOPEHHS, @ TaKOX OKPEC/IeHO
TEOPETUKO-TPYNOBUI Niaxig A0 reomeTpii, WO [a€ 3mory nobayunTn 3a OKpeMMMW BUOAMW MEepeTBOPEHb LMICHY cucTemy
iHBapiaHTIB i CTPYKTypHMX 3B’A3KiB (BopoBuMK Ta iH., 2004; Mpaubosutuii, 2007, 2013a, 2013b; Kpasuyk, 2018). s meToaMKM
HaBYaHHA MATEMATUKKN ICTOTHUMM € TaKOX AOCNIAXKEHHSA, Y AKUX PO3IIAHYTO OKPEeMi NepeTBOPEHHA AK NpeaMeT cnevliasbHoro
aHanisy, 30Kkpema napasesibHe NepeHeceHHs Ta NOBOPOT y reoOMeTpPUYHOMY cepeoBuLi (SleHuyk, 2016; SleHuyk & MpauboBUTHIA,
2019). Y nybnikauiax 3ocepeareHO yBary He Aulle Ha 3MicTi Temu, a 1 Ha 3acobax ii peanisauii B OCBiITHbOMY Npoueci:
BMKOPWUCTAHHI KOMN'IOTEPHUX iHCTPYMEHTIB A/A Bi3yanisauii nepetsopeHb (CemeHixiHa & [pywnsak, 2014) i Ha OHOBAEHHi
LWKIZIBHOTO Kypcy maTeMaTuKu B ymosax HYLL, ne reomeTpuyHi nepeTBopeHHsA 3HOBY HabyBaloTb AMAAKTUYHOI Baru fAK 3acib
bopmyBaHHs onepauiiHoro 6ayeHHs dirypu Ta GyHKLIOHAaNbHOTO PO3YMIHHSA 3aNeXKHOCTEN Mixk Tl 06pasamu (LLKonbHMA Ta iH.,
2025; LWKonbHMiA, 2025). OTXKe, aHani3 HaABHUX AXKepen AA€ NiACTaBU CTBEPAXKYBATH, WO npobnema BMBYEHHA AunaTauii i
nepeTBopeHb MOAIOHOCTI NeXxuTb Ha nepeTuHi GyHAAMEHTaNbHOI reomeTpii, WKiNbHOI NponeaeBTUKM, YHIBEPCUTETCbKOT
NiAroTOBKM BYUMTENA MAaTEMATMKM Ta CyYacHUX LMPOBMX NPAKTUK HAaBYAHHA.

Po3ain «FeoMeTpUYHi NepeTBOPEHHS NIOLMHUY € CKAAZLOBO NPOrpaMu 3 aHaNiTUYHOT reomeTpii (abo reomeTpii) ana
MaWbyTHIX yunTenis mMaTemMaTuKK, sKa BK/OYaE KoniHeauii (adiHHi nepeTBOpeHHs) naowwmHM Ta iHBepcito. Cepes, Barommx
aprymeHTiB 414 BignoBiAi Ha 3anuTaHHA: Yomy MalbyTHI BUMTENi MATEMATUKM MaloTb PYHTOBHO BWMBYATU FEOMETPUYHI
nepeTBOPeHHA?-- € MPOCTUIN AaPryMEHT «TOMY, WO FreoMeTPUYHi NepeTBOPEHHS BMBYAIOTLCA B LUKOAI i He /iMlie B Kaacax 3
nornMbaeHMM piBHEM BUBYEHHA MaTeMaTUKKU (MOBa MAe NPO pPyxu i NepeTBOPeHHs NOAIGHOCTI, 3S0KpeMa roMOTETi0)». 3BMYaIHO,
ue He €AMHMI aprymeHT cepef, HalBakausiwmx. MeTon reomeTpuUYHMX MNepeTBOpPeHb € OAHUM 3 OCHOBHWMX MeToZiB
e/leMeHTapHOI MaTeMATUKN, METOAIB BUBYEHHA reoMeTpuyHMX O6’€EKTiB i meToAiB po3B’A3yBaHHA 334ay (B meplly yepry Ha
L0BEAEHHA Ta Nobyaosy). FeoMeTpUYHI NepeTBOPEHHA — YyA0BUIA 3acib AN PO3BUTKY NPOCTOPOro 6a4eHHs, KOHCTPYKTUBHOMO
Ta aHaNITUYHOTO MUCNEHHA.

OpHieto 3 TemM UbOro posainy aHaniTMYHOI reometpii € Tema «lMepeTBOpPeHHs nogibHocTi». MpaKTUYHA peanisauis
(3MicTOBHE HAMOBHEHHA, BUCBITNIEHHA) L€l TEMW i BCbOro po3Ainy TPaAMUiAHO 3A4JIMCHIOETLCA HAa KOOPAMHATHO-BEKTOPHIM
(HaMBinbL cyyacHilt) OCHOBI 3 BUKOPUCTAHHAM NPAMOKYTHOT A,EKAPTOBOI CUCTEMM KOOPAMHAT, OCKINIbKM NOAIOHICTL € METPUYHUM
NoHATTAM. Haibinbl ACKPaBO Le NPOCNiAKOBYETLCA Yy NPOrpamax GakynbTeTy MatemaTuKuy, iHpopmaTukm 1a $isnku YAY imeHi
Mwuxaiina [lparomaHoBa. KoHuenTyanbHO Becb po3Ain mae 06010HKY rpynoBOro Norasgy Ha reoMeTpito i i pisHi Teopii, 3 TOUKK
30pY AKOro eBK/if0Ba reOMeTpin € TEOPIEI iIHBAPIAHTIB rpynu NnepeTBOpeHb NOAIGHOCTI, WO BKIOYAE pyxM, a adiHHA reomeTpis €
Teopi€eto iHBapiaHTIB rpynu adiHHUX NepeTBopeHb, NiArpyny AKOI yTBOPIOIOTb NepeTBOPeHHs NogibHoCTi. KoKHa 3 uux rpyn mae
pAag, nigrpyn, sKi Wikaei 3 pisHMX To4ok 3opy. OgHIM 3 migrpyn rpynu nepeTsopeHb NoAibHocTi (a came — rpyni gunartauin), i
iHBapiaHTam — BnacTusocTAM iryp Ta BiAHOLWEHb, WO 36epiratoTbcA Npu Byab-AKOMY NEepPeTBOPEHHI 3 L€l rpynu, npuceayeHa
baHa poborTa.

MerTa crartTi. MeToto CTaTTi € fOCNIAXKEHHA AMNATALIM NIOWMHK AK Nigrpynu nepeTBopeHb NoAibHOCTI, a TaKoXK aHani3
ix iHBapiaHTiB — BnacTueocTen ¢iryp i BigHoWeHb, Wo 36epiratoTbca Npu 6yab-AKOMY NepeTBOPEHHI 3 L€l rpynu.

[aHa poboTa afpecoBaHa B NepLuy Yepry BUMTENAM MaTEMATUKKN ANA CAMOOCBITH | CTyleHTaM CrewiaibHOCTi cepeaHA
ocBiTa (MaTemaTuKa), BUKNagayam aHaniTUYHOT reoMeTpii, METOAMCTaM i aBTOPaM LKINbHUX NiAPYYHMKIB.

Martepian MOXKHa BUKOPUCTATU Ha GaKybTaTUBHMX 3aHATTAX i B CUCTEMI I'YPTKOBOI Ta NO3aKNacHOi poboTu B WKOJI, a
TaKOX B NpoL,eci BUKOHAHHA KypcoBMX pobiT cTyaeHTaMu creuianbHocTi “CepeaHa ocsiTa (MatemaTuka)”.
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METOAM AOCNIAMEHHA

Y poboTi BUKOPWUCTAHO TEOPETUYHI MEeToaM AOCNIAMEHHS, 30Kpema aHani3 HayKoBOi Ta HaBYa/JbHO-METOAMYHOI
niTepatypy 3 reomeTpii Ta MeTOAMKM il BUKNAZAHHA, y3ara/ibHEHHA Ta CUCTEMATM3aLit0 HAayKOBMX MiAXo4iB A0 BMBYEHHA
reomeTpUYHUX NepeTBopeHb. na 4ocniaxKeHHA BNaCTMBOCTEN AWaTaLiil NAOWMHM 3aCTOCOBAHO METOAM aHANITUYHOI reomeTpil,
KOOPAMHATHO-BEKTOPHUI NiaXin Ta enemeHTH Teopii rpyn reoMeTpUYHMX NepeTBOPEHD.

PE3Y/IbTATU AOCAIAMKEHHSA

1. NMepeTBOPEHHA NNOLWNHU

Feomempu4yHUM repemeopeHHAM MAOUWUHU HA3WBAETbCA B3AaEMHO OAHO3HayHe, TobTO 6GiekTMBHE (OAHOYAcHO
iH'eKTMBHe | clop’ekTBHE), BifOOpaXKeHHA niowmHM Ha cebe. pybolo MeTOAONOFYHOI MOMMWKOK € OTOTOMKHEHHA
nepeTBopeHHA i BigobpaskeHHa. Akwo f(M) = M', To M’ HasnBaeTbcA 06paszom Toukn M, a Touka M — npoobpasom Toukn M’
Toukn M i M' Ha3mBaloTbCA BiANOBIAHMMM NPYU NEPETBOPEHHI f. IH8APIGHMHOI0 MOYKOI NEPETBOPEHHA f Ha3MBAETLCA TOUKa M,
ana akoi f(M) = M. HainpocTiwmMm nNpuKNagoM MNEpeTBOPEHHA MJIOWMHM € TOTOXHE MEepeTBOPEHHA. BOHO KOXHY TOYKY
NNOWMHN NEepeBOAUTbL cCaMy B cebe i € BaXKIMBMM B CiM'i BCiX NepeTBOPEHb NNOLWUHM.

O6paszom cizypu @ nig pieto nepetBopeHHs ¢ HasmeaeTbea dirypa @' = (D), KoxkHa TouKa AKoi € 06pasom aesnKoi
Toukm dirypu ®. CninbHi BAACTUBOCTI, BK/OYAKOUM YUCNOBI XapaKTEPUCTUKK, A0BINbHUX ABOX diryp © i @' = (D), HasuBatoTbCA
iHeapiaHMamu NepeTBOPEHHA .

Mpu 3agaHii NPAMOKYTHIV AeKapToBil cucTemi KoopanHaT Gopmynm

{X’ = fi(x,y),
y' =AMy,
AKi BCTAaHOBAIOIOTb 3B'A30K MiXK KoopauHaTamu o6pasy M'(x’;y") i koopamHatamm npoobpasy M (x; ¥) npu nepeTBopeHHi f,
Ha3uBatloBaTb aHAAIMUYHUM 3a0aHHAM nepemeoperHa f abo npocto popmynamu nepemsoperHa f (TyT nig f1(x,y) i fo(x,y)
PO3YMIOTbCA MaTeMaTUYHI BUPA3K, fKi MICTATb 3MiHHI X Ta V). Hanpuknaa, popmynum
{x' =x, {x’ = —x + 2x,,
y' =y y' ==y +2y,
aHaNiTUYHO BU3HAYaOTb TOTOXHE NEPETBOPEHHS | cMMeTpIto BiaHOCHO Touku C(Xgy; o) BianosigHo. OCTaHHE NePeTBOPEHHS e
Ha3MBaloTb UeHMpPasbHOK cumempieto abo poszsopomom (Kokcetep & Mpelituep, 1978).
3po3ymino, wo He byab-Aka napa Bupasis f;(x,y) i fo(x,y) BM3HaualOTb nepeTBopeHHA. Hanpuknag, dopmynu
x' = x| + 1,y = x? — ¥ He 3a4a0Tb NepeTBOPEHHA NOLMHU, OCKINbKM ABi pisHi Toukn A(—1;2) i B(1; 2) sigobpaxatoTbca B
oaHy Touky A'(2; —1), To6T0 BigobpaxeHHs, 3agaHe ummu GOPMyNamm, He Mae BNACTUBOCTI iH'EKTUBHOCTI.
He 3apatotb nepetsopeHHs i dopmyan x' = x + 3y + 1, y' = 2x + 6y — 7, OCKiZIbKM BCi TOUKM NAOLMHK Mig A€o
LbOro BigobparKeHHA NepeBoAATLCA B TOUKM NpAmOi L: y = 2x — 9. Tomy BigobpaKeHHs, 3agaHe BKazaHUMM GopMynamu, He
BOJIOZIE BNACTMBICTIO ClOp'€KTUBHOCTI. CKNacTM GopmMynn NepeTBOPeHHA MIOLLMHMN 03HAYaE B OAHIN i Till }Ke cucTemi KoopAnHaT
noB’A3aTh KOOPANHATU AOBINbHOI TOYKMU NIOLLMHM 3 KOOPAMHATaMM i 06pa3sy.

[Ba nepeTBOpeHH: NIoWWMHM f i f, Ha3uBalOTbCA (BBaatoTbes) pisHumu, akwo f; (M) = f, (M) pna 6yab-aKoi Toukm M.

OAHUM 3 LLeHTPasIbHWX NMOHATb B TEOPii reOMETPUYHMX NEPETBOPEHD € NMOHATTA KOMMO3uyii nepemeopeHs. Lle iHapHa
anrebpaiyHa onepavis Hag NepeTBOPeHHAMM, AKY IHOAI Le Ha3MBaOTb “CyneprosuLLiElo NepeTBopeHb”.

Komno3uyieto BnopagkoBaHoi napu nepetBopeHb fi i f, HasuBaeTbcA nepeTBopeHHa f = f, o fi = f,(f1), Ake €
NOCNiLOBHUM BUKOHAHHAM NepeTBOPeHb f1 i f3:

fMm) = [fz °f1](M) = fz(f1(M)) =fL,(M)=M".

Lia onepalin, B3arani Kaxy4uu, He € KOMYTaTUBHOW, TOBTO f, o fi # f; o f,, OCKiNbKM ABiI OCbOBI CUMETPIi, OCi AKUX
nepeTMHaTLCA He Nig NPAMUM KYyTOM, HE KOMYTYHOTb.

Komnosuuis ocboBOi cMMETPIi i NapanenbHOro NepeHeceHHs Ha BEKTOP, AKMI NapanesibHUi 0Ci, HA3UBAETbCA KOB3HOH
cumempiero. B LWKINbHOMY Kypci MaTeEMaTUKM Lie NepeTBOPEHHA AK OKPEMUIA BUA, PYXY HE PO3rNALAETHCA, a/le BOHO BaXK/1uBe y
KOHTEKCTi Knacuoikauii pyxiB 2-ro poay 3a KiflbKocTi iHBapiaHTHUX TOYOK (Teopema LWans).

Teopema 1. Akwo G — MHOMCUHA 8CiX NepemsopeHsb naoujuHu, mo napa (G,°) € HEKOMYyMAaMUBHO 2pyMoko.

AOsi dirypu ® i @' HasmsaloTbea G-exgisaneHmMHuUMu (abo eKBiBaNEHTHUMM BiAHOCHO rpynu nepeTsopeHsb G), AKLLO B
rpyni G icHye nepeTBOpeHHA g, ake nepesogath ¢irypy ® y dirypy @'.

TOTOXKHe NepeTBOPEHHSA, LLleHTPasIbHa, OCbOBA Ta KOB3HA CMMeETPIi, Napasie/ibHe NepeHeceHHs i MOBOPOT € MPUKIagamm
nepeTBopeHb MAOWMHK, AKi 36epiraloTb BiACTaHi, TOOTO BiACTaHb MiK AOBIbHUMW ABOMA TOYKAMK piBHA BiACTaHI MiX ix
obpasamu Npu UMX MepeTBOPEHHAX. TaKi MepeTBOPEHHA HA3MBAlOTbCA pyxamu (nepemiweHHAMKM abo i30MeTPUYHUMM
nepeTBopeHHAMM). KoxKeH pyx € abo 0cboBOK cMMeTpieto abo KOMNO3ULLiED He BiNibLe, HiXK TPbOX OCbOBUX CUMETPIN. MHOXWUHA
BCiX PyxiB BiAHOCHO onepaujii Komno3uuii nepeTsopeHb yTBOPIOE rpyny. i ¢irypu (30Kpema ABa TPUKYTHUKKM) Ha3UBAOTLCA
pisHUMU (ab0 KOH2pyeHMHUMU), AKLWO iICHYE pyX, AKUIA NepeBoanTb 0gHY dirypy B iHWY.

BinblW 3araibHUM NEpPeTBOPEHHAM MOWMHKN, HiXK PyX, € NepeTBOpeHHsA noAibHocTi. BoHo 36epirae BigHOWEHHA
[OBXMHM 00pasy Bigpi3Ka [0 AOBXKMHM MOro Npoobpasy. KoxeH pyx € nepeTBopeHHAM nogibHocTi. flomoTeTia 3 KoediuieHTom
m # 11 € oA4HNUM 3 HANNPOCTILMX NEePETBOPEHb NOAIOHOCTI, BiAMIHHUX Bif pyXy.
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2. Fpyna nepeTBopeHb NoAi6HOCTI

MepemesopeHHAM nodibHocmi 3 KoegpiyieHmom k > 0 Ha3MBAETbCA NEPETBOPEHHA NAOWMHM [, AKe AOBIIbHUM ABOM
Toukam A i B ctaBuTb y BignosigHictb Toukn A’ = f(A) i B’ = f(B) Taki, wo BuKoHyeTbeA pisHictb |A'B'| = k|AB|.

TpuKyTHUK ABC BBa*KaeTbcA 000amMHO OpieHMO8AHUM ab0 NPABOOPIEHMOBAHUM, AKLLO 0bXig, NOro BepLUMH B MOPAAKY
A, B,C 3pifCHIOETbCA NPOTU FOAUHHWKOBOI CTPINKK, i 8id'eMHO (abo nieo) opieHMoB8aHUM — B MPOTUNEKHOMY BWMMAAKY.
3ayBaxkumo, Lo TpuKyTHUKM ABC i BAC npoTunexHo opieHTOBaHi, a ToUKYTHUKN ABC i BCA oaHaKOBO OpPiEHTOBaHI.

3ayBaXKeHHA. KoxXHe nepeTBOpeHHA NoAibHOCTi 04HOPIAHO Ai€ Ha BCi TPUKYTHMKK, TO6TO abo 36epirae opieHTau,ilo BCixX
TPUKYTHUKIB, @ cCaMe BCi TPUKYTHUKN NEpPeBOAUTb Y TPUKYTHUKM TI€l K opieHTaLii, abo 3miHIO€E Ti Ha npoTunexkHy. Tomy ans
nepesipku, uym 36epirae NepeTBOPEHHA OpPIiEHTAL,IO, AOCUTb PO3MIAHYTU OAUH TPUKYTHUK i Moro obpas. JaHe TBepAKEeHHs € B
NOBHi CaMOCTiMHUM aKTOm Teopii, @ MOro AOMOMIKHA PONb NONATAE B OBrPYHTYBAHHI KOPEKTHOCTI HACTYMHUX O3HAYeHb
nepeTBOPEHb NEPLLOro Ta APYroro poay.

MepeTBOpeHHA NOAIOHOCTI, AKE KOMEH TPUKYTHWK NepeBOAMTb B TPWUKYTHMK TiEi K oOpieHTauil, Ha3MBaeTbcA
nepemeopeHHAM 1-20 (nepwozo) pody, a NepeTBOPEHHS, AKE KOXKeH TPUKYTHUK NepeBoANTb B TPUKYTHUK NPOTUAEKHOI (iHLWOi)
Opi€eHTALT, HA3UBAETLCA MepemsopeHHAM 2-20 (Opy2020) pody .

Ko)KHe nepeTBOpeHHA MOAIBHOCTI 3rigHO 3 TEOPEMOD MPO CTPYKTYpy NepeTBOpeHHsA MOAiGHOCTI € KOMMO3MLIED
roMoTeTii i pyXy, a TOMy aHaNiTUYHO 3a43€TbCA GopMynamum:

f=gon{

Ona pyxis 1-ro poay € = 1, a ana pyxis 2-ro poay € = —1.
AKLLO BBECTM NO3HaYeHHA a; = k cosa, k sin ¢ = a,, To popmynu nepeTBopeHHs NoaibHocTi HabyayTb BUrNAAY:

x' = a.x — gayy + xq, 2 2
e |ai+a5=k.
{y' = a,x + ea,y + Y. AeJI T4

3aysaxumo, o B1BEAEHHA NepNX GOPMYJ FPYHTYETLCA HA BiZOMUX GOPMYIax B3AaEMO3B’ 3Ky KOOPAMHAT OAHiEN i Tiel
K TOUKM Y Pi3HUX AEKAPTOBUX CMCTEMAX KOOPAMHAT i HA TEOPEMI NPO CTPYKTYPY NepeTBopeHHs noaibHocTi. Apyri opmynm nerko
BMBECTU BNOBHi aBTOHOMHMM LUJIAXOM, BUKOPUCTOBYIOYM O3HAYEHHA NEePeTBOPEHHSA NOAIBHOCTI Ta dopmyny BiACTaHI MixK ABOMA
TOYKaMM.

x' = kxcosa — ekysina + x,,

’ : £=i1,k>0
y' = kxsina + eky cosa + y,,

Popma reomeTpuyHOI dirypun — Lie cnifibHa BAAcTUBICTb BCix NOAiOHMX Mix coboto reomeTpuyHmx diryp. KaxyTb, Wwo Agi
birypu matoTb ogHakoBy popmy, AKLLO iCHYE NepeTBOPeHHA NoaibHOCTI, AKe oAHY 3 diryp nepeBoauUTb B iHLLY.

Junamayiero NNOLWMHN HA3UBAETLCA NEPETBOPEHHSA NOAIBGHOCTI, AKE KOXKHY NPAMY NepeBoauUTb y NapanesbHy i npamy
abo camy B cebe.

IHoAj ABi NpAMI NAOWMHM, AKi 36iratoTbCA, TEX BBAXKAOTb NapanenbHMmu. Lle He npuBoaMTL A0 NPOTUPIYL, ane ana
aHaNITUYHOI reomeTpii Lie CTBOPIOE HE3PYYHOCTI.

TepmiH «gunaTauis» (Big natmHcbKoro dilatation — po3wwrpeHHA) He HAabyB LWMPOKOro BUKOPUCTAHHA B MaTemMaTtuuj,
MO/IMBO BRepLLUe BiH BUKOpUCTaHUi B poboTi (KokceTep & Mperituep, 1978).

3 03HaYeHHA 3pO3yMino, WO AMnaTauis 36epirae HanpAm NpPAMoi (KofiHeapHicTb BeKTopiB). Lie € BMAoOBe 03HaYeHHs
OKPEeMOro KJjlacy nepeTBOpPeHb MIOWMHU Yepe3 ro/I0BHUI iHBapiaHT AesKoi nigrpynu rpynu BCix NepeTBOpeHb MoAibHOCTI
NAOLWMHK. 3’ACYEMO BMICT L€l rpynu.

3. MapanenbHe nepeHeceHHA NIOWKWHU — AnnaTauis
MapanensHUM nepeHeceHHAM MAOWUHU Ha BEKTOP § Ha3WBAETLCA NePeTBOPEHHSA, AKe Touli M cTaBuTb y BiANOBIAHICTb

>

TaKy TOUKy M', L0 BUKOHYETLCA BEKTOPHA PIBHICTb: MM =3

NapanenbHe nepeHeceHHs naowmHu f Ha BekTop S = (a; b) B NPAMOKYTHIl AE€KaPTOBIl CMCTEMI KOOPAMHAT 331aEThCA
x'=x+a,

y' =y+b.

Cnpasgi, akwo M(x;y), f(M) = M'(x";y"), To MM = (x' - x; vy’ — y). Tomy 3 piBHOCTI BeKTOpiB MM 3= (a; b)
oTpUMyemo dopmMynu napanenbHoro nepeHeceHHA. Matoum GopmMyan napanenbHoro NepeHeceHHs, Nerko AilT BUCHOBKY, WO
napanesibHe nepeHeceHHA OAHO3HAYHO BU3HAYAETLCA MNAPOIO BiANOBIAHUX TOYOK.

Nema 1. kw0 0ii 080x napanenvHUX NepeHeceHs Py i P, HO OeAKY MOYKY NAOUUHU 36i2a0MbCA, MO 80HU pigHi.

[JoseneHHA. Hexalh napanenbHi nepeHeceHHs py i p, 3agaHi popmynamu:

bopmynamu: {

x'=x+ay, {x'=x+a2,
N N (1)
pl{y =y+b, Pl =y+by,

ip1(Mo) = p2(My), Be Mo (xo; yo)- Toai
{xO + a, = Xy + a,,
Yo+ b1 =yo+by’
3BiAKM a; = a,, by = b,. OTxKe, p; = p,.
Nema 2. NapanenvHe nepeHeceHHsA 36epieae 8iocmaHi, mobmo € pyxom.
Dosepenns. Hexalt M'(x1;y1) € 06pazom Toukn My (xq;y;) Npu napanenbHOMy nepeHeceHHi Ha Bektop § = (a; b).
Toai M{(x; + a;y1 + b). Akwo M;(x3; y3) = f(My), e My (x5 y2). Toai My (x2 + a;y, + b) i

IM{M3| =/ (xz — x)% + (v — 1) = My M|,

Lo ¥ BMMaranocb 40BECTU.
Nema 3. lMapanensbHe nepeHeceHHA MAOUWUHU HA HeHynb08ull 6eKmop § nepesodums npAMy, AKA He napanenbHa
eekmopy S, 8 napanenvHy NPAMy, a NpAmMy napanesnsHy 6eKmopy S —camy e cebe.
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DoseaeHHs. Mpoobpasom npsamoi I': Ax' + By' + C = 0 npu napanenbHomy nepeHeceHHi Ha Bektop S = (a;b) €
npama l: A(x + a) + B(y + b) + C = 0, aka € napanenbHoto npamiii I’ 3a ymosu, Konm Bektop Hanpamy S;7 = (—B; A) npamoi
' HekoniHeapHwuit BekTopy § = (a; b).

Mpami l'i | 36iratotbea Toai i avwe ToAj, Koam

A B Aa+Bb+C
A B~ c ’
a uAa ymosa pisHocunbHa ymosi Aa + Bb = 0, To6T10
B A

253 sills.

Ymosa l'||l pisHocunbHa Aa + Bb # 0, T06T0 5] # §. Jlemy gosegeHo.

Hacnipok. lMapanenoHe nepeHeceHHA NAOUWUHU MAE 8/1ACMUBICMb: KOXHY NPAMY nepeeodums y napasesnbHy npamy
abo camy e cebe, mobmo € dunamauiero.

Nema 4. MNapanensvHe nepeHeceHHsA € pyxom 1-20 pody.

JosederHs. Hexall p — napanesibHe nepeHeceHHs Ha BeKTop S. BiH y cuctemi KoopamHat Oxy, Hanpsm oci abcumc aKoi
36iraeTbcA 3 HaNPAMOM BeKTOpa §, 3aaaeTbca Gopmynamm:

{x’ =x+s,
Y=

PosrnaHemo TpukytHuk OAB, ge 0(0;0), A(s; 0), B(0;1) i ioro obpas 0'A’'B’. Togi 0'(s; 0), A'(2s;0), B'(s; 1).
OueBnaHo, Wwo TpukyTHUMKkM OAB i O'A'B’ maloTb ogHakoBy npasy (monatHy) opieHTaujo. Tomy napanenbHe NepeHeceHHs €
PYXOM nepLioro poay.

Teopema 2. MHoxcuHa P 8Cix napasenbHUX nepeHeceHs, 8KAYAIOYU NepeHeceHHA Ha HyAbosuli eeKmop (momoxHe
nepemeopeHHs), Pa3om 3 0repayierd «kKOMMO3Uyis MepemeopeHsb» ymeoproe KOMymamueHy apyny.

[JosepeHHs. Cnpasai, AKLLO MAaEMO ABa NapanesbHi nepeHeceHHs (popmyna 1), To ix KomnosuLii 3aaat0TbCa Gopmynamu:

(X' =x+(ag +ap), (X' =x+(az +ay),
Pepa {y’ =y+ (b +by), P2°PY {y’ =y + (b +by),

3 AKUX BAYNMO, LLO Py © P = Py © P | NEPETBOPEHHA P = Py © P; = Py © P2 € NAPaNebHUM NEPEHECEHHAM NJIOLLMHN HA BEKTOP
S=(a; +ay; by +by). Te, wo obepHeHe NEPeTBOPEHHA A0 MapaNeNbHOrO NEepPeHeCEeHHA Ha BEeKTOp § € napanenbHUm
nepeHeceHHAM Ha BEKTOp —S ouyeBuaHO. TOMy 3riHO 3 KpuUTepieM NiArpynyM MHOMUHA P € rpynoto, NpMYoMy KOMYTaTUBHOIO.
Teopemy foBeaeHo.

Teopema 3. /TapanensHe nepeHeceHHa Ha eekmop § = (a; b) moxcHa nodamu y eu2nadi Komnosuuii 080X 0CbOBUX

Q

nes = |5].

- . . s, . . . . 1
cumempili 3 napanenbHUMU 0CAMU, AKI neprneHOUKyAApHI eKmopy s i 8iddaseHi 00Ha 8i0 00HOI Ha 8iOcMaHb 2 |S].
o . . . . . 1,5
OosepenHa. Hexal 1y, |, — aBi npaAmi nepneHAMKynsapHi BeKTopy §, BiAcTaHb MiX AKMMM 5|S|- Po3srnaHemo Taky
S N 5 1 . .
NPAMOKYTHY [eKapToBy cucTemy KoopamHaT XOY, wo [, € Ox, § 11 J. Axkwo |§| =s, 10 § = (0;5), l:y = 7S Topi ocboBi
cumeTpii 3 ocamu 1y, 1, aHaniTMYHO 3agatoTbea BignoBiaHMMU dopmynamm
f_{x’zx, f{ x’:x,
1t _ 2t —
y' ==y y'=-y+s,
a ix kKomnosuuis
O s
2y ==y +s=—(-y)+s=y+s
€ NapanenbHUM NepeHeceHHAM Ha BeKTop S. Teopemy AoBeaeHo.
Po3rnsaHemo 3afayi Ha 3aCTOCYBaHHSA Napasie/ibHOro NepeHeceHHA NAOLWUHM.
3agaua 1. [lBa i3oMeTpuYHMX KO/Ma pagiyca r MatoTb 30BHIlWHIM A0TMK B Todui K. Xopan KA i KB uux kin
nepneHanKynapHi. 3HaWTH BiACTaHb MiXK TouKamn A i B.
o . . . T
Po3B’sa3aHHA. Hexant KC — piameTp Kona, AKe MicTUTb TOYRy B, Togi kyT £CBK = > BC||AK, sk ABa nepneHAMKyAapu
—
0o opHiei npamoi KB i KA = CB. MapanenbHe nepeHeceHHAa Ha Bektop KC TouKky A nepeBoauTb B TOuKy B. OTxe,
|AB| = |KC| = 2r.

r=3
-

Puc. 1
Jxrepeno: asmopcbKa po3pobka
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3agaua 2. [1ga piBHMX (KOHTPYEeHTHWUX) Kona pagiyca R nepetuHatoTbea B Todkax M i N. Toukm P i Q uux Kin Hanexatb
iX NiHIT LeHTpiB | 3Hax0AATbCA B OAHIN NiBNAOLWMHI 3 Mexeto MN. flosectu, wo |[MN|? + |PQ|? = 4R2.
L, —
Po3s’Aa3aHHA. Hexalt O i 01 — LeHTpM 3agaHuX Kin. PosrnsHemo napanesnbHe nepeHeceHHs Ha Bektop S = 00;. BoHo

nepLue Koo w nepesese B Apyre KONo w,, TOdKy M € w B Touky M; € w4, npudomy MM, = 00, MM; L MN. Topai TPUKYTHUK
NMM, e npAMOKYTHMM i BIMCaHWUM B KOJIO 3aA.aHoro pagiyca R. 3a Teopemoto MNidaropa |[MN|? + |PQ|? = 4R?.

R=4

Puc. 2
[Axcepeno: asmopcoka po3pobka

3agaua 3. laHo BUNYKAKI YOTUPUKYTHUK ABCD. Big Touok A i C BigknaaeHo Bektop d = TAl = C—Cl), aBig TOUoK B i
D BigKknageHo BeKTop b= BT?l = TD{ [JoBecTu, Wwo YoTMpuKyTHUK A, B C1 D1 Bunyknauii i pisHosenukunin 3 ABCD.

Po3s’asaHHs. MapanenbHe nepeHeceHHs NAOLWMHN Ha BeKTop d aiaroHanb AC 4oTupuKyTHUKa ABCD nepesoanTb y
ApiaroHanb A;C; YoTUpPUKYTHUKA A, B;C;D,. MapanenbHe nepeHeceHHA NIOWMHU HA BEKTOP b AiaroHanb BD 4oTUpPUKYTHMKA
ABCD nepesoauTtb y giaroHanb By D, yotupurytHuka A, B;C1D;.

OcKiibKn 4oTUPUKYTHUK ABCD Bunyknuii, 1o Touka O = AC N BD nepeTuHy 1oro AiaroHanein € BHYTPiWHbOW ANA
YOTMpPUKYTHUKA ABCD. MapanenbHe nepeHeceHHs 36epirae BiacTaHi, Tomy BignoBiAHI AiaroHani YoTUPUKYTHUKIB ABCD i
A1B,CyD; pisHi, Touka 0; = A;C; N B{D; nepetuHy piaroHaneh A,C; i B;D; € obpasom Toukm O = AC N BD npu ob6ox
napanesnbHuUx nepeHeceHHAX. Tomy TouKa O, € BHYTPILIHbOIO A7 YOTUPUKYTHUKA A1 B1C1D;, @ OTXKe, YHoTUPUKYTHUK A1 B;C1D; €
BUMYKAUM.

OCKi/IbKM napanesbHe NEepPeHeceHHA KOXHY NpsMy NepeBoAWTb Yy napanesbHy npamy abo camy B cebe i 36epirae
BiZiCTaHi, TO AjaroHani YoOTMPUKYTHMKIB PiBHI i PiBHI KyTU MiX AiaroHanamu. Bpaxosyoun Te, W0 NaoLLa BUNYKAOr0 YOTUPUKYTHUKA
MorKe ByTM obumncieHa AK NiBLOOYTOK AOBMKMH AjaroHanen i cMHyca KyTa MiX HUMW, pOBMMO BMCHOBOK NPO PiBHOBENUKICTb
YOTMPUKYTHUKIB.

Puc. 3
Jxrepeno: asmopcbKa po3pobka

4. lomoTeTiA — YaCTKOBUIT BUNaAoK gunaTtauii
Fomomemiero naowuHu 3 ueHTpom C i KoediuieHTOoM m # 0 Ha3MBaAETbCA NEPETBOPEHHA MNIOWMHU, AKe Touui M

CTaBUTb Y BiANOBIAHICTb TOUKY M' TaKy, L0 BUKOHYETbCA BEKTOPHA PiBHICTb: W =mCM.
3 o3HayeHHA 6aummo, Wo npu m = 1 romoTeTiA € TOTOXHWM MepeTBOPEeHHAM, a Npu m = —1 — uUeHTpanbHO
CUMETpI€ElD. B peLwTi BUNaZKiB rOMOTETif HE € PYXOM.
Ffomortertis 3 ueHTpom C(c; d) i KoediuieHTom m B adiHHIN | NPAMOKYTHI AeKapTOBIK cucTeMi KOOPAUHAT 3a4a€TbCA
dbopmynamu:
x'=mx+ (1 -m)c,
{y’ =my+ (1-m)d,
30Kpema
{x’ = mx,
y' =my,
AKwo ueHTp C(0; 0) e no4aTKOM CUCTEMU KOOPAMHAT.
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Cnpasgi, Akwo C(c;d), M(x;y), M'(x’;y"), 10 M = x'=cy' —d), mCM = (m(x —c);m(y — d)) i 3 pisHocTi
CM' = mCM oTpUMyemo Gopmynu

{x’ —c=m(x—oc), {x’ =mx + (1 —m)c,

y' —d=m(y —d), y' =my+ (1 —m)d.

Nema 5. fomomemis 3 Koegpivienmom m # 1 nepesodume npamy, AKa He NPoxooumMe Yepes yeHmp 2omomemii, 8
napanensHy ili npamy, a npamy, Aka Npoxooums yepes yeHmp comomemii — e cebe.
DosegneHHs. Hexait [: Ax + By + C = 0 — 3agaHa npama, I’ — ii 06pas. Toai

l’:A-%x'+B-%y’+C =0< Ax'+ By'+ mC = 0.
3siaku L||I, akwo C # 0, To6TO NpAMa He NPOXOANTb Yepe3 NoYaToK KoopamHaT (ueHTp romorerTii) il = I, akwo C = 0.
Hacnipgok. lomoTeTia € annatauieto.
lfomoTeTifa Mae BNacTMBOCTi:
1) TlomorTeTia 3 KoediLieHTOM M € NepeTBOPeHHAM NoAibHocTi 3 KoeodiuieHTom k = |m|;
2) TomoTeTia € NnepeTBOPEHHAM NnoaibHocTi 1-ro poay;
3) TomoTeTia NepeBOAUTb KYyT B PiBHMI MOMY KyT, MapanenbHi NpAmi — B nNapanenbHi, a nepneHaMKynapHi — y
nepneHanKynapHi;
4) MNepeTBopeHHs, obepHeHe A0 romoTeTii 3 KoedilieHTOM M, € rOMOTeTi€lo 3 KoedilieHTOM % i TUM Ke ueHTpom;
5) TomoTeTia Koo NepeBoguTb y KO0, NPUYOMY 06pa3om Koa, LLEHTP AKOro 36iraeTbcs 3 LLEHTPOM rOMOTETIi, € KONO,
KOHUEHTPUYHE 3343aHOMY.
Bci ui BnactMBOCTI roMoTeTii eNeMeHTapHO aHaNiTUYHO OBrPYHTOBYIOTLCA 3 BUMKOPUCTAHHAM GOPMY/a romoTeTii 3
LEHTPOM Y MOoYaTKy KOOpAMHaT.
3ayBaXMMO, WO L BAACTUBOCTi IEFKO OBIrpyHTOBYIOTbCA, BUKOPUCTOBYHOUM POPMY/IM FOMOTETIi 3 LLEHTPOM B MOYATKY
KOOpAMHaT.
Nema 6. Komno3suuyis 0sox 2comomemit, AKi 8iOMiHHI 8i0 pyxy i Marome pi3Hi ueHmpu, € NapanenbHUM nepeHeceHHIM,
AKWO KoegiyieHmu 2omomemili 83aeMoobepHeHi, i 2omomemieto -- 8 IPOMUIEHHOMY 8UMAOKY.
[JoBeneHHs. Hexali 3agaHo agi romoTeTii h; 3 ueHTpamu O; i KoediuieHTamm m; # 1,1 = 1,2, npudomy LEHTP OAHIE 3
HUX 36iraeTbca 3 No4aTKOM KOOpAUMHAT. ToAj BOHM 3a4at0TbcA GopMynamu:
b {9? =m,x, ) {x’ =myx + (1 —my)a,
Y =my, Py =myy + (1-my)b,
x' =mmyx + (1 —my)a,
y' =mymyy + (1 —my,)b.

0,(a; b);

f=hyoh: {
3 ocTaHHix ¢opmyn BugHO, wo f npu mym, =1 € napanesbHUM NEPeHeceHHAM Ha  BEKTOp
$ = ((1 —my)a; (1 —my,)b), anpu mym, # 1 romorterieto 3 ueHtpom C(cq; ¢,), Ae

{(1 —mymy)c; = (1 —my)a,
(1 =mymy)c; = (1 —my)b,

TOo6TO
1-m,
R ——
_ 1—-m,
2= 1-mm,

Nemy posegeHo.
Teopema (03HaKa romorerTii). [TfepemeopeHHs NAouUHU, 3a0aHe hopmynamu:

x' =mx + ¢4,
, ne m=1,
y' =my+c,,
€1, C
1-m’1-m
LlosedeHHs. Cnpasgi, 3a4aHi GOpMyIM MOXKHA 3anumcaTu y BUrNsay

€ eomomemito 3 yeHmpom C ( ) i KoegpiyieHmom m.
C1
x'=mx+ (1—m)1—,

’

y' =my+(1-m)

C2
1-m’

. . C C; . -
B AKUX MU BNISHAEMO FOMOTETIIO 3 LEHTPOM Cc (—1 H —2) 1 KOE(bILI,IEHTOM m.

1-m’1-m
Teopema 3. MHoxwuHa H. 8cix 2comomemili naowuHu 3i cninbHUM yeHmpom C pasom 3 onepayiero «Kommnosuuyis
rnepemeopeHb» ymeopoioms KOMymamueHy 2pyny.
[oBeneHHsA. PO3rnsHEMO MHOMKMHY BCiX romoTeTil 3 ueHTpom O, siky Bubepemo 3a novatok koopauHat NACK. Hexalt
f1 — romorterTis 3 KoediuieHTOM M4, f, — romoTeTia 3 KoediuieHToM m,. ToAi MatoTb micLe dopmynu:
_{x’ =mx, _{x' = myx,
Ry =my, T2y = myy.

Jlerko 6aunTH, WO 3rigHO 3 03HAKOK rOMOTETII 32 aHaNITUYHMM 33A4aHHAM KOMMO3ULisa

f=fiefo=foofii{

"= mymyx,

X
I —
y =mimyy,
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€ romoreTieto 3 KoediuieHTom m = m;m,. ObepHeHe nepeTBopeHHa Ao h(0, m) € nepeTBOpPeHHA h?! (0,%). Cnpasgij,

1

x'=m-—x, ¥ = x

hoh™l=h"1oh: m @hoh‘lzh‘loh=e:{, ’
1 y' =y

Yy =m~gy,

OT)Xe, MHOXMHa YCiX TOMOTETIl 3i CMiJIBHUM LLeHTPOM YTBOPHOE KOMYTaTUBHY rpyny.

O3HaueHHA. [1Bi ¢irypu, sKi nepeBogATbCA O4HA B iHWY AESKOK rOMOTETIEND, HA3UBAKOTLCA 20MOMeMUYHUMU.

Hanpuknag, AABC i AA;B,C,, ae A, — cepeavnHa BC, B; — cepeguna AC, C; — cepeaunHa AB, romoTteTnyHi. Nepwui
nepeBoAUTLCA B APYIN FOMOTETIEI 3 LeHTpOM G, AKUI € TOUKoto nepeTuHy megiaH AABC i koediuieHTom m = —%. fomorTeTis 3

KoedilieHToOM m = —2 i TUM Xe ueHTpom nepesoguntb AA;B,C; B AABC.

EbeKTUBHICTb 3acToCyBaHHA rOMOTeTii B 33ajavax Ha AOBEAEHHA AEeMOHCTPYITb HAcTynHi NMpuUKAaauM AosefeHb
KnacuyHux dakTis (Teopem).

3agaua 4. [joBecTu, WO 414 A0BIbHOrO TPUKYTHMKA TOUKA NepeTuHy megiaH (LeHTp mMac, LeHTpoia), TouKa nepeTuHy
BMCOT (OPTOLLEHTP) i LEHTP ONUCAHOro HAaBKOO TPMKYTHMKA KOAA JieXkaTb Ha OAHil npamilt (npama Oinepa). LeHTpoig ainntb
BiAPi30K, L0 3'€AHYE OPTOLLEHTP i LLEHTP ONMCAHOro KoMa Y BigHOLWeHHI 2:1.

OosepneHHs. Hexalt ABC — 00BiNbHUI TPUKYTHUK, G — 1A0r0 LLeHTp mac, H —opToueHTp, O — LLeHTp onucaHoro Kona. AKwo
ABC — piBHOCTOpOHHIl, To G = H = 0. B upomy B1naaKy Kono Oinepa He BU3HAYEHE.

Hexalt ABC — TPUKYTHUK HenpasuabHMiA. Toai Toukn G, H, O — pi3Hi. FomoTeTia h 3 ueHTpom G i KoediujieHTom m = —;

TpuKyTHWK ABC nepesoanTb y TpuKyTHUK A'B’C’, BeplunHamMm AKOro € cepeauHm CTOPiH AaHOro TPMKYTHUKA. OCKiNIbKM romoTeTis

36epirae KyT MiK NPAMUMMM, TO BUCOTM TpuKyTHUMKa ABC nepexoaaTb y BMcoTM TpukyTHuka A'B'C’, aki € cepeamHHumun

nepneHAuKyAApamMu 4o CTopiH TpuKyTHWUKa ABC. Omxe, h(H) = 0, h(G) = G. Ockinbku H i O -- BiANOBiAHI TOYKM Npu romoTeTii
== 157 5. . . . . - - . o

h 3 ueHTpom G, T0 GO = -3 GH. 3BigKku cniaye KoniHeapHicTb (HaneXxHicTb oAHiN npamii) Toyok G, 0 i H, wo 11 BUmaranocb

[OBECTU.

Puc. 4
[xcepeno: asmopcoka po3pobka

3apaua 5. [loBectu, WO AN AO0BINBHOMO TPUKYTHWKA CepeanHU MOro CTOPiH, OCHOBM BUCOT i cepeamHn Biapiskis, AKi
3’egHYI0Tb OpToLeHTp H 3 BeplmMHamu, nexaTb Ha ogHoMmy KoAi (Koo Oinepa abo Kono AEB’ATM TOYOK), LLEHTP AKOro €
cepeamHoLo Biapi3Ka 3 KiHUAMM B OPTOLLEHTPI i ueHTpi O oNMCcaHOro HaBKOI0 TPMKYTHMKA Kona, sikwo O = H.

[oBefeHHA. AKWO TPUKYTHUK MPaBUAbHUA, TO NerKo J0BECTW, WO B LbOMYy BMMAAKy Konom Oinepa byae Koo,
BMNUCaHEe B Le TPUKYTHUK.

Hexalt ABC — TPUKYTHWUK HenpaBwabHUM, G — 1ioro ueHTp mac, H — optoueHTp, O —LEeHTp, oNMCcaHOro HaBKO/MO

TPUKYTHUKA KOAa. 3rigHO 3 AoBeAeHHAM nonepeaHbOro TBepAXeHHA Npu romoTeTil h 3 LEeHTPOM Gi KO@d)ILI,IGHTOM m= _E

o6paszom Toukn H € Touka 0, sika € opToLeHTpoM TpukyTHMKa AA'B’'C’ = h(AABC). O6pasom Toukmn O € Touka O’ — LeHTp Kona
', oNMcaHoro HaBKkono TpuKyTHUKa A'B'C’, anHomyG—O; = —% GO. Toai 0—0; = ﬁ, T06T0 O’ — cepeaunna Bigpizka OH. Kono
', onncaHe HaBKoaO TpuKyTHUKa A'B'C’, € obpa3om Kona w’, onncaHoro HaBkono TpuKyTHUKa ABC npu romortetii h , oro
paaiyc r’ piBHMI1 NONOBKHI padiyca 1 Kona w, ONUCAHOro HaBKOMO TPUKYTHMKA ABC. Ockinbku Touka 0'--cepeamHa siapiska OH,
TO BOHa piBHOBIAAaNeHa Bif 0pToroHanbHMX npoekLiin A’ i A; Touok O i H Ha cTopoHy BC. Tomy 4; € w'.

AHanoriyHi MipkyBaHHA NPUBOAATbL 40 BUCHOBKY, WO By € w' i C; € w'. Mpw romorerTii h; 3 ueHTpom H i KoediuieHTOM
m= % Touka O nepexoanTb B Touky O', a Kono w B Kono w'. Toai Toukn A, B, C, WO HanexaTb @ NepexoaaTb B TOUKM, WO €
cepeamHamu Bigpiskis HA, HB, HC signosigHo. Mpu usomy 0G: GO': O'H = 2:1: 3. TeepasKeHHs A0BeeHO.

MPONOHYEMO YNTayeBi CAMOCTIMHO, BUKOPUCTOBYIOYM FOMOTETIO, LOBECTHU, LLLO YeHMP Kos1a 0e8’imu mo4OK Aexume
Ha npamil Olinepa i € cepeduHor0 8iOpPi3Ka, AKUl 3’°€OHYE opmouyeHmp i UeHmp onuUcaHo20 Kod.
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Puc. 5

[epeno: asmopcbKa po3pobka

3apaua 6. [loBecTy, WO ANA A0BINIBHOMO TPUKYTHUKA TOYKM, CUMETPUYHI MOro OPTOLLEHTPY BiAHOCHO CTOPIH TPUKYTHUKA,
nexaTb Ha KoJli ONMCAHOMY HaBKOJIO TPUKYTHUKA.

JosepneHHs. 1cnocib. Bpaxyemo mipKyBaHHS, fAKi BUKOPUCTOBYBA/IMCb NPU AOBEAEHHI ABOX NOMEPeHiX TBEPAMKEHD, i
BMKOPWUCTAEMO Ti cami no3HauyeHHsA. Hexah ABC — f0BinbHUIA Pi3HOCTOPOHHI TPUKYTHUK, G — MOro LEeHTp mac, H — opToueHTp,
O — LLeHTp, ONMUCAHOTO HABKONO TPUKYTHUKA Kona w, Hy,H,, Hz — TOUYKM cumeTpuyHi Touui H BiZHOCHO CTOPIH TPUKYTHUKA.

Ockinbku (OH, 0') =1=(HH,, B;), To O' B;— cepeaHs niHia TpukyTHnka OHH,, 10610 OH, = 2 0'B; = 2r' = r. AoTxe,
H, HanexuTb Kony w . AHaNOrivHO MipKytoum, fosBoamMmo, wo Hy i H, HanexaTtb w. TBepaXKeHHA f0BeAeHO.

3ayBaXKMMO, LLLO KOJIU TPUKYTHUK NPaBUAbHWUIA, TO Koo Olinepa € KOJIOM, BIMCAHUM B TPUKYTHUK.
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Puc. 6

[epeno: asmopcbKa po3pobka

5. Fpyna gunarauiii nhowmHu

Teopema 5. Komno3uyii 2comomemii, 8iOMiHHOI 8i0 MOMOXHO20 nepemeopeHHs, i NapasnenbHo20 nepeHeceHHs, a
MAaKOMC NMapasnenbHo20 nepeHeceHHA i 2comomemii, 8iOMIHHOI 8i0 MOMOM(HO20 NMepemeopeHHs, € 20MOMeMIE 3 MUM e
KoegiyieHmom i Hosum ueHmpom. [lpama, 8U3HAYEHA UeHMPamu uyux 2omomemili, napanenbHa 6eKMopy nepeHeceHHs.
Fomomemis i napanenbHe nepeHeceHHs HE KOMymyome.

[JoBeneHHA. Hexall h — romoTeTis 3 LeHTPOM B NoYaTKy KoopauHat O i KoedilieHTOM Mm; p — NapanesibHe NepeHeceHHs
Ha sekTop S = (a; b). Toai

h_{x’ = mx, p:{x =x+a,

Wy =my, Ty =y+b;

=
Il

a
mx+a=mx+(1—m)1T,

m a b
poh: b Ci(fif)'
my+b=my+(1—m)m, I-m'1-m

<
Il

x”=mx+ma=mx+(1—m)ﬂ
1-m’ (ma mb )
; .

hop: _—
P 17 mb 1-m ’ 1-m
y'=my+mb=my+(1-m)——,
1-m
06uagi komnosuuii, AK 6aunumo, € romoTeTiamu 3 LeHTpammn C; i C, BignosiaHo. Ockinbku m # 1, Top e h # h o p.
- — - .
Pazom 3 umm C,C; =S, a oTxe, Bektop § = (a; b) € BekTopom Hanpsamy npamoi C; C,. Teopemy foBeseHO.

Teopema 6. MHoxuHa D, Aka micmume eci 2comomemii ma napanenbHi rnepeHeceHHA MAOWUHU, BK/Yardu

rnepeHeceHHA Ha Hyb08Ul 8eKMOP, PA30M 3 ONEPAYIED KKOMIO3UYiA NepemeopeHs» ymeoproE HEKOMYyMamueHy 2pyry.

80



®dizuko-matematnuHa ocsita / Physical and Mathematical Education Tom 41, Ne 2 / Vol. 41, No 2 (2026)

[JoBeaeHHA. MoKaXKemo, WO onepaLia «KOMMNO3WLIA NepeTBopeHb» € BiHapHOW anrebpaiyHoto, TO6TO 3aMKHEHO Ha
MHOXWHI D. Bpaxosytoun Teopemy 1 i nemy 6, 4OCUTb PO3FIAHYTU KOMNO3UL,iItO IBOX FOMOTETIM 3 PISHUMM LLEHTPaMM.
Hexaih hy i h, — romoreTii 3 KoediuieHTamn my Ta m, i ueHTpamun O Ta C BigNOBIAHO. Y NPAMOKYTHIW LeKapToBii
cucTemi KoopanHaT 3 noyaTkom O BOHM 3a4atoTbea GopMmynamu:
W x'=mx, | (x' =myx+ (1 —-my)a,
Uy = ' =mey + (1 —myb
y =myy, Yy =mpy mz)D.
Toai

{x’ =mymyx + (1 —my)a = mymyx + (1 —mymy)ay,
hz o h'l: ’
Yy =mympy + (1 —my)b = mymyy + (1 — mymy)b;.
OyesudHO, W0 OCMAHHI hopMYsIU 8U3HAYAIOMb 20MOMemMIto 3 KoegiyieHmom m = mym, i yeempom C,(aq; by), Oe
1- m, 1- m,
a =————a, = —
1 1-— mym, 1 1-— mym,

Hacnipgok. MHoxuHa H 2omomemili 3i cnineHUm yeHmpom € nidepynoto epynu dunamayid.
Nema 7. Ceped nepemsopeHs NodibHocmi 2-20 pody He icHye dunamayil.
[JoseaeHHs. MpunycTnmo, Lo iCHYe NepeTBopeHHA NoAibHOCTI 2-ro poay, AKe € gunarauieto. To4i Moro popmynm maioTb
3araibHUI BUTNAL:
{x’ =kxcosa + kysina + xq,
y' = kxsina — ky cosa + y,.
PosrnaHemo npoobpas l': Ax’ + By’ + C = 0. li pisHAHHA mae Burnag,
l: A(kx cosa + ky sina + x3) + B(kxsina — kycosa +yy) + C =0,
l:k(Acosa + Bsina)x + k(Asina — Bcosa)y + (Axy + By, + C) = 0.
Npsami !’ i [ napanenbHi abo cnisnagatoTb, AKLLO
k(Acosa +Bsina) k(Asina —Bsina)
A - B
10670 KoM AB cos a + B? sina = A% sina — AB cos a,
2AB cosa = (A? — B?) sina
i Lle Ma€e BUKOHYBATUCh A8 A0BiINbHOT Napu A, B Takoi, wo A% + B% = 0. Ane npu B = 0 maemo sina = 0, a npu A = B maemo
cosa = 0, Lo 0AHOYACHO HEMOXKANBO. TaKMM YNHOM, OTPUMANK CYyNepPeYHICTb, AKa 3aBePLIYE AOBEAEHHA NeMU.
Teopema 7. Akwjo f — dunamayis naoujuHu, mo f abo momosHe nepemesopeHHs, abo napanesnsHe nepeHeceHHs, abo
2omomemis.
[JoBeneHHs. Hexall f — gunatauis naowmHK. 3rigHo 3 nonepesHbo 1eMOI0 f € NepeTBOPEHHAM noaibHocTi 1-ro poay.
Topi BOHO 3afa€eTbca dopmynamm

)

f:{x’ = kxcosa — yksina + xg, k>0

y' = kxsina + yk cosa + y,.
Po3rnsHemo posinbHy npamy I': Ax' + By’ + C = 0iii npoo6pas [ npu nepetBopeHHi f:
l: A(kcosa —kysina + x,) + B(kxsina + kycosa + y,) + C =0,
k(Acosa+ Bsina)x + k(Bcosa — Asina)y + (Axy + By, + C) = 0.
Mpami lil' e napanenbHumm abo I = I, akuwio
k(Acosa + Bsina) k(Bcosa —Asina)

A B
3BiaKK
ABcosa + B?sina = AB cosa — A% sinq,
(4% + B?) sina =0,
sina = 0.
Topi cosa = +1 i popmynu HabysatoTb BUrNALY
x" = kx + xy, {x' = —kx + x,,
: 6 :
h {y’ —ky+yo 20 Sy = —ky 4y

Akwo k = 1, To f; € napanenbHUM nNepeHeceHHAM Ha BeKTop § = (Xg; Vo), @ f2 € LEHTPANbHOK CUMETPIEID 3 LEHTPOM

()

AKwo k # 1, To maemo romoTeTito 3 KoedilieHTom m = tk, OCKinbKK

f_{x’=kx+(1—k)a, gz X0 po Yo
ly'=ky+ (1 —-k)b, T1-k’ T1-k’
x'=—kx+ (1+k)a, X Yo
el S
y'=—ky+ (1+ k)b, 1+k 1+k

Teopemy fosefeHo.

HaBepemo npukiaam 3actocyBaHb NepPeTBOPEHb 3 rPYNu AnaaTalliin 40 po3B’A3yBaHHA 3aJaY.

3apgaua 7. Yum € TMT naowuHu, AKi € cepeduHamu 8i0Opi3Kie, y AKUX OOUH KiHeuyb 3Haxo0umeca y 3a0aHili moyyi, a
iHwuli — Ha 3a8aHOMYy Kosli.

Po3B’a3aHHA. LLykaHe TMT € 06pa3om 3afaHOro Kosaa npy romoTeTil 3 LeHTPOM Yy 334aHii Touui i KoediuieHTom 0,5.
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Tomy BOHO € KOJIOM, B A,Bi4i MEHLIOr0 pagiyca, Moro LLeHTPOM € cepeamHa Biapi3Ka, AKMIN 3’ €4HYE 3a4aHy TOUKY i LLeHTp 3a4aH0oro
Kona.

MigTBEPAKEHHAM TAKOTO BUCHOBKY € PO3B’A30K L€l 334a4i METOA0M KOOpAMHaT.

Puc.7
[cepeno: asmopcoka po3pobka

3apaua 8. Hexali ABC — dosinbHuli mpukymHuk, G — lio2o yeHmp mac (moyxa nepemury mediaH AMy, AM,, AM3). Yum

013 mpukym+uka ABC € 06pa3 npamoi |, aka micmume sucomy AA,, npu 2omomemii 3 yeHmpom G i KoegiyieHmom m = — %?
Po3B’azaHHA. Mpwu uin romotetii GA' = —é GA: A - M; (3a snactusictio megiaH), AAq - M;A’, ne M;A' L BC,

OCKiNbKM Npy romoTeTii 06pasom NpaAmMoi € Npama, napasnensHa AaHii, 1o 3 AAy L BC sunavsae My A’ L BC.
Npama M;A’ npoxoautb uepes cepeauHy [BC] i omy nepneHaukynapHa. Omxe, M;A' — cepeauHHwii
nepneHanKynap.

[

Puc. 8
[epesno: asmopcbKa po3pobra

3apaua 9. BUKOpMCTOBYHOUM TOMOTETItD, AOBECTU, WO BUCOTU TPUKYTHMKA NEPETUHAIOTLCSA B OLHIN TOuUL,.
Posg’a3aHHA. Hexaih ABC — poBinbHUI TpUKYTHUK, AAg, BBy, CCy — ioro mepianu, a AA;,BB{,CC; — Bucotu.

Po3rnsHemMo romoTerTito h 3 LLeHTPOM B TOULL NepeTUHY MefiaH G TPUKYTHUKA | KoedillieHToM m = — - Mpy ubomy nepeTsOpeHHi:
A ABC - A AyByCy,

Bucota AA; nepeiige 8 npamy AyA’||AA;. Ockinbkn AA; L BC, 10 AgA’ L BC. Otke, AgA' — cepeMHHUI NepneHauKynap Ao
cTopoHu BC. AHanoriyHo MOsKHa NoKasaTu, wo sucotm BB, i CCy npu gaHint romoTertii nepneHamkynapHi BoB' i CoC'. Ockinbkm

cepeauHHi NepneHAMKYNAPM NepeTUHalTbCA B OAHIM Todui O (UeHTpi onucaHoro Kona), TOo 1 Npoobpasu LMxX NPAMUX
nepeTuMHaoTbCA B Touli H.

Puc.9
[repesno: asmopcbKa po3pobra
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3apaua 10. Yepesz mouky nepemuHy OiazoHaneli mpaneuii 3 ocHosamu a i b napanenbHo 00 0CHO8 MPOB8EOEHO NPAMY,
2ab

AKa nepemuHae 6iyHi cmopoHu 8 moukax M i N. losecmu, wjo MN = P
Po3B’A3aHHA. Hexall B NpAMOKYTHI AeKapToBii cuctemi koopanHaT Ry = 0;5

|OoC| = b (aus. puc. 10).
) - b .
PosrnaHemo romorTeTito h 3 koediljieHTom m = — | ueHTpom 0, T0670

; 3apaHo Tpaneuito 0ABC, e |AB| = a,

, b
x' = X,
h: a+b
: o b
Y T arb”
Ockinbkn A OMK romotetnuHmii A OAB, To 3rigHo 3 BNacTMBOCTEN rOMOTETIi
— b —,
MK = AB,
a+b
ssigkn |[MK| = — |AB| —5 Ananoridto |[KN| = bb Takum unHom, |[MN| = —zjl;_

i z ; %

Puc. 10
[epesno: asmopcbKa po3pobka

3apgaua 11. Akwo 0si mpaneuii, wo maroms crinbHy 0cHo8y, No0ibHI, Mo ix criAbHA OCHOBA € cepedHiM 2eomempPUYHUM

080X iHWUX OCHOB8 Yux mpaneuid.
Po3g’A3aHHA. Hexall B NPAMOKYTHI AeKapToBili cucTemi KoopamHat 3agaHa Tpaneuia OABC, 0(0;0), A(u;h),

B(u + a; h), C(b; 0). NpoBeaemo I'IpFIMV MN napanenbHo ocHosam OABC Tak, wo |[MN| = +vab. Ockinekn M € OA, N € BC, 10

Vb Vb Vb " .
M(‘/_Jﬂ/_ v ) (\/ +\/_+\/_ \/_h/_h) Mokaxemo, wo Tpaneuii OMNC i MABN romoTeTuuyHi. PosrnaHemo

romoTeTito
\[ \/_ +\/_
\f \/_ +\/_
Togi
(BB , 75
h0) = 0’ (Frpuarmh) = M, h(C©) =C (‘/_+r+f ) =N,
_(\a . Va EN e
hM) = M (4 o T + T h) = A ),
h(N) = N'(a + u; h) = B, 10610 h(OMNC) = MABN.
OTXe, MW [0Benu TaKe TBEPAXKEHHA: MPAMA, WO napanensbHa OCHoeam mpaneuii i dopisHioe cepedHbomy

2eomempuyHoOMy 008HCUH OCHO8 uiei mpaneuii, po3busae mpaneuito Ha 08i No0di6Hi mpaneui.
a=4

o &
Puc. 11
[epeno: asmopcbKa po3pobka
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BMUCHOBKM TA NEPCMEKTUBM NOAANBLUOIO AOCNIAXKEHHA

Y cTaTTi po3rnAHyTO AMNaTaLi NIOLWMHM AK Nigrpyny nepeTBopeHb NoAibHocTi. MpoaHanizoBaHo iX OCHOBHI BNACTUBOCTI

Ta iHBapiaHTW, a TaKOX BCTAHOBNEHO B3AEMO3B'A30K MiX AMNaTaLiAMKM, TOMOTETIAMM Ta NapanenbHUMW nepeHeceHHAMMU
nnowwmHK. MokasaHo, Lo AnnaTaLii yTBOPIOKOTL Fpyny reOMeTPUYHUX NepeTBOPEHb Ta MOXKYTb bYTH epeKTMBHO BUKOPUCTaHI Npu
DOCNIAXKEHHI BNacTUBOCTEN reoMeTpuyHuX diryp i po3s’asyBaHHi 3agau.

OTpuMaHi pe3ynbTaTh MOXYTb BYTM BMKOPMUCTaHi y BMKNAZAHHI aHaNiTUYHOT reoMeTpii y 3aKnagax BMLLOI OCBiTH, a

TaKOMX Y WKiNbHOMY Kypci reomeTpii, 30Kpema nif Yac GpakynbTaTUBHMX 3aHATb Ta NYPTKOBOI po60TH. MepcnekTUBO NoAaNbLUMNX
[OCNiOKEHb € PO3LWMPEHHA PO3rAAAY NiArpyn NepeTBopeHb NOAIGHOCTI Ta iX 3aCTOCYBaHHA Y METOAML HAaBYAHHA reomeTpii.

KOH®IKT IHTEPECIB

ABTOpWU NiATBEPAKYHOTb BiACYTHICTL iHAHCOBMX, OCOBMUCTMX UM iHLIMX iHTEPECiB, WO MOXKYTb PO3rNA4aTUCA AK

NOTEHUiMHMI KOHOAIKT iHTepeciB Wwoao nybnikauii uiei cTaTTi.

OXEPENA ®IHAHCYBAHHA

PoboTa BMKOHaHa 3a BigcyTHOCTI GiHAaHCOBOT NiATPUMKM 3 BOKY ByAb-AKMUX OpraHisauii.

AOCTYNHICTb AAHUX

Lle TeopeTnyHe focnigkeHHA He nepenbayvyae BUKOPUCTAHHA 404aTKOBMX Habopis AaHMX.

BUKOPUCTAHHA 3ACOBIB LUTYYHOTIO IHTENEKTY

IHCTPYMEHTU WITYYHOTO iHTENIEKTY HE BUKOPMCTOBYBA/IMCb NPWU HANUCaHHI L€l poboTu.
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AHOTALIA ABSTRACT
@PopmyniosaHHA npobnemu. Y cmammi po3anadaemoca Formulation of the problem. The article addresses the
npobaema mpaHcgopmayii domauwHix 3080aHb 3 problem of transforming homework in mathematical analysis in

MAMeMamuyHo20 aHAsI3y 8 YMOBAX WUPOKO20 BUKOPUCMUAHHA
cucmem  WMY4YHO20 iHMenekmy, 30aMHUX a8MOMAMUYHO
BUKOHY8aMU 3HQYHY YGCMUHY QA20PUMMIYHUX MaMeMamu4HuUX
onepayili. BUHUKQE cynepe4yHicme Mix OUOAKMUYHOK Memor
OOMAWHIX 3a800Hb | MOXAUBICMIO iX hOPMATbHO20 BUKOHAHHA 63
3any4eHHA  KozHimueHoi  disneHocmi  cmydeHma. Memoto
docnidxeHHnA € 0brpyHmysaHHaA nioxody 0o opaaHizayii domMmawHix
30800Hb HO OCHOBI BPAXYBAHHA KO2HIMUBHOI cKAadHocmi 3aday i
cmyneHA iXx aemomMamu308aHOCMI, 0 MAKOX eKcrnepumMeHmasnsHa
nepesipka lio2o epekmusHocMi.

Mamepianu i memoodu. [ocnidxeHHsa nposodunoca y ¢Gopmi
nedazoeiyHo20  eKcriepumeHmy 8 ymMoeax OucmaHyiliHo2o
HaBYaHHA cmydeHmis 2 Kypcy nedazozi4Ho20 yHigepcumemy nio
4ac susyeHHA memu « PyHKYii 6a2ambox 3MiHHUX». Y 00CniOmeHHI
831U y4acme 8 cmydeHmis. OuyiHo8aHHA 30ilicHIo8an0cA 3a
MpbOMa MOKA3HUKAMU: MPasusbHiCMb po36’A3aHHA, MOACHEHHA
ma eepugpikayia pesyasmamy (makcumym 30 6anie 3a mecm).
BudineHHs nidepyn 30ilicHI08AA0CA HA OCHOBI xapakmepy
HasyanbHoi dianeHocmi cmydeHmis. 3anponoHosaHuli nioxio
nepedbayae  BKAOYEHHA  0608°A3K08020  MOACHKBA/LHO-
sepuikayiliHo2o KOMNOHeHMy Ma BUKOPUCMAHHA 3a0aY Pi3HUX
munie 3a cmyneHem aemomamu308aHoOCcMi.

Pesyabmamu. Pe3ynsmamu eKcriepumeHmy MoKasanu, ujo Ha
noyamkosomMy emani pieeHo nidzomosku cmydeHmie 6ye
6ausbkum (48-50%). Y npoueci HasYaHHA criocmepieaemoscs
3pocmaHHA pe3ysemamie e o6ox nidepynax, 00HaK Ginbw
supaxeHa  OuHamika  3aghikcosaHa y  cmydeHmis,  AKi
cucmemMamuy4Ho peasi3osysanu MOACHHBAMAbHUL  KOMIOHeHM:
niocymKosi pe3ysemamu cmaHosunu 8idnosioHo 77% npomu 62%.
BcmaHo8seHo, Wo 0CHOBHI 8iOMiHHOCMI MiX Nid2pynamu noe’a3aHi
He 3 npasunbHicmio ob4yucsneHs, a 3 pisHem cghopmosaHocmi
noAcH08anbHOI ma sepudikayiliHoi disabHocmi.

BucHoskKu. 3pobneHo BUCHOBOK, wo BK/OYEHHA
M0ACHI08A1bHO20 KOMMOHEHMY 3MIHIOE XapaKmep KO2HIMueHoI
disnbHocmi cmydeHmis, Nidsuwye Ko2HIMUBHY cKnadHicme 3aday i
3HUMCYE MOMCAUBICMbL IX (hOPMAbHO20 BUKOHAHHA 3acobamu
wmy4yHo20 iHmenekmy. 06rpyHmosaHo doyinbHicme
mpaHcgopmayii doMmawHix 3a80aHb HA OCHOBI MOEOHAHHA PIZHUX
munie 3a0a4 3 ypaxy8aHHAM iX a8MomMamu308aHOCM.

the context of the widespread use of artificial intelligence
systems capable of automatically performing a significant
portion of algorithmic mathematical operations. This creates a
contradiction between the didactic purpose of homework and
the possibility of its formal completion without engaging
students’ cognitive activity. The aim of the study is to
substantiate an approach to organizing homework based on the
cognitive demand of tasks and the degree of their automation,
as well as to experimentally verify its effectiveness.

Materials and methods. The study was conducted as a
pedagogical experiment in a distance learning environment with
second-year students of a pedagogical university during the
study of the topic “Functions of Several Variables.” The sample
included 8 students. Assessment was carried out using three
indicators: correctness of solution, explanation, and verification
of the result (maximum score — 30 points per test). Subgroups
were identified based on the nature of students’ learning
activity. The proposed approach involves the inclusion of a
mandatory explanatory and verification component and the use
of tasks of different types according to their level of automation.

Results. The results of the experiment showed that at the
initial stage the students demonstrated a similar level of
preparedness  (48-50%). During the learning process,
performance improved in both subgroups; however, a more
pronounced increase was observed among students who
systematically implemented the explanatory component, with
final results of 77% compared to 62%. It was found that the main
differences between the subgroups were related not to
computational accuracy but to the level of development of
explanation and verification skills.

Conclusions. It is concluded that the inclusion of an
explanatory component changes the nature of students’
cognitive activity, increases the cognitive demand of tasks, and
reduces the possibility of their formal completion using artificial
intelligence systems. The study substantiates the feasibility of
transforming homework by combining different types of tasks
considering their level of automation.

K/TOYOBI C/IOBA: wmyyHuli iHmenekm; mamemamuyHuli
aHaniz; 0OMawHi 30800HHA; KO2HIMUBHA CKAAOHICMb, HABYAsbHI
3a0ayi; sepuchikayis,; NoOACHeHHs.

KEYWORDS: artificial intelligence; mathematical analysis;
homework; cognitive demand; mathematical tasks; verification;
explanation.
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BCTYN

Mpobnema opraHisaii 4LOMALLIHIX 3aBAaHb 3 MAaTEMATUYHOTO aHa i3y B YMOBAX LUMPOKOTO AOCTYNY A0 CUCTEM LUTYYHOTO
iHTenekTy HabyBae 0cobanBOi aKkTyanbHOCTI. TPaAULIMHO AOMALIHI 3aBAAHHA BUKOHYIOTb OYHKLIT 3aKpinieHHA HaBYasbHOroO
matepiany, GopmyBaHHA 0OUUCNIOBANBHUX HABUYOK i PO3BUTKY MATEMATUYHOFO MUCAEHHSA. MpoTe cyyacHi reHepaTUBHI cuctemm
LUTYYHOTO iHTENeKTy 34aTHi aBTOMATUYHO BMKOHYBATW 3HAUYHY YaCTUHY CTaHAAPTHMX MaTEMATUYHMX 33434, 30Kpema MnoB’A3aHuX i3
OnbepeHLLIIOBAHHAM, IHTErpyBaHHAM, AOCAIAXKEHHAM QYHKLiA TOWO. YHACNIAOK LLbOro BUHUKAE CYNEePeYHiCTb MidK AUAAKTUYHOO
METO0 AOMALLHIX 3aBAaHb | GAKTUUHOI MOMKAMBICTIO iX BUKOHAHHA 6e3 3a1y4eHHsA KOTHITUBHOI Aif/IbHOCTI CTyAeHTa.

Y UubOMy KOHTEKCTi 0c0b6/MBOro 3HauyeHHA HabyBae MUTAHHA NPO Te, AKi came HaBYa/bHi 3afauvi 36epiratoTb CBOKO
neparoriyHy WiHHICTb B YMOBaX BUKOPUCTAHHA LWITYYHOrO iHTENEKTY, i AK iX CTPYKTypa NOB’A3aHA 3 KOTHITUBHOM CKAAZHICTIO Ta
MO/IMBICTIO aBTOMaTU3aLii.

MaTemaTuyHi 3a4aui € KNIOYOBMM IHCTPYMEHTOM OpraHi3aL,ii HaBYanbHOI AisnbHocTi (Stein & Smith , 1998). Tomy aHani3
KOMHITUBHOT CKNAZHOCTI MaTeMaTUYHMUX 33434 € OAHUM i3 PyHAAMEHTANbHUX HaNpPAMIB AOCAigKeHb. Y KAacuyHux poboTtax
M. Stein Ta S. Lane AoBeAeHO, L0 XapaKTep MUCIEHHEBOI AifbHOCTI, AKY BUMarae 3agayva, besnocepesHbo BNAMBAE Ha AKICTb
HaBYaHHA: 3a/aui, OPIEHTOBAHI HA KOHUENTya/NbHE PO3YMiHHA Ta MipKyBaHHA, 3abe3neyytoTb rnbWi pesynbTat, HiXK 3agadi,
CNPAMOBAHI Ha BiATBOPEHHSA anroputmis (Stein & Lane, 1996).

CuctemaTusauia nigxoais 40 aHaNi3y 3aaay peanisoBaHa y pamkax Task Analysis Guide (TAG), skuii Knacudikye 3agavi
33 YOTMPMa PIBHAMM KOTHITMBHOI CKNaZHOCTI: memorization, procedures without connections, procedures with connections,
doing mathematics. Mopganbwi focnigKeHHA NiATBEPANKYIOTb 3HAYYLLICTb L€l Mogeni SiK OAHOro 3 OCHOBHWMX iHCTPYMEHTIB
aHani3y HaBYaZbHWUX 3aBAaHb Y MaTeMaTUYHIN OCBITI Ta NiAKPeCtoOTb il Pob Yy PopMyBaHHI AOCNIAHNLBKOTO MUCIEHHA YYHIB
(Hsu et al., 2023.).

Pasom 3 TM, pe3yibTaTh eMNiPUUYHNX AOCAIAXKEHb CBigYaTb, WO Y HAaBYabHIN NPaKTULi 4OMIHYIOTb 3a4a4i HU3bKOTO
KOTHITUBHOrO PiBHA, AKi OpiEHTOBAHi Ha anropuTMiyHe BiATBOPEHHA. Lle obMexKye MOXKAMBOCTI PO3BUTKY MaTeMaTUYHOro
MWCNEHHSA Ta 34aTHOCTI A0 aHani3y i y3arasbHeHHA. binble TOro, HaBiTb 3a4a4i NOTEHLINHO BUCOKOTO PiBHA MOXYTb BTpayaTu
CBOIO KOTHITUBHY LLiIHHICTb Y NpOLLeCi HaBYaHHSA, AKLLO iX BUKOHAHHA 3BOAMTbLCA A0 BiATBOPEHHA npoueayp.

MapanenbHO 3 UMM PO3BMBAETLCA HANPAM AOCNIAKEHb, NOB'A3aHWUN i3 BNAMBOM UMPPOBUX TEXHONOTI Ha HAaBYAHHA
MaTeMaTMKU. YKpaiHCbKi HayKOBLi NiAKPECNoTb, WO BUKOPUCTAHHA iHOOPMaLiMHO-KOMYHIKALIMHUX TEXHO/MOrN 3MiHIOE
XapaKTep HaBYa/IbHOI AiANbHOCTI, 30KPEMA NEPEHOCUTb aKLEHT i3 064YMCOBAIbHUX HAaBMYOK HA iHTEprpeTaLilo pesybTaTiB i
aHani3 (Tpuyc, 2010; Xanagak Ta iH., 2012). Y cyvacHMx ymoBax Ludposoi TpaHcopmaLyii OCBiTH Ui TEHAEHLIT NOCUAOOTLCA i
HabyBaloTb HoBUX popm (Bykov et al., 2022). 3okpema, gocnigkeHHa (Drushlyak et al., 2025) BKka3sytoTb Ha TpaHchopmaLito poni
OOMaLLHIX 3aBAaHb Y MaTeMaTUYHIl OCBITI Nig BNAMBOM LMOPOBUX TEXHOJIOTIN, LLO MOB’A3aHO 3i 3pOCTaHHAM MOK/IMBOCTEN iX
aBTOMATU30BaHOr0 BUKOHAHHSA.

Ocob1MBy posib Y Cy4aCHMX YMOBaX BifirpatoTb CUCTEMU LUTYYHOTrO iHTENEKTY, 30KPEMa Be/IMKI MOBHI mogeni, ki
aKTMBHO iHTErpytoTbCA B OCBiTHIK npouec. CyyacHi ornsagoBi [OCAIAMKEHHA CBiAYaTb, LLO LWTYYHWUIN iHTENEKT MAE 3HaYyHWM
NOTEeHLiaN Yy HaBYaHHI MaTeMaTUKKM, 30Kpema AK 3acib niaTpMMKKM iHAMBIAYaNi3aLii HaBYaHHA, reHepalii 3aBAaHb Ta PO3BUTKY
METaKOrHITMBHMX yMiHb (Hwang & Tu, 2021; Kasneci et al.,, 2023). BogHo4ac nigKpecntoeTbcs, Wo epeKTUBHICTb HOoro
BMKOPUCTAHHA 3aN1eXKUTb Bif, XapaKTepy HaBYa/IbHOI AiAnbHOCTI: LI moyKe BUCTYNaTh AK iIHCTPYMEHT MiATPMMKN MUCIEHHSA, ane
MNOro HEeKPUTUYHE BMKOPUCTAHHA 34aTHE NPU3BOAWUTM A0 3HMMKEHHA KOMHITMBHOI aKTMBHOCTI cTyaeHTiB (Chen et al., 2024;
UNESCO, 2023). Lle y3roasKyeTbca 3 pesynbTaTamu AocnigxeHHs (YkaHa et al., 2025), y AKOMy NoKasaHo, Wo epeKTUBHICTb
BMKOPUCTAHHA LWITYYHOrO iHTENEKTY Yy HaBYaHHI MaTemaTuKu 6e3nocepefHbo 3aNeXWUTb Bif, PIBHA 3a/y4eHHA CTyAeHTiB A0
npoueayp KPUTUYHOTO aHani3y OTPUMaHUX pe3ynbTaTis.

OKpemuii Hanpsm [AOCNiAKeHb MNPUCBAYEHMI aHaniy 34aTHOCTI Cy4aCHUMX MOBHWUX MoJAenel npautoBatv 3
MaTeMaTUYHUMM 33[434aMM PI3HOTO PiBHA CKNAAHOCTI. 30KpemMa, BCTAHOBJ/IEHO, L0 TaKi cucTemm epeKTMBHO BUKOHYHOTb 3a4adi
aNTOPUTMIYHOIO XapaKTepy, OAHAK AEMOHCTPYIOTb CYTTEBI OOMeXeHHA npu poboTi i3 3agavamu, WO noTpebyoTb
KOHLLeNTyanbHOro po3ymMiHHA abo nobyaosu cTpaTerii po3s’a3aHHsA (Sapkota & Bondurant, 2024; Frieder et al., 2023). EmnipuyHi
[OCNIAKEHHS NOKA3YoTb, WO CepeaHA TOYHICTb KnacudiKaLii KOTHITMBHOT CKIAAHOCTI 33434 CTaHOBUTb 6/1M3bKo 60%, Npuyomy
MoZeNi MatoTb TEHAEHLLIO A0 3MileHHA B 6iK 33434 cepefHbOro piBHA CKNAAHOCTI Ta AE@MOHCTPYIOTb TPYAHOLL NPW aHanisi 3agay
Tnny «doing mathematics» (Fox et al., 2026).

Kpim TOro, BCTaHOB/AEHO, WO Cy4YacHi Mogeni LWTYYHOro iHTENEKTy YacTo CNMPaloTbCA Ha MOBEPXHEeBi TEKCTOBI
XapaKTEPUCTUKM 33434, @ HEe Ha IMUBUHHWIA aHaNi3 KOTHITUBHMX NPOLLECiB, HEOBXIAHWX ANA iX PO3B’A3aHHSA, WO 06MEXKYE iX 34aTHICTb
00 afleKBaTHOI NeAaroriyHoi iHTepnpeTal,ii HaBYanbHUX 3aBaaHb (Fox et al., 2026; Frieder et al., 2023). Lle cBia4MTb Npo Te, WO, Nonpu
3HAYHI MOMKMBOCTI, LUTYYHUM IHTENEKT HE MOXe NOBHOLLIHHO 3aMiHUTU AiANbHICTb CTYAEHTa Y 33/1a4aX BUCOKOTO KOTHITUBHOTO PiBHS.

AHani3 cy4acHMX AO0CNiAKeHb O03BONSE 3pOOUTU BMCHOBOK MPO HasBHICTb 3B'A3KY MiX KOFHITMBHOIO CKNagHIcTio
MaTEeMATUYHMX 3334 | MOXKIMBICTIO iX aBTOMATU30BaHOIo PO3B’A3aHHA: 3a4a4i HU3bKOTO KOFHITUBHOIO piBHA, WO nepeabavatoTb
BiATBOPEHHA a/fIrOPUTMiB, HaMbiNbL NOBHO MiAAaOTbCA aBTOMATM3aLii Cy4aCHMMM CUCTEMAMM LUTYYHOTO iHTE/IEKTY; HAaTOMICTb
3a4a4i, AKi BUMaratoTb aHanisy, nobyaoBu cTpaTeriit Ta pedaeKcii, 3annwatoTbCa CKNaAHUMM AN aBTOMaTU3au,ii Ta noTpebytoTb
aKTUBHOI KOTHITUBHOT yYacTi cTyaeHTa. Lie CTBOPIOE NiArpyHTA ANA NePeoCMUCIEHHA POAi HaBYabHUX 3aBAaHb Y MaTEMATUYHIN
OCBIiTi Ta 0brpyHTOBYE HEObXiAHICTL PO3PO6KM TaKMX NiAXOAiB A0 OpraHisauii 4OMalwHiX 3aBaaHb, AKi 6 36epirann csoto
OUAAKTUYHY eDEKTUBHICTb B YMOBAX LUMPOKOrO BUKOPUCTAHHA WTYYHOrO iHTENEKTY.

MerTolo cTaTTi € TeOpeTUYHe OBIPYHTYBAHHA Ta eKCnepMmeHTanbHa NepesipKka KOrHiTMBHO-BepudiKaLiiHoro niaxoay
0,0 TpaHchopmaLii LoMaLLHIX 3aBAaHb 3 MaTEMATUYHOIO aHaNi3y B YMOBaX BUKOPUCTAHHA CUCTEM LUTYYHOTO iHTENeKTY Ha OCHOBI
BpaxyBaHHA KOFHITMBHOI CKNAaAHOCTI 3a4a4 i CTyneHA iX aBTOMaTU30BaHOCTI.

[Nna pocarHeHHa noctaBneHoi MeTu nepesbaveHo po3B’A3aHHA TakMX 3aBAaHb:

- MpOaHani3yBaTM Cy4YyacHi AOCNIAKEHHS LWOAO KOTHITMBHOI CKNAAHOCTI MaTeMaTM4YHMX 3343y i MOMKAMBOCTEN iX
aBTOMATU3aL,ii 3acobamu LITYYHOTO iHTENEKTY;
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- 06rpyHTYBaTH KNacudikalito HaBYabHMX 33434 3a CTyneHeM iXx aBTOMaTM30BaHOCTi;

- pO3pobUTK Ta peanizyBaTv METOAUKY OpPraHi3aLii AOMALUHIX 3aBAaHb Y KypCi MaTEMATUYHOrO aHai3y 3 ypaxyBaHHAM
3a3HayeHoi Knacuoikauii;

- eKcnepuMMeHTaNbHO NepeBipMTM BNIMB 3aNPONOHOBAHOrO MiAXOAY Ha Pe3ynbTaTh HaBYaHHA CTYAEHTIB.

METO/ZU AOCNIAMKEHHSA

JocnipxeHHa nposogunoca y dopmaTi NnefaroriyHOro eKCnepumeHTy B YMOBaX AUCTAHLIMHOIO HaBYaHHA CTYAEHTIB
2 kypcy CymcCbKOro pAepkaBHOro negaroriyHoro yHiBepcuteTy imeHi A. C. MakapeHKa nig 4ac BWMBYEHHA po3ainy
«OndepeHuianbHe uncneHHa GyHKLUIN 6araTbox 3MmiHHMX». EKCNEPUMEHT TPpUBAB 5 TUXKHIB | OXON/It0BaB TEMM: OCHOBHi NOHATTA
dYHKU,ii 6araTbox 3MiHHUX, iX rPaHULA Ta HENEPEPBHICTb, YAaCTUHHI NOXigHi, NOBHUI AndepeHUian, ekcTpemymu. Y AOCNIAKEHHI
B3A/M y4yacTb 10 cTyAeHTiB, O4HaK 40 NOAANbLWOro aHanisy byno BKAKOYEHO pe3ynbTaTv 8 CTYAEHTIB, AKi CUCTEMATUYHO
BMKOHYBA/IM HaBYas/ibHi 3aBAaHHA. [JBOE CTYAEHTIB Yyepe3 HeperyaspHy yyacTb Yy HaB4Ya/lbHOMY Mpoueci bynu BUKAOUYEH 3
BMOBIpKMU.

MeToamnKka eKkcnepumeHTy 6Oyna cnpamMoBaHa Ha NepeBipKy rinotesn npo Te, WO peanisauia KOrHiTMBHO-
BepudikaLiiHoro niaxoay 4o TpaHcpopmaLii LOMALIHIX 3aBAaHb 3MiIHIOE XapaKTep KOTHITUBHOI AiANIbHOCTI CTYAEHTIB i NiaBuLLye
piBEHb 3aCBOEHHA maTepiany. [JomallHi 3aBAaHHA KOHCTPYHOBA/INCA 3 ypaXyBaHHAM TPbOX TUNMIB 334a4: CTIMKUX 4,0 aBTOMaTM3aLi,
CYMiCHUX i3 BAKOPUCTaHHAM LUTY4YHOrO iHTENIEKTY Ta IHTErPOBaHMX i3 MOro BUKOPUCTAHHAM. KN1t04OBOO BUMOrOHO A0 BCiX 3aBAaHb
6yN0 BK/OYEHHA MNOACHIOBANbHO-BepUdiKaLiMHOrO KOMMNOHeHTy. CTyaeHTaM He HaB’A3yBanacA KoOpcTKa ¢opma MnoAaHHA
po3B’A3aHb, OAHAK Y KOXHOMY 3aBAaHHI BMMAranocsa nosCHUTM BMOIp meToay pPO3B’A3aHHA, O6rpYHTYBaTM OCHOBHI KpPOKM,
34iMCHUTU NepeBipKy OTPUMAHOIO pesyabTaTy.

Y npoueci BUKOHaHHA 3aBaaHb 6yn10 3adikcoBaHO Pi3HMIA piBEHb AOTPUMAHHA L€l BUMOrK. Lie f,03B80AMN0 BUAINNTY ABI
nigrpynu ctygeHTis (no 4 ocobu): neplia — 3i CTiMKOKWO peasni3auielo NOACHIOBA/IbHOrO KOMMOHEHTY, Apyra — 3 NnepeBaXHo
dOopManbHUM BUKOHAHHAM 3aBAaHb. OUiHIOBaHHA pe3y/bTaTiB HaBYaNbHOI AiANbHOCTI 34iMCHIOBANOCA 33 TPbOMA NOKA3HUKAMMU:
(1) npaBuAbHicTb po3B’A3aHHSA, (2) AKiCTb NosicHeHHS, (3) 34aTHICTb A0 BepudiKau,ii pe3ynbTaTy. KoKeH NoKasHUK oujiHOBaBCA 3a
TpupiBHEBOIO WKanot (0-2 6anun), e MakcMmaabHWU CymapHUii 6an 3a oaHe 3aBAaHHA CTaHOBKB 6 6anis (Tabavua 1).

Tabauysa 1. OuiHIOBaHHA pe3ybTaTiB HABYaNbHOT AiANbHOCTI

0 6anis 1 6an 2 6anm
MpaBuabHicTb po38’sA3aHHA BiacyTHE abo , ,
) pO3B’A3aHHA YAaCTKOBO NPaBwUIbHE PO3B’sI3aHHA NpaBUIbHe
po3B’A3aHHA Henpaswu/ibHe
. NOACHEHHS BiACYTHE abo NOACHEHHA YacTKoBe, 6€e3 LjiNiCHOI MOSACHEHHA NOCAIL0BHE, 06I'PYyHTOBaHE Ta
AKicTb NnoACHEeHHA .
dopmanbHe JIOTiKK noBHe

nepesipKa YacTkosa abo

nepesipKa 3MiCTOBHa Ta KOPEKTHa
dopmanbHa

Bepudikauis pesynbraty nepesipKa BiAcyTHA
Lepeno: aemopceKa po3pobka

[ns dikcau,ii 3miH y piBHI NiArOTOBKM BUKOPUCTOBYBAAMCA TPU 3Pi3n: BXIAHWUI (Ha NOYaTKy BUBUYEHHS TEMM), MPOMIXKHMII
(4epe3 2—3 TUXKHI) Ta NiACYMKOBMI (NicnA 3aBeplueHHA po3ainy). Baxnuneo, WO 3aBAaHHA 3pi3iB He BYAM ifeHTUYHUMM, ane ixX
KinbKicTb 6yna oaHakoBsoto (5 3aBAaHb), BOHM ByayBanmca 3a 04HAKOBO CTPYKTYPOIO i NepeBipaam ofHI M Ti cami TUNU YMiHb:
064YMCNEeHHA, NOACHEHHSA Ta NepeBipKY.

Kpim KinbKicHOro aHanisy pesynbTaTiB 3pi3iB, NPOBOAMBCA AKICHWI aHANi3 MMCbMOBUX PObIT cTyaeHTiB. OcobamBa yBara
npuAinAnaca TMNOBUM NOMWIKAM, XapaKTepy NOACHEHb i 34aTHOCTI CTYAEHTIB BUABAATU HEKOPEKTHI PO3B’A3aHHA.

3 ornagy Ha HeBenuKy BUBIPKY (N=8) OCHOBHWI aKLeHT 6yno 3pobaeHO Ha aHanisi cepefHiX 3HaYeHb MOKA3HMKIB,
BiZJICOTKOBOro NPUPOCTY pe3ynbTaTis Ta BigMiHHOCTEN MiX nigrpynamu.

[lonaTKoBO OLiHIOBaNacA AMHaMIKa 3MiH 3@ KOKHUM i3 TPbOX KOMMOHEHTIB (NPaBWUbHICTb, NOACHEHHSA, BepudiKaLin),
LLLO 4,03BOIN/IO BU3HAUYMTU, IKi Came acreKTU HaBYaIbHOI AiA/IbHOCTI 3a3HAOTb HalbiNbWworo BnaMByY.

[na y3aranbHEHHA OTPUMaHWX AaHMX BUKOPWUCTOBYBasnacA Tabnuus pesynbTaTiB NpoBeAeHWX 3pisiB 3a eTanamwu
eKkcnepumeHTy (Tabnaunua 2). 3HauyeHHA HaBeAeHO fAK cepefdHi 6anu No rpynax; MakCUMaNbHUIM 6an 33 KOXKHUM MOKA3HUKOM
ctaHoBuTb 10, 3aranbHnin — 30. MNiacymKoBi pe3ynbTaTv NOLABANNCA Y BiACOTKAX Big, MaKCMMabHO MOXKAUBOTO Hany.

Tabnuua 2. PeaynbTaTi 3pisiB CTYAEHTIB 32 €TaNammn eKcnepumeHTy

MpaBunbHicTb MosAcHeHHA Bepudikauia 3aranbHuii 6an

Eran Fpyna (makc. 10) (makc. 10) (makc. 10) (makc. 30) %
BxigHwi 3 NOACHEHHAM 7.25 4.00 3.75 15.00 50%
6e3 CUCTEMHOrO MOACHEHHSA 7.00 3.75 3.50 14.25 48%
MpomiskHWIA 3 MOACHEHHAM 8.25 6.00 5.50 19.75 66%
6e3 CUCTEMHOrO MOACHEHHSA 8.00 5.00 4.50 17.50 58%
MigcyMKOBMIA | 3 NOACHEHHAM 9.00 7.25 6.75 23.00 77%
6e3 cMCTEMHOrO NOACHEHHSA 8.50 5.25 4.75 18.50 62%

Lepeno: aemopceKka po3pobka

AHaNOriYHO aHaNi3yBaUCA OKPEMi KOMMOHEHTU OLLHIOBAHHSA, O A03BOINIO BCTAHOBUTY, WO HAWbiNbLWi BigMiHHOCTI
cnocTepiraTbCA came y NOKa3HMKax NOACHEHHA Ta BepudikaLii.
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TakMm YMHOM, 3aMPONOHOBAHA METOAMKA J03BOJIAE HE /IMLLE OLHUTK pPiBeHb 3aCBOEHHA HAaBYa/IbHOrO MaTepiany, ane
M [ocniauT BNANB CTPYKTYPU 33434 Ha XapaKTep KOTHITUBHOI A4iANIbHOCTI CTYAEHTIB Y cepefoBULLI, A€ BUKOPUCTAHHA WTYYHOrO
iHTENEeKTYy € NOTEHLiAHO AOCTYNHUM.

PE3Y/IbTATU AOCNIAXEHHA

AHani3 HayKOBWX AOCNIAXKEHb NMOKA3YE, WO KOTHITUBHA CKAAAHICTb MaTEMATUYHUX 33434 € K/IIOYOBUM YNHHUKOM, AKUIA
BM3HAYaE AKICTb HaBYa/IbHUX pe3ynbTaTiB. BogHouac cy4acHi yMmOBU BUKOPUCTaHHA LMOPOBUX TEXHONONIN | CUCTEM LITYYHOrO
iHTeNeKTy NoTPebyoTb PO3LLMPEHHSA LbOTO NiAX0AY 33 PaXyHOK ypaxyBaHHA MOM/IMBOCTI aBTOMaTM30BaHOT0O pPO3B’A3aHHA 3a4au.

AIK 6yN0 33a3HaYeHo, 3a4a4i HM3bKOTO KOTHITMBHOIO PiBHA, WO nepeabayaloTb BiATBOPEHHA aNropuTMmiB, HaMbiNbLL
NOBHO MiAAatTbCcA aBTOMAaTMU3aL,ii 3ac06amm LWUTYYHOTO iIHTENEKTY, TOAi K 3aJaui, Lo BMMaratoTb aHai3y, NnobyaoBu MipKyBaHb i
pednekcii, 3aN1LWaTbCA CKNAGHUMM AN1A aBTOMATU30BAHOTO BUKOHAHHA. Lle f03BONAE BCTAHOBUTM 3B’A30K MiXK KOTHITUBHOIO
CK/IQAHICTIO 334a4i Ta CTyneHem ii aBTOMaTM30BaHOCTI.

Ha ocHOBi LbOro 38’A3Ky HamMy 3anNPOMNOHOBAHO KOrHITUBHO-BepUdIKaUiMHUIA nigxia A0 TpaHcdopmauii AoMaluHix
3aBAaHb, AKUIM NOEAHYE ABa BUMIPU: KOTHITUBHY CKNAAHICTb Ta MOXK/IMBICTb aBTOMATU30BaHOro PO3B’A3aHHA 3aC06amm LITYYHOTO
iHTenekTy. el niaxig nepenbayae knacudikalito HaB4aNbHUX 33434 3a CTyNeHemM aBTOMATU30BAHOCTI, BK/IIOYEHHSA B CTPYKTYpY
OOMALWHIX 3aBAaHb 3a4ay pisHUX TUNiB, 060B’A3KOBE AOMNOBHEHHA 33434 MNOACHIOBa/NbHO-BepUiKALIMHUM KOMMOHEHTOM,
OLHIOBAHHA He inLe pe3ynbTaTy, a M NpoLecy MipKyBaHHA.

Y mexax Lboro niaxoay suAaineHo Tpu TUNu 3a4av:

- 300qyi, cmitiki do aemomamusauii. Tx po3s’asaHHA nepepbayvae NobyaoBy MipKyBaHb, OBFPYHTYBaHHA BMBOPY
MeToAy, aHani3 anbTepHaTUBHMX NiaxXoais abo CTBOpPEHHA BAAacHUX NpuKnaais. Taki 3agadi BiANOBiAAlOTb BUCOKOMY PiBHIO
KOTHITUBHOI cKnagHocTi (doing mathematics) i He MOXyTb 6yTW KOPEKTHO BUKOHaHI 6e3 aKTUBHOI yyacTi CTyAeHTa;

- 3a0ayi, CyMicHi 3 BUKOPUCMAHHAM WMYYHO20 iHMesieKmy 3a yMosu Kpumu4Hoi nepesipku. Jo Ui€i rpynu HanexaTb
3a4a4i, AKi MOXKyTb BYTM dopmanbHO PO3B’A3aHi 3acobamu LWITYYHOTO iHTENEKTY, ogHaK NoTpebyoTb 060B’A3KOBOI NEPEBIPKY,
aHani3y pesyabTaTy Ta BUABAEHHA MOXAMBUX MOMWIOK. BOHM BignoBiAaloTb MPOMINKHOMY PiBHIO KOFHITUBHOI CKAAZLHOCTI
(procedures with connections);

- 3a0ayi, iHMe2posaHi 3 BUKOPUCMAHHAM WMy4YyHO20 iHmesnekmy. Lle 3aaui, y AKUX BUKOPUCTAHHA LUTYYHOTO iIHTENEKTY
€ HeBi'EMHOI YacTMHOM AisnbHocTi. LI BUKOHYE obuncntoBasbHi onepauii, Toai SK CTYAEHT 34iACHIOE NOCTaHOBKY 3ajadi,
iHTepnpeTaLito pe3ynbTaTiB Ta GOpPMyNtOBaHHA BUCHOBKIB. TaKi 3a4,a4i MOXKyTb MOEAHYBATU €/1IEMEHTU Pi3HUX PiBHIB KOTHITUBHOI
cKknagHocTi (YkaHa, 2026).

[nsn 3abe3neyeHHs BiATBOPIOBAHOCTI Knacudikauii y AOCNiAXKEHHI BUKOPUCTOBYBAINCA TaKi KpUTepii BiAHECEHHA 3a4au:

- XapaKTep KOTHITUBHOI AiANbHOCTI (BiATBOPEHHSA, BCTAHOB/IEHHA 3B’A3KiB, NO6YA0Ba MipKYyBaHb);

- MOXX/IMBICTb OTPMMaHHSA KOPEKTHOI BigNoBiAi 3acobamu WTYYHOTO iHTENEeKTy 6e3 y4yacTi CTyAeHTa;

- HeobXiAHICTb iHTepnpeTauii abo nepeBipKM pesynbTaTy.

Y3aranbHeHHs 3anponoHoBaHoi KnacudikaLii nogaHo B Tabanui 3.

Tabnuya 3. Tunu 3agay Nnpu KOrHITMBHO-BepudiKauiliHomy niaxoai

Tun 3apay Xapakrtepuctuka Mpuknap KorHitTmBHuiA piseHb Ponb LI
Criliki o noTpebyoTb 06IPYHTYBaAHHS, posectn abo cnpocTyBatu BUCOKuI (doing HE 3aMiHIOE AiANbHICTb
aBTOMaTM3aUi aHani3y, CTBOPEHHA NpUKNais TBEPAKEHHA NPO eKCTPEMYM mathematics)
Cymichi 3 LLII dopmanbHO po3B’A3yIOTLCA, aNe  0BUYMCAUTM YACTUHHI NoXigHi Ta  cepegHint (procedures with — gykepesno signosig,i,
¥ noTpebyloTb Nepesipku NOACHUTU KPOKM connections) ane He iCTUHU
. . npoaHanisyBaT¥ NOMUAKOBUM . o iHCTPYMEHT HaBYaHHA
IHTerposani 3 LI LI € yacTnHoO 3amavi 3MiLLaHUI

po3s’asok LI

[xcepeno: asmopcbKa po3pobra

HaBenemo KOHKpeTHI NpMKAaan 3a4ad, WO iNtoCTPYTh BiAMIHHOCTI MiXK BUZINEHUMM TUMAMU.
[o 3apay, cymicHMX i3 BUKOPUCTAHHAM LUTYYHOTO iHTEIEKTY 38 YMOBU KPUTUYHOI NepeBipKn, HanexaTb, 30Kpema, 3agadi
Ha 06YMCNEHHA YaCTUHHUX NOXigHUX 3 060B’A3KOBMM MOACHEHHAM KOXHOIO KPOKy. Hanpuknag, npu 3HaxoAKeHHi YaCTUHHMX

NOXiAHUX GYHKLIT Z = x2y+eXy Bifl CTyAieHTa BUMAra€eTbCa He nLe OTPUMATU Pe3ynbTaT, asie 1 NOACHUTU 3acTOCOBaHi Npasuna
andepeHLiloBaHHA Ta NepeBipUTU NPaBUIbHICTb PO3B’A3aHHA. Y LLbOMY BUMNAAKY LUTYYHUIA IHTENEKT MOXKE BUCTYNaTH AXKepesom
Bi4NOBiAi, 0f4HaK HaBYaNbHA AiANbHICTb NEPEHOCUTLCA Y NNOLLMHY aHani3y Ta Bepudikaii.

[o 3agay, CTiKMX 00 aBTOMaTM3alil, Hane)aTb 3ajadi, Wo noTpebyoTb NobyaoBM MipKyBaHb i y3arajbHeHb.
HanpuKknag, 3aga4ya Ha NOSICHEHHA TOro, YOMY iCHYBaHHA BCIX YaCTUHHMUX MOXiAHWUX HE rapaHTye ANdepeHL,iMoBHOCTI GyHKLIi, 3
HaBefEeHHAM BNACHOTO NPUKNagy, He Moxe 6yTW KOpPeKTHO BMKOHaHa 6e3 rnnbokoro po3ymiHHA maTepiany. AHanorivHo,
LOCNIAKEHHA TpaHuui yHKLiT ABOX 3MIHHMX B34OBX Pi3HMX TPAEKTOPIN BMMArae Bif CTyAEeHTa CaMOCTIMHOro aHanisy Ta
iHTepnpeTauii pe3ynbraTis.

OKpemy rpyny CTaHOBAATb 3afadi, iHTErpoBaHi 3 BUKOPUCTAHHAM LUTYYHOTO iHTeNeKTy. 30Kpema, epeKTUBHUMM €
3aBJaHHA Ha aHani3 NOMUIKOBUX PO3B’A3KiB, 3reHePOBaHNX CUCTEMAMM LUTYYHOrO iHTeNeKTy. Hanpuknaga, cTyaeHTy moxe 6yTu

. 0 X X .
3anNponoOHOBAHO NMpPOaHanilyBaTn TBepAKeHHA 6_ e y =e Y 3 MEeTOH BUABNEHHA NMOMUNKU Ta NMNOACHEHHA Il NPUYNHWN. Taki
X

3a4au4i GopMyIOTb 34aTHICTb 40 KPUTUUHOTO CTaBNEHHA 40 Pe3y/bTaTiB POBOTU iHTENEeKTYaNbHUX CUCTEM.
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3anponoHoBaHW KOTHITMBHO-BepudiKaLiMHUIA niaxia 0o TpaHcdopmaLii AoMallHIX 3aBAaHb PeanisyeTbeca AK LinicHa
cucTema opraHisauii HaB4aNbHOI AiANBHOCTI, WO NOEAHYE 3MICTOBMWIA, AiANbHICHUIA Ta OLIHOYHMI KOMMOHeHTW. WMoro
BNPOBaAKEeHHA nepeabavae He 3aMiHy TpagMUiMHUX 3agay, a ix uinecnpamosaHy moandiKaLilo 3 ypaxyBaHHAM MOMANBOCTI
aBTOMaTU30BaHOrO BUKOHAHHA 3ac06amm WTYYHOTO iHTENEKTY (pUCcyHOK 1).

KOTrHITUBHO-BEPUOIKALIMHUA NIAXIA ANA TPAHCOOPMALLIT JOMALLHIX 3ABAHb

IHTETPOBAHA CUCTEMA HABYAHHS: 3MICT, JIS/IbHICTb, OL|IHIOBAHHSA

. ETAN 2: MOAMGIKALLIS TA :

ETAI 1: AHANI3 TA KNTACU®DIKALLIA ®OPMYBAHHS 3AB[JAHb ETAI 3: BAKOHAHHSA TA OL|IHIOBAHHA
AHATII3 3AB[IAHb 3A KOTHITVBHVM | MOZMGIKALIS GOPMY/IIOBAHb ——>{BUKOHAHHS! 3ABLIAHHS TA PO/Ib Lil

HABAHTAXEHHSIM

TA IOTEHL|IAZIOM L L

ABTOMATY3ALIT LUI [I0[ABAHHS . LU AK IHCTPYMEHT AHARISY

[ MOSAICHIOBASTbHO-BEPUDIKALYiA- TATIEPEBIPKA
HOrO KOMMOHEHTA

KNACUGIKALIIS 3ABAHD (3 TUMH): ) b |

UM A: CTIIEK| [0 ABTOMATMSAL[IT l [ OLIIHIOBAHHSA TA PE3YJIbTATU ]
(BVICOKMM KOTHITUBHUW nOlWIT) ®OPMYBAHHSA KOMMNEKCHOIO

TVIN B: CYMICHI 3 LU [IOMALIHBOTO 3ABIAHHS (1
R B D) (®OPMYBAHHS KOMMIEKCHOIO
TMIN B: IHTETPOBAHI LI OLIIHIOBAHHS! MTPOLIECY
‘ AOMALIHBO0 3AB/IAHHA 1 MIPKYBAHHS! TA BEPUOIKALY

(LUI'sK 06'eKT aHaniay)

[ KIOYOBA META: 3MILLEHHA AKLIEHTY 3 BAKOHAHHS AITOPUTMIB HA KPUTUYHWIA AHAJI3 TA IHTEPI'IPETALlIKﬂ

Puc. 1. Moaenb KorHiTuBHo-BepudiKauiiiHoro nigxoay ana TpaHcpopmauii gomaluHix 3aBaaHb
[epeno: 3eeHeposaHo 3a donomoeoto LU (https://gemini.google.com) Ha ocHosi aemopcbKo20 onucy

Ha noyaTKoBoMy eTani 34iMCHIOETbLCA aHa/i3 HaBYa/IbHOrO MaTepiany Ta BUAiIEHHS TUMOBUX 3a4a4, XapaKTepHUX gns
pe3y/bTaTy 3a AOMNOMOrOl iHTENEeKTYaibHUX cucTemM 6e3 3asy4eHHs OCMUC/IEHOT AiANbHOCTI cTyaeHTa. Lle no3sonse BigHecT i
0,0 OAHOTO 3 TPbOX TUMIB: CTIMKMX A0 aBTOMATM3ALLT, CYMICHWX i3 BUKOPUCTAHHAM LUTYYHOTO iHTENEKTY abo iHTerpoBaHMX i3 HUM.

Moganbwwuii etan nos’sa3aHuin i3 moaudikauieto dbopmyntoBaHHA 3agady. KNlouyoBMM eN1eMeHTOM € BK/OYEHHSA
NOACHIOBAIbHO-BEPUPIKALLIMHOTO KOMMOHEHTY, AKMI Nepenbayae HeobxigHiCTb 06rpyHTYBaHHA BMOOPY MeToay pO3B’A3aHHS,
NOACHEHHA OCHOBHMX KPOKiB, aHaNi3y OTPMMaHOro pe3ynbTaTy Ta Moro nepesipku. Mpu LbOMY BaxK/IMBO, LLLO Cama MaTeMaTHyYHa
CYTHICTb 334audi MoOXKe 3anuMWwaTvCA He3MIiHHOK, OAHaK 3MIHIOETbCA XapaKTep AiANbHOCTI CTyAeHTa, fKka nepexoauTb Bif
BMKOHAHHSA anropuUTMIYHUX Aii A0 iX YCBIAOMAEHHSA, iHTepnpeTaL,ii Ta KOHTPOAIO.

dopmMyBaHHA AOMALLHIX 3aBAAHb Y MeXKaXx Niaxoay 34iACHIOETbCA AK NOEAHAHHA 334a4 Pi3HMX TUMiB. 30Kpema, 3ajadi,
O MOXYTb BYTM aBTOMaTM30BaHiI, LOMNOBHIOOTLCA BUMOTaMM MOACHEHHS | NepeBipKM, TOAI AK 3a43a4i BUCOKOrO KOTHITUBHOIO
piBHA OpiEHTOBaHI Ha NO6YA0BY MipKyBaHb, aHAANI3 | CTBOPEHHA BNACHUX NpUKAaais. OKpemMy posb BiirpatoTb 3a4adi, iHTerposaHi
3 BUKOPUCTAHHAM LUTYYHOTO iHTENIEKTY, Y AKX NpeaMeTOM AifAIbHOCTI CTAa€ aHanNi3 pe3ynbTaTiB, OTPMMAHUX 33 ONOMOTOK TaKMX
cuctem.

OpraHi3auia BUKOHAHHA AOMalLHIX 3aBAaHb He nepenbayac KOpPCTKUX OOMEKeHb LLoA0 BMKOPUCTAHHSA LUTYYHOTO
iHTenekTy. HaBnaku, AONYCKAETbCA MOro 3aCTOCYBaHHA fIK iHCTPYMEHTY, OAHAK KIHOY0BOI BUMOroto € 060B’A3K0Ba pednekcis
OTPUMMaAHOro pe3ynbTaty. Lle 3miHIoe QyHKL,itO WTYYHOro iHTENEeKTY B HaBYa/IbHOMY MPOLLECi: 3 Axepena rotosux signosigel BiH
NepeTBOPOETLCA Ha 06’ EKT aHani3y Ta NepeBipKHU.

OUiHIOBaHHA pe3ynbTaTiB HABYaNbHOI AiANBHOCTI B MeXax MiAXo4y TaKOXK 3a3HA€E 3MiH i OPIEHTYETbCA He Anlie Ha
NPaBWUJIbHICTb OTPMMAHOTO Pe3y/bTaTy, ane MW Ha AKICTb NMOSACHEHHA Ta 34aTHiCTb A0 Bepudikauii. Takum YyMHOM, 06’eKTOM
OLiHIOBAHHA CTA€E He nLe NPOAYKT AiANbHOCTI, ane i Npouec MipKyBaHHsA, LLO A03BOAE Hinbll afeKBaTHO BifA06Pa3nTK piBeHb
chOpPMOBaAHOCTI MaTEMATUYHUX KOMNETEHTHOCTEN.

AHanis pe3ynbTaTiB NefarorivHOro eKcnepuMmeHTy MOKasas, WO Ha MOYaTKOBOMY eTani CTyAEeHTU LeMOHCTPpyBan
61M3bKMIA piBeHb MigrotoBkn. CepeaHilt pesynbTaT BXigHOro TecTyBaHHA CTaHOBMB 61u3bKo 48-50% Big MaKcMManbHO
MOXMBOro 6ana, Npu LboMy 6iNblUiCTb CTYAEHTIB YCNILWHO BUKOHYBaAN 064YMCNOBaNbHI 3aBAaHHA, O4HAK Big4yBanu TpygHoLi
3 MOACHEHHAM CBOIX Al i NepeBipKO OTPUMAHUX Pe3yNbTaTiB.

YiKe Ha NpoMmixKHOMY eTani (Yepes 2—3 TUKHi) 6yn0 3adiKCOBAHO PO3XOAKEHHA B AMHAMILi pe3ynbTaTiB. CTyaeHTH, AKi
CUCTEMATMYHO HaZaBa v MOACHEHHA A0 PO3B’A3aHb, NPOAEMOHCTPYBaM 3POCTAaHHA CEPeHbOro NOKA3HMKA A0 Npuban3HO 66%,
TOAi AK Y rpyni 3 popmasibHUM MigXOA0M Liel MOKa3HUK CTaHOBMB 6113bKo 58%. Mpu LboMy BiAMiHHOCTI CTOCYBa/INCA HE CTiNIbKK
NpPaBUAbHOCTI 064YMCNEHb, CKIIbKM 34aTHOCTI NOACHIOBATU BUKOHAHI Aii Ta 34iMiCHIOBaTM NepeBipKy pe3ynbTaTis.

Halbinbl BMpaKeHi BiAMIHHOCTI cnocTepiraauca y NiAcyMKOBOMY TecTyBaHHi. CepefHiii pe3ynbTaT y rpyni CTyAeHTiB,
AKI CUCTEMATUYHO BMKOHYBa/N MOACHIOBA/IbHUI KOMMOHEHT, CTaHOBUB 6M3bKO 77%, To4i AK y Apyrik rpyni — 6an3bko 62%.
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TaKMM YMHOM, Pi3HMLA MiXK rpynamu gocarana npubamsHo 15%, Wo e cyTTeBUM 3 Ornagy Ha HeBeIMKY BUBIPKY Ta 04HaKOBI yMOBU
HaBYaHHA.

Binbw AeTanbHMI aHani3 NoKasas, WO 33 MOKAa3HWKOM MPaBUIbHOCTI 0BYMCNEHb BiAMIHHOCTI MiXK rpynamu 6ynm
BiAHOCHO He3HaYHUMK (y mekax 4—5%). HaTomicTb 3a MOKa3HUKaMK NOACHEHHA Ta BepudikaLii pisHMua 6yna 3HayHo binblwoto.
30Kpema, y NiicyMKOBOMY TECTYBaHHI cepefiHili piBeHb BUKOHAHHA NOACHIOBA/IbHOTO KOMMNOHEHTY B rpyni 3i CTiMKOM peanisauieto
nigxoay ctaHoBMB 61M3bKo 72—73% Big MmakcMmanbHoro 6ana, To4ji AK y Apyrin rpyni — 6a1m3bko 50-52%. AHanoriuHa cuTyauis
cnocTepiranacs i woao sepudikaLii pe3ybTaTiB: BiANOBiAHI MOKa3HUKM CTAaHOBUAW NpUbAN3HO 67—-68% npotn 47-48%.

AKiICHMIA aHani3 NMCbMOBUX POBIT NiATBEPAMB Ui BiAMIHHOCTI. Y CTYAEHTIB, AKi PErynspHO NOACHIOBAM CBOI A, 3HaYHO
piglwe 3ycTpiYanuca TMNOBI MOMMWAKM, MOB’A3aHi 3 HEKOPEKTHMM 3acTocyBaHHAM ¢opmyn, Nponyckom obmexkeHb abo
HEMPABUAbHUM TPAKTYBAaHHAM pe3ynbTaTy. Y BWNaAKaX, KOAM Taki NOMWAKU BUHWKAAM, CTYAEHTM YacTille CaMOCTiHO iX
BMABNANM | BUNPaBAAAN. HaTOMiCTb y poboTax CTyAeHTiB, AKi 06meKyBanmcsa GopmanbHUM BUKOHAHHAM 3aBAaHb, MTOMWUIKW Masn
6inbLU CTiIMKMIA XapaKTep i 4YacTo NOBTOPIOBANMUCA. XapaKTepHO 0cobAMBICTHO L€l rpynu Byna BiACyTHICTb NepeBipKKU pesybTaTis
HaBITb Y BUNAAKax O4eBMAHOT HEKOPEKTHOCTI BiAMNOBIAi.

OTpuMaHi pe3ynbTaTh CBiAYaTb, WO BKAOYEHHA MNOACHIOBA/IbHOrO KOMMNOHEHTY A0 CTPYKTYPWU AOMALLHIX 3aBAaHb He
NLWe NigBULLYE piBEHb 3aCBOEHHA MaTepiany, ane  3MiHIOE XapaKTep HaBYaIbHOI AiAIbHOCTI. 30Kpema, cnocTepiraeTbca nepexia,
BiZ, BUKOHAHHA aNropUTMIYHMX A OO0 YCBIZOM/IEHOTO aHa/i3y Ta KOHTPOJIO pe3y/bTaTiB. 3arafom peanisauia KOrHiTMBHO-
BepudikaLiiHOro nigxody cnpsMoBaHa Ha Te, WOO nepeHecTU LEHTP HaBYaNbHOI AiANIbHOCTI 3 BUKOHAHHA anropuTmiB Ha ix
OCMMUC/IEHHSA, iHTeprpeTaLilo Ta KPUTUYHMI aHani3, Wo HabyBae NPMHLMNOBOIO 3HAYEHHA B YMOBaX LUMPOKOIO BUKOPUCTAHHA
CUCTEM LUTYYHOTO IHTENEKTY.

OBIrOBOPEHHA

OTpuMaHi pe3ynbTaTv A0LiIbHO PO3rAsS4aTU HE INLLE SK NiATBEPAKEHHSA ePEKTUBHOCTI NOACHIOBA/IbBHOTO KOMMOHEHTY,
ane i AK emnipuMyHe CBiAYEHHA BNAMBY TUMY HABYa/ZIbHUX 334a4 Ha XapaKTep KOTHITUBHOI AiANbHOCTI CTYAEHTIB.

30Kpema, pe3ynbTaTv AOCANIAKEHHA Y3rogyKylTbCA 3 MONOXKEHHAMM Teopii KOTHITMBHOI CKNAAHOCTI MaTeMaTUYHUX
33434, 30Kpema mogeni TAG, BignoBiAHO A0 AKMX 334aui, WO BMMaraloTb aHanily, obrpyHTyBaHHA Ta NobyaoBM MipKyBaHb,
3abe3neyytoTb Binbl rNMOOKI HaBYasbHI Pe3y/sbTaTU MOPIBHAHO i3 3aJavyamu anropuTmiyHoro tuny. BogHouyac oTpumaHi
pe3ynbTaTM YTOYHIOKTL Ui MONOMKEHHA B YMOBAX BMKOPUCTAHHSA LUTYYHOrO iHTENEKTY: BUPILLANIbHUM BUABMAETLCA He /vwe
NoYaTKOBMI TUN 3ajadi, ane W cnocib ii BUKOHaHHA. Jof4aBaHHA NMOACHIOBA/IbHOIO KOMMNOHEHTY MOXe 3MiHIOBATU XapaKTep
LIANBHOCTI CTyAEeHTa, NepeBogAYN 3a4a4y 3 aArOpPUTMIYHOrO PiBHA Y NJIOWMHY KOTHITUBHO CKNagHOI AianbHocTi. Lle no3Bonse
pPO3riAAaTV NOACHIOBAJIbHY AiANBHICTb AK MEXaHI3M MiABULLEHHS KOFHITUBHOIO HaBaHTAXKEHHA 6e3 3MiHM GopMyNtoBaHHA 3a4aui.

OTpuMaHi pe3ynbTaTM TaKOX LOMOBHIOKOTb CyYaCHi OOCAIAMKEHHA LWOAO BUKOPUCTAHHA LUGPPOBUX TEXHONOTNIN Y
MaTeMaTUYHIA OCBITi, Y AKMX MiAKPEC/NIOETHCA 3MILLLEHHA aKLEHTY 3 BMKOHaHHA 0buYMcineHb Ha iHTepnpeTauito pesynbTaTie. Y
LbOMY AOCAIAKEHHI MOKA3aHO, LLLO B YMOBAX BUKOPUCTAHHA CUCTEM LUTYYHOTO iHTENIEKTY TaKe 3MILLLEeHHA CTAE He /iLe baxKaHUMm,
ane i HeobxigHMM pna 36eperkeHHA HaBYabHOT GYHKLIT LOMALLHIX 3aBAaHb.

Y KOHTEKCTi JOCNiAXKEHDb MOX/IMBOCTEN LUTYYHOTO iHTENIEKTY OTPUMAHI pe3ynbTaTh Y3roAKyoTbCA 3 BUCHOBKaMM Npo
Te, WO Cy4yacHi MOBHi MoAeni AeMOHCTPYIOTb BUCOKY edeKTUBHICTb NpU BUKOHAHHI NpoueaypHUX 3adad, afe MatoTb CYTTEBI
0bMeKeHHA Nnpu po3B’A3aHHi 3agay, WO NoTpebyTb FMOMHHOIO PO3YyMiHHA Ta NobyLOBM MipKyBaHb. Y LbOMY CeHCi
3aMpPONOHOBAHUIM KOTHITUBHO-BEpUIKALIMHWIA niaxia Ao TpaHcdopmauii AOMAWHIX 3aBAaHb AO3BOAE LiNECNPAMOBAHO
3MiHIOBATU XapaKTep 33434 TaKUM YMHOM, W06 3MEHWNTU edeKT iX aBTOMaTU30BAHOTO BUKOHAHHA.

0Oco611BO NOKA30BUM € Te, LLO HaBiTb 32 OAHAKOBUX YMOB HaBYaHHA i 0AHAKOBMX 3aBAaHb BiAMIHHOCTI y pe3ynbTaTax
BM3HAYa/IMCA XapaKTepoOM AiANbHOCTI CTyAeHTIB. Lle niaTBepAKye NONOXKEHHA NPO Te, WO KOTHITMBHA CKNAAHICTb 3a4adi He €
biKCOBaHOO XapaKTePUCTMKO i OPMYNOBAHHSA, @ 3aN1€KMUTb Bifg, CNOCOBY Ti BUKOHAHHS.

TakMM YMHOM, pe3yibTaTu AOCNIAKEHHA L03BONAOTL 3pPOOUTU y3arasibHEHHS, WO B YMOBAaX BUKOPUCTAHHSA LITYYHOTO
iHTENEeKTYy epeKTUBHICTb HaBYaNbHUX 33434 BM3HAYAETLCA HE Anwe X 3MiCTOM, ane i TMM, Y4 BMMAratoTb BOHW Bif, CTyAeHTa
LiANbHOCTI, AKA HEe MOXKe ByTU AeneroBaHa iHTeNeKTyaNbHUM cucTemam. 3anponoHOBaHUI NiAXia A03BONAE peanisyBaTu Len
NPVHLMN HA NPAKTULi Yepes LinecnpamoBaHy TPaHCHOPMALLIIO CTPYKTYPU AOMALLHIX 3aBAAHb.

BUCHOBKM TA NEPCNEKTUBU NOAANBLUOIO AOCNIAXKEHHA

Y pesynbTaTi NpoBeAeHOro AOCAIAKEHHA BCTAHOB/EHO, WO TPAAWLiIMHI 4OMALLHI 3aBAaHHA 3 MAaTEMaTUYHOIO aHanisy,
OPIiEHTOBAHI NepeBaXHO Ha BMKOHAHHA aArOPUTMIYHMX Npoueayp, B YMOBAX LUMPOKOrO BMKOPUCTAHHA CUCTEM LUTYYHOTO
iHTeNeKTy BTPayaloTb CBOK eQPeKTUBHICTb AK 3acib opmMyBaHHA MaTEMATUYHMUX KOMMNETeHTHOCTeW. [oKasaHo, WO MiX
KOTHITUBHOIO CKNQOHICTIO 3afadi Ta MOX/MBICTIO ii aBTOMaTM30BAaHOIO pPO3B’A3aHHA iCHYe obepHeHa 3aneXKHicTb: 3agadi
npoL.eaypHOro TUMY Eerko aBTOMATU3YHOTbCA, TOA AK 3a4aui, L0 BUMaratoTb aHanidy, 06rpyHTyBaHHA Ta pednekcii, 3anuwwatoTbea
CTINKMMU [0 aBTOMaTM3aLii Ta 3abe3nedyloTb aKTUBHY Mi3HaBaNbHY AiANbHICTb CTyAeHTiB. Ha Ui ocHOBiI 06rpyHTOBaHO
KOTHITUBHO-BepudiKaLiMHUI nigxia [0 Knacuoikauii HaBYaNbHMX 33434 3a CTyNeHem iX aBTOMaTM30BaHOCTI, AKMIN JOMNOBHIE
TPaAWLINHI yABNEHHA NPO KOTHITUBHY CKNAAHICTb | BpAXOBYE YMOBM BUKOPUCTAHHA WTYYHOTO iHTE/NIEKTY B HAaBYa/IbHOMY NPOLLECi.

EKkcnepumeHTanbHO NiATBEPAMKEHO, WO BKAOYEHHA MOACHIOBANbHOIO KOMMOHEHTY A0 CTPYKTYPU AOMALUHIX 3aBAaHb
3MIHIOE XapaKTep HaBYaNbHOI AiANBHOCTI CTYAEHTIB, NepeBoAAYMN 3a4adi 3 aATOPUTMIYHOTO PiBHA Y NIOLLMHY KOTHITUBHO CKNaAHOI
BiANbHOCTI. Lle NposABAs€eTbCs y 3pOCTaHHI 34aTHOCTI A0 NOSICHEHHA, BepudiKaLii pe3ynbTaTiB Ta 3HUMKEHHI KiJIbKOCTi CTiMKKX
NMOMMWAOK. BcTaHOB/IEHO, L0 HABITb 33 OHAKOBMX YMOB HaBYaHHA BUPIWIaNbHUM GaKTOPOM € He ainLie TUN 3adadi, ane i1 cnocib
il BAKOHAHHA: BUMOra NOACHEHHA GaKTUYHO BUCTYNAE MEXaHI3MOM MiABULLEHHA KOTHITUBHOT CKNAAHOCTI 33Za4i Ta obmexeHHs
MOKANBOCTEMN ii GOPManbHOro BUKOHAHHA.
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TakMM YMHOM, OTPMMAHI pe3ynbTaTu MNiATBEPAKYHOTb AOLUINbHICTL TpaHchopMalii fOMallHIX 3aBAaHb Ha OCHOBI
NO€EAHAHHA Pi3HUX TMNIB 3a4a4 i BKIOYEeHHA 060B’A3KOBOro MNOSACHIOBA/IbHOrO KOMMOHEHTY AK 3acoby aganTauii HaB4asbHOro
npouecy A0 YMOB BUKOPUCTAHHA LUTYYHOTO iHTENEKTY.

MepcneKkTMBKM NOAANBLUMX AOCAIAKEHD NOB’A3aHi 3 PO3WMpPEHHAM BUBIPKM Ta NepeBipKoo 3anponoOHOBAHOrO MiAXo4y
Ha HWKWX po34inax matemaTUyHUX AucumniiH. OKpemoro aochnigxeHHs noTpebye po3pobka LUMPPOBUX IHCTPYMEHTIB, AKi 6
NiATPUMYBAIM NOACHIOBANbHY AiANbHICTb CTYAEHTIB, @ TAKOXK aHaNi3 BN/IMBY Pi3HUX MoAenel B3aeMOAIT 3i LUITYYHUM iHTENIeKTOM
Ha GOpMyBaHHA MAaTEMATUYHOTO MUC/EHHA

KOH®IKT IHTEPECIB

ABTOp NiATBEPAKYE BiACYTHICTb GiHAHCOBUX, OCOBUCTMX UM IHLIMX IHTEPECIB, LLLO MOXKYTb PO3rNAAATUCA AK NOTEHLiINHNI
KOHONIKT iHTepeciB Woao nybikau,ii wiei cTaTTi.

OXKEPENA ®IHAHCYBAHHA

PoboTa BMKOHaHa 3a BigCyTHOCTI GiHAaHCOBOT NiATPUMKM 3 BOKY ByAb-AKMUX OpraHisauii.

AOCTYNHICTb AAHUX

[aHi moxyTb 6yTV HagaHi 3a 0BrpyHTOBAHMM 3aNUTOM BiANOBIAHOMY aBTOpPY.

BMKOPUCTAHHA LUTYYHOIO IHTENEKTY

3acobu LI, 3okpema, Gemini 6yno BMKOPUCTaHO A/1a Bi3yanisauii moaeni 3anponoHOBAHOro B CTATTi KOMHITUBHO-
BepudikauiiHoro nigxoay Ta ChatGPT gna noninweHHA AKOCTi MOBWU. ABTOP KPUTUYHO NepeBipvB Ta BigpeAarysaB OTPMMaHUM
KOHTEHT i Hece NOBHY BiANOBIAANbHICTb 32 MOr0O 3MiCT.
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AHOTALIA

ABSTRACT

@PopmyniosaHHA npobaemu. Cmammasa po3kpusae npobaemy
MOEOHAHHA | 30CB0EHHSA YyABAEHb MPO CU2HAS, 30800U MA KAHAA
38’A3Ky 3 AKicmio nepedasaHHA OaHux  iHgopmayiliHow
cucmemoro (IC) 3a dornomozoro mexHiyHuUx 3acobie Has4aHHsA (SDR
i npocmux padiomodysnis). Memoro cmammi € cucmemamu3ayis
MPAKMUK 8UABAEHHA MA Onucy enekmpomazHimHux 3aead (EM3)
i oyiH8aHHA HadiliHocmi nepedasaHHA OaHUX.

Mamepianu i memodu. 02170 8UKOHAHO Yepe3 iHmezpys8aHHsA

Pi3HOPIOHUX Oxcepen: iH#EeHepHi 00CAiOHeHHA KoeK3ucmeHuyil

mexHonoeili y 2.4 GHz ISM-dianasoHi, nyb6nikayii npo SDR-
nabopamopii ma cmaHOapmu AK OpiEHMuUpP KopekmHocmi
B8UMIpPIOBAHG.

Pesyneomamu. OcHOBHUMU pe3ynsmamamu €: MAKCOHOMIsA
npakmuk EM3-criocmepexceHHs, MakcoHomis mempuk HadiliHocmi
ma mampuysa egionosidHocmi «npakmuka EM3 - mempuka
HadiliHocmi», A0MNOBHEHA PAMKOKO 8rPOBAOHEHHS 1a60PaAMOPHUX
pobim. BusHavyeHo mexi sukopucmaHHa padiomodyns: npucmpiti
po3271IHYMO AK Has4YanbHUl 3acib cnocmepexeHHs, a cmaHoapmu
— AK Oxcepesno sumoe 0o s8anidHocmi npoyedypu, a He K 8UMO2a 00
cepmudpikayiliHux eumiprosaHs. Haykosa Hosu3HA O0CiOHeEHHA
1071A20€ y KOHUenmyanbHili cucmemamu3auii npakmuk 8useneHHs
ma onucy EM3 i npakmuk oyiHo8aHHA HadiliHocmi nepedasaHHaA
OaHux y makil ¢hopmi, AKa NpUOAMHa 05 BUKAAOAHHA Pi3UYHUX
ocHos IC.

BucHosKu. Cucmemamu3ayia npaKmMuk do3eon1€
npoekmysamu n1a6opamopHi 3a80aHHA 3 Hareped 8U3HAYEHUM
MPUYUHHUM ~ MEXAHI3MOM ma  fpo3opuMu  8umoz2amu 00
pesynsmamy. odanbwi po3sioku moxcyme 6ymu cripamosaHi Ha
adanmayito mampuyi 0o 3miwaHozo i ducmaHyiliHo2o popmamie
HOBYAHHA; BAMAUBUM € PO3WUPEHHA rpedmMemHo20 noaa 3a
mexci 00Ho20 OianazoHy ma 00HO20 Kaacy npucmpois:
MOPIBHAHHA  HABYA/bHUX edekmie | mMunosux MOMUMOK
iHmepnpemauii 0na pi3HUx mexHosnoeili (Hanpuknad, Wi-Fi,
Bluetooth) i pizHux ymoe cepedosuwa 00380/1UMb YyMOYHUMU
yHigepcanbHi ma cneyudiyHi enemeHmu  3arnpPornoHoO8aHoI
mampuui U pamku.

Formulation of the problem. This article explains how, within the
course Physical Foundations of Information Systems, concepts of
signal, interference, and communication channel can be connected to
practical metrics of data transmission quality using instructional
technical tools (software-defined radio, SDR, and simple radio
modules). The aim is to systematize practices of (a) detecting and
describing electromagnetic interference (EMI) and (b) assessing data
transmission reliability, thereby providing a methodological bridge
between physical manifestations in the radio environment and
network-level outcomes (PER/PRR/throughput/latency/outages).

Materials and methods. The review is conducted as a scoping
review, which enables integration of heterogeneous sources:
engineering studies on technology coexistence in the 2.4 GHz ISM
band, educational publications on SDR laboratories, and standards
used as reference points for measurement rigor.

Results. The main results include: a taxonomy of EMI observation
practices, a taxonomy of reliability metrics, and a correspondence
matrix “EMI practice - reliability metric,” complemented by an
implementation framework for laboratory work and a minimal
package of reproducibility artifacts. The article delineates the limits of
SDR use: the device is treated as an educational observation tool, while
standards are used as a source of requirements for procedural validity
rather than as a basis for certification measurements. Scientific novelty
lies in a conceptual systematization of EMI detection/description
practices and reliability assessment practices, in a form suitable for
teaching the Physical Foundations of Information Systems course using
instructional technical tools.

Conclusions. The systematization of practices is presented as a
correspondence matrix between types of EMI observations and
reliability metrics, enabling the design of laboratory tasks with a
predefined causal mechanism and transparent requirements for
outcomes. Further research could focus on adapting the matrix for
blended and distance-learning formats. It is important to expand
the scope beyond a single range and a single class of devices:
comparing learning outcomes and typical interpretation errors
across different technologies (e.g., Wi-Fi, Bluetooth) and different
environmental conditions will help refine the universal and specific
elements of the proposed matrix and framework.

K/IKDYOBI CJ/IOBA: i3uyHi ocHosu IC; mexHiuyHi 3acobu
HABYAHHSA; iHhopmauiliHa cucmema; enekmpomazHimHi 3aeadu;
enekmpomazHimHa  cymicHicms;  SDR;  8idmeoprosaHicme
1a60paMopHUX 8UMIPIOBAHb, hi3u4Ha oceima.

KEYWORDS: physical foundations of information systems;
instructional technical tools; information systems;
electromagnetic interference; electromagnetic compatibility;
reproducibility of laboratory measurements; physics education.
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BCTYN

MNoctaHoBKa npo6aemu. Kypc «disnyHi ocHoBu IC» noTpebye TaKoi AMAAKTUYHOI NOTiKK, KA [03BOASE 3400yBavy
OCBiTM nepenTn Bif I3UYHUX ABMLL HA PiBHIi CUrHany Ta cepefoBULLA NepefaBaHHA AaHUX [0 MNOACHEHHA MOBeAiHKK
iHpopmaUiliHOT cncTemMM Yyepe3 BUMIPHOBAHI MOKAa3HWMKKM Ti AKOCTI. Y Wil NOTriLi eneKTpoMarHiTHi 3aBaan He € abCTPaKTHUM
“wymom”, a NocTatoTb AK CYKYMHICTb KEPOBaHMX NPOABIB /1eKTPOMArHiTHOro cepefoBmLLa, WO BiA06paKatoTbCA Ha HAAIMHOCTI
nepefaBaHHA AaHUX i cTabinbHOCTI 3B’A3Ky. BoaHouac y Kypcax, CNOpigHEHMX i3 MIKPOENEKTPOHIKO Ta KOMMN IOTEPHOIO
apXiTEKTYPOIO iHPOPMALIHMX CUCTEM, YIKe HAKOMMYEHO A0CBIA, AKMI NOKA3YE: TEXHIYHI 3aC0BM HaBYaHHA NPaLIOIOTb HalMKpaLle
To4i, KoM 3abe3neyyloTb He JiMLEe HAOYHICTb, @ M NiAKPINAOIOTL NOACHEHHA pe3yabTaTty. Y BITUMBHAHWUX AOCAIAKEHHAX
nigKpecneHo NPOAYKTUBHICTb HAOYHOrO MOAENIOBAHHA UMPPOBUX KOMMOHEHTIB ANA 33aCBOEHHA CKAAQHUX Tem
MIKPOENEKTPOHIKM 1 apxiTekTypu komn'toTepa (LLamoHs Ta iH., 2025a), a TaKOK NOKa3aHO NOTeHLian BipTyaNbHUX CEPELOBULL,
(3okpema, Proteus) ans Bisyanisauii npouecis i opmyBaHHA iHKeHepHOro 6aveHHs cxem i cuctem (LamoHsa Ta iH., 2025b). Y
poboTax, npucsayeHux STEM-iHTerpauii, obrpyHTOBaHO, O MNOEAHAHHA IHXEHEPHUX 33fday, LMPPOBMX iHCTPYMEHTIB i
NPaKTUKOOPIEHTOBAHMX NiAXOAIB A0 HABYAHHA MiACUNIOE PO3YMIHHA i3UYHMX OCHOB GYHKLIOHYBAHHA TEXHIYHUX CUCTEM Ta
POBUTb MOKNMBOLO NEPEBIPKY HaBYAIbHUX pe3yabTaTiB (CemeHixiHa Ta iH., 2025). BarKAMBUMM € i1 pe3ynbTaTv NPO BUKOPUCTAHHSA
BiAKPUTUX OCBITHIX NNaTdopm ana GopMyBaHHA iHKEHEPHOTO MUC/IEHHA B KYPCaX MiKpOENeKTpoHiKKN (JemeHTbeB & HOpUeHKo,
2025): BOHW MiAKPECcNoTb 3HAYEHHA [OCTYMHOCTI iHCTPYMEHTIB i Npo3opocTi npoueayp, WO HanpAmMy NepeHocuTbcA Ha
nabopatopii 3 pagiomoaynamu, Ae HanalTyBaHHA Ta NapameTpu CrMoCTepeXKeHHA BW3HAYalOTb KOPEKTHICTb BMCHOBKIB.
[JoaaTKoBO MiXKHAPOAHWUI A0CBIA 3aCTOCYBaHHA LMOPOBUX TEXHONOTIM Y HaBYaHHI i3MKM NOKA3ye, WO UMdPOBi iIHCTPYMEHTH
Hanbinblw epeKTUBHI TOAj, KON HE NIAMIHIOIOTb 3MICT, @ OPraHi30BYOTb EKCMEPUMEHT, iHTEpNpeTaLilo AaHWX i pedaekcito Wwoao
oTpumaHoro pesynbtaty (Yurchenko et al., 2023). Lii niaxoamn € peneBaHTHUMMU 11 419 BUBYEHHA €N1EKTPOMArHiTHUX 3aBaf, OAHaK
TYT 3’ABNAETLCA AOAATKOBUI METOAUYHUIM BUKAMK. HaouHicTb cnekTporpam abo rpadikis cama no cobi He rapaHTye X PO3yMiHHA:
30006yBay OCBITM MOXe BiATBOPUTU “KapTUHKY” CNEKTPa, asie He MOACHMTU, HOMY CamMe 3a NEeBHOI CTPYKTYPY 3aBaj, 3MEHLLYETbCA
YyacTKa ycniWwHO NPUIMHATMX NaKeTiB abo 3pocTae HePiBHOMIPHICTb 3aTPMMKM NepeAaBaHHA AaHUX.

MeTolo CTaTTi € KOHLENTyabHa CUCTEMATM3aL,iA NPAKTUK BUSHAYEHHSA Ta ONUCY eN1eKTPOMArHiTHUX 3aBaj Yy HaBYaIbHUX
eKcneprvMeHTax i3 BUKopUcTaHHAM SDR i npocTux pasiomoaynis, a TaKOXK NPaKTUK OLHIOBAHHA HAAIMHOCTI NepeaaBaHHA AaHNX
y npucyTHOCTI 3aBad. Pe3synbTaTom ornsgy 3anponoHoBaHo: (1) TaKCOHOMIlO MPaKTUK “cniocTepelkeHHs/BUABNEHHA 3aBag’;
(2) maTpuuto BiANOBIAHOCTI MiXX TMNAaMM NPAKTUK | METPUKamMu HagiHOCT; (3) pamKy BNpOBafKeHHA TaKuUX MNPaKTUK Yy
NabopaToOpHUX 3aHATTAX, AKA 3a[3€ NOCAILOBHICTb A i MiHiManbHUI Habip apTedakTiB BigTBOPtOBAHOCTI. Taka MOCTaHOBKA
npobaemu y3roaKyeTbca 3 HAABHUMM NeSAroriYHUMM HanpPaLLlOBaHHAMM y chepi MiKpOeNeKTPOHIKM 1 LMdpPOBOro MoAeNtOBaHHA
(WamoHa Ta iH., 2025a; CemeHixiHa Ta iH., 2025), ane nepeHOCUTb aKUEHT Ha crneuyuoiuHuit ana IC nepexig Big ¢isnku
€NeKTPOMarHiTHOro cepefoBuLLA 0 CUCTEMHUX MOKA3HMKIB HaZiHOCTI.

TEOPETUYHI OCHOBU AOCNIAKEHHA

MOHATTA eneKkTpomarHiTHUX 3aBag (EM3) B Uil poboTi BUKOPUCTAHO Ana onucy GisMYHMX BM/MBIB, WO 3MIHIOKOTbL
CnocTepeXKyBaHi NapameTpu CUrHany Ta, AK HacNiAOK, NOKA3HMKM HAAiIMHOCTI NnepefaBaHHA AaHMX. HaTomicTb enekTpomarHiTHa
cymicHicTb (EMC) po3rnagaeTtbcs K KaTeropis, WO Ma€e CTaHAaPTM30BaHi Npoueaypy 1 BUMOTU 40 BUMiptOBabHOI anapatypu. Y
HaBYaNbHOMY CEPef0BULLI Ba*KNINMBO He NigMiHIOBaTM oaHe iHWwuM. SDR i Hegopori pagiomoayni AOLINBHO TPAKTYBaTU AK TEXHIYHI
33c06M HaBYaHHA, AKI 403BONAIOTb BiATBOPUTU NPUYMHHO-HACNIAKOBI 3B'A3KM | cpopmyBaTH iHTEpNpeTaL;ito, ane He K 3acobm
cepTndiKaLiMHOrO BMMIPIOBAaHHA €NEKTPOMArHiTHMX 3aBag, Y HOPMaTMBHOMY CeHCi. TOMy B OrfiAgi aKkUeHT 3pobseHo Ha
METOLMYHI KOPEKTHOCTI CMOCTEPEXKEHHA: CTafiCTb NAapamMeTpiB BMMIPIOBAHHSA, KOHTPO/Ib MEPEBAHTA)KEHHA MpuiiMaya,
LOKYMEHTYBAHHSA HaNalTyBaHb, BiLOKpemaeHHA disndyHuUx edeKTiB Big, CNifiB BUKOPUCTAHHA IHCTPYMEHTa.

SDR y HaB4YanbHil nabopaTopii BUKOHYE pob “cnocTepiraya” cneKkTpa Ta YacoBOi CTPYKTYpW aKTMBHOCTI B Aiana3oHi. Lie
BiAKPMBAE LWUAX 40 BAXK/IMBUX 3 METOANYHOT TOYKM 30pY 3aNMUTaHb: LLLO CAMe O3HAYa€E “3alHATUIN KaHan”; YoMy KOPOTKi imnybCHi
noAii MOXKyTb MOTipWYBaTU HAAIMHICTb CUAbHILLE, HiX CTabinbHUA GOH; AK NPOCTOPOBI YNHHUKYK (BiACTAaHb, OPIEHTALA aHTEH,
eKpaHyBaHHA) BNANBAOTb HAa MMOBIPHICTb NPUUMAHHA NaKeTiB 4aHmx. O4HAK 3MiHa LUMPUHU CMYTV NMPUIMMaHHA, napameTpis FFT,
BiKHA ycepeAHeHHA, MOpPOriB BM3HAYEHHA, @ TaKOX HEKOHTPONbOBAHE MEepeBaHTa)KEHHA BXiAHOro TPaKTy 34aTHi nopoguTu
BMCHOBKM, AKi BUINAAAIOTb NEPEKOHNNBO, ane He BiATBOpOOTbCA. TOMy 3400yBay OCBITM MA€E HaBYMTUCA He auwe “6auntu
CNeKTp”, a M aprymeHTyBaTH, YOMY BUMIPIOBAHHA € AOCTAaTHLO HAZIMHMM, W06 pObUTM BUCHOBKM NPO NoBesiHKy iHbopmaL,iinHoi
cuctemu.

Came TOMy OOUINBbHO ONMCATM NPAKTUKKM ¢ikcauii Ta iHTepnpeTauii 3aBas (CNeKTpanbHUX, YaCoBUX, NPOCTOPOBUX i
npoLeAypPHMX) Ta NPaKTUKM OLLIHIOBAHHA HaAIHOCTI NepeAaBaHHA AaHMX. IX NOEAHAHHA Y MaTpuLI BiAMNOBIAHOCTI 403B0ANTD
NPOEKTYBATM NabopPaTOPHI 3aBAAHHA TaK, W06 TeXHIYHI 3ac0bM HaBYaHHA NPaLLOBaIN Ha NOACHEHHA MPUYMH TOTO, AKI NapameTpu
€/1eKTPOMArHiTHOro cepefioBuLLA CNPUYUHAOTL 3MiHY HAZIMHOCTI | AKI KPOKM NOTPIBHO BUKOHATH, LLO6 TaKM BUCHOBOK 3pobuTu.

MATEPIANM | METOAW AOCNIAMKEHHA

JocnigeHHa npoBefeHo y dopmaTi ornagy: SKICHO aHanisyBasmca iHXEHEepHi AOCNiAKeHHA, MeToAMYHI onucu
nabopatopiit i3 SDR, a TaKOXK HOPMATUBHI AOKYMEHTH, WO 334at0Tb BUMOTU 0 BUMIpIOBaHb i TepmiHonorii. Takuii Tun ornagy
LOUINbHUIA, KONM NOTPIBHO He OLiHUTU edeKT, a onNmncaTh 06CAr i CTPYKTYPY HAABHMUX NiAXOAiB, BUAIAUTM NOBTOPIOBAHI NPAKTUKM
Ta 3anponoHyBaTH iXx cucTemaTu3auito. MeToAon0riyHO ornsag CnMpaeTbes Ha pamKky Arksey & O’Malley (2005) i noganbui
YTOUYHEHHSA LWOAO0 eTaniB i AKOCTI 3BITHOCTI; 3BiTYBaHHA CTPYKTYPYETbCA 3 ypaxyBaHHAM PRISMA-ScR (Tricco et al., 2018).

MowyK 34iMCHIOBABCA 32 YOTMPMA KnacTepamm 3anuTis. Mepwmnii Knactep oxonatoBas poboTn Npo iHTepdepeHLito Ta
KOEK3UCTEHL,it0O TEXHO/IOTIM Y HeniLeH30BaHWX Aiana3oHax (Hacamnepes 2.4 GHz ISM) 3 KifbKiCHUMU MeTpUKaMu HaAilHOCTI
(BER/PER/PRR/throughput/latency). [pyruit Knactep OXOMAtOBaB Axepena, Yy AKMX OMNUCAHO MPaKTUKM CMeKTPanbHOro
CMOCTEPENKEHHA Ta OLLiHIOBAHHA aKTMBHOCTI B KaHani (PSD, cnekTporpama, 3aiMHATICTb KaHany, eHepreTuyHe AeTeKTyBaHHA) i ixHi
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obmeskeHHs. TpeTii KnacTep oxonaoBas OCBITHI Nybaikau,ii, wo po3rnaaatoTb SDR AK TeXHIYHMI 3acib HaBYaHHA gna nabopaTopii
3 Teopii 38’A3Ky, 06POBKM CUrHaNIB Ta MepEKEeBUX BUMIpIOBaHb. YeTBepTWi KnacTep BKAOYMAB CTAHAAPTWU i pPerynaTopHi
LOKYMEHTU AK PAaMKOBI OPIEHTUPM Toro, fK y $axoBi NMpaKTULi onucytoTb cniBicHyBaHHA B ISM-gianasoHi Ta Bumoru ao
BMMiptOBanbHOI anapatypu/npoueayp (Shin et al., 2007b).

KpuTepiamu BkaoUeHHA 6yau: (1) HasBHICTb ABHOrO 3B’A3KYy MiX XapaKTepucTUKamu iHTepdepeHuii abo ymoBamu
CNEeKTPaNbHOro cepeAoBULLA Ta METPUKAMM HALiIMHOCTI NepeaaBaHHA gaHux; (2) AocTaTHIM onMc MeTOAMKM BUMIpOBaHHA abo
mogentoBaHHA (Wob ii moxHa 6yno nNepeTBOPMTU Ha HaB4YaNbHy MNPaKTUKY); (3) peneBaHTHiCTb 40 nNabopaTopHMX PoBIT i3
[OCTYMHUMM TEeXHIYHMMM 3acobamu HaeuyaHHA (SDR, npocTi pagiomogyni, nporpamui iHcTpymeHTn Ha KwtanT GNU Radio).
Bukntoyanucs nonynsapHi matepianm 6e3 MeToanKu Ta AxKepena, Ae CNeKTPaibHi CnocTepeXeHHs He NoB’A3aHi 3 iHaMKaTopamm
HagiiHocTi. daHi 3 gkepen “kapTysanuca” y ABOBMMIPHY CTPYKTYpY: (a) mpaKkTMKa BM3HaudeHHAa/onucy 3aBajg (cnekTpasbHa,
Yyacosa, MpocToposa, npoueaypHa), (6) metpuka HagiHocti (BER/PER, PRR, throughput/goodput, latency/jitter, outages).
Pe3ynbTaToM KapTyBaHHSA CTasfa maTpuua BignosigHocTi (Arksey & O’Malley, 2005).

3anponoHoBaHa pamKa BMPOBAAKEHHA OPIEHTOBAHA HAa MeTOAMYHE 3aBAaHHA: nepeTBOpuTM poboty 3 SDR i
pagiomoaynamm 3 AeMoHcTpauii obnagHaHHA Ha ¢GOpmMyBaHHA 34aTHOCTI 3406yBayiB OCBITM MOACHIOBATM MNOBEAIHKY
iHpopMmauiliHoT cuctemm Yepes ii ¢isnyHi nepegymosu. 3406yBay OCBITU MaE He AMLWE OTPMMATK CMEKTPOorpamy, a i nos’asaTtu
XapPaKTEPUCTUKN €1eKTPOMArHITHOro CepefoBULLa 3 KOHKPETHUMU METPUKAMM HALIMHOCTI nepefaBaHHA AaHUX. AK TeXHiYHi
3acobu HaBYaHHA BMKOpUCTOBYHOTbCA: (a) SDR AK iHCTPYMEHT CnoOCTeperKeHHA CNeKTpa M akTMBHOCTI B gianas3oHi; (6) npocTi
pagiomoayni abo By3nu mepeski (IEEE 802.15.4, iHWi HaBYanbHi MOAYANI) AK AXKepenio NaKeTHUX N0TiB; (B) NporpamHi iHCTpYMeHTH
ana 36opy M aHanisy paHux (GNU Radio abo eksiBanieHT, CKpunTU aHanisy). OcBiTHA AouinbHicTb SDR y upomy dopmari
06r'pyHTOBYETbCA NpayamK, ae SDR po3rnagatoTbea AK NAaTPopma 411 HABYAIbHUX CLLEHAPIIB i3 aKLLEHTOM Ha NPAKTUYHWUI BUMIP
Teopii 38’A3Ky (Ramos et al., 2024).

PE3Y/ZIbTATU OOCNIAXEHHA

MoHATTA 3aBag HabyBae 3micTy Togi, Konu 3006yBay OcBiTM 6auMTb, WO “3aBaga” — uUe He abCTpakTHWU WyMm, a
KOHKPETHUI1 CTaH eN1eKTPOMArHiTHOro cepefoBuLL, AKUIA MOXHA ONUCATU BUMIPIOBAaHMMM O3HaKamu i NOB’A3aTW 3 NOBEAHKO
KaHany 38’A3Ky. TexHiYHi 3acobm HaByaHHA Ha KWTanT SDR € 3py4yHNMMM came TOMY, WO AalOTb ONepaTUBHE CNOCTEPEKEHHA 3a
CNEKTPOM Ta aKTMBHICTIO fgiana3oHy, a OTXKe, A03BOJIAOTbL OyAyBaTU NPUYMHHI NMOSACHEHHA HA MeXi “CUrHan—KaHan—gaHi”.
SDR-nabopatopii niaTpumyloTb nepexia Big Teopii 40 eKCNepuMeHTy, afie BMMmaratoTb YiTKO 3a4aHOi MEeTOAMKM, iHaKwe
CnocTepeXKeHHA NepeTBOPIOETLCA Ha “KapTUHKY” 6e3 iHXKeHepHOro BUCHOBKY. (Ramos et al., 2024).

Mepwuin Knac NPakTUK — CNEKTPasibHUIA oNuc. BiH BK/IOYAE: OLiHIOBAHHA CMEKTPasIbHOI LWifIbHOCTI NOTYXHOCTi (PSD),
nobyaoBy cneKkTporpam (4ac—4acToTa), COoCTEPEKEHHA AOMIHAHTHUX OyKepen y cMy3i KaHany, dikcauito NepekpuTTa KaHanis i
nosBy LMPOKOCMYroBux abo BY3bKOCMYTroBUX KOMMOHEHTIB. JaA HaBYaHHA BaXKAMBUI HE Cam CMEKTp, a Te, WO Yepe3 Hboro
3006yBay OCBITM NOYMHAE Po3pi3HATU: (a) “doH” (migBuLLeHHA wWymosoro ¢oHy), (6) “aomiHaHTHe Axkepeno” (nik/cmyra, Wo
nepekpuBae KaHan), (B) “nepeMmnKkaHHA” aKTUBHOCTI MiX KaHanamu. OKpeMy AWAAKTUYHY LiHHICTb MalOTb 3aBAaHHA, Ae 3406yBay
OCBITM 3MIHIOE YacTOTy/KaHan nepeaasaHHsA AaHMX | 6aunTb, AK Le 3MIHIOE CNeKTPpasibHy CUTYaLLilo, @ Aa/li — METPUKM HaZiAHOCTI.
Taka norika gobpe y3roasKyeTbCs 3 ile€0 PerynsToOpHOro “crnibHOrO BUKOPUCTAHHA cnekTpa” ana obnagHaHHA 2.4 GHz ISM,
BigobparkeHoto B ETSI EN 300 328 (BMmoru goctyny Ao cnekTtpa/cnisicHysaHHA) (European Telecommunications Standards
Institute, 2019).

[Opyruii Knac — 3aiHATICTb KaHany (channel occupancy) Ta nos’s3aHi 3 HEIO METOAM EHEepPreTUYHOro AEeTEeKTyBaHHA
(BM3HaYeHHA). 3 nedaroriYyHOro NOrAAAY LEe MICTOK MiX ¢i3nKolo i NpoToKonamu 4oCTyny Ao cepeaosuwia. 3406yBay oCBiTH
6aunTb, WO HaBiTb 6e3 “BMCOKOro Wymy” KaHan moxke ByTm “noraHum” yepes AOMIHYBaHHA YyXKMX NepefasaHb Yy vaci. TyT
OOLiNbHO BBOAMTU MOHATTA MOpPOra Ta YaCOBMX BiKOH ycepefHEHHA: Pi3Hi napameTpu AeTeKTyBaHHA AaloTb Pi3Hi OLiHKK
yCcepeaHeHHs, a oTXKe, NoTpebytoTb dikcauii npoueaypw. NpakTUKa ycepefHEHHs 0C0H6MBO KOPUCHA Y CLEHAPIAX KOEK3UCTEHL, i
Wi-Fi Ta IEEE 802.15.4, ne perpajalis SKOCTI YacTO MOSACHIOETbCA HE JIMLLE eHEPreTMKOK nepewkogu, a M Tum, wo “edip
3alHATMIA” | npucTpoi BiacTynatoTb y backoff/nosTopw (Shin et al., 2007a).

TpeTilt Knac — YacoBa CTPYKTypa 3aBag,. Y peasbHomy ISM-cepefoBuLLi AOMIHYIOTb NepepuBYacTi gykepena: “nakeTHi”
cnanaxu Wi-Fi, hopping-nosegiHka Bluetooth, KopoTkKi, ane iHTEHCMBHI BNAMBK BiA NOKAaNbHUX Axkepen. Ana 3006yBadiB ocBiTM
METOAMYHO BaXK/IMBO NOKa3aTK Pi3HULIO MiX CTabibHMM NiABULWEHHAM POHY i KOPOTKMMU cnaeckamu. MepepusyacTi 3aBaau
[,03BONAILOTH NMOSICHUTM, YOMY CepeiHi CNeKTPasbHi MOKa3HMKM He 3aBXK A1 KOPEetoTb i3 Big4yTHUMM NpOoBanamm HaginHocTi. Tyt
[OPEYHO 3ragaTu, WO npoueaypa i XapaKTepucTMKM anapaTypu BMAMBAIOTL Ha Te, WO came mu “6aummo” (International
Electrotechnical Commission, 2019).

YeTBEPTUI Kac — MPOCTOPOBI NPaKTUKK. BOHW HaMbinbw iHTYITUBHI gns ayaAUTOPHUX NabopaTtopiii: 3MiHa BiacTaHi,
NOBOPOT aHTEH, BBEAEHHA eKpaHyBaHHA, PO3MILLLEHHA AXKepena 3aBaj nopyd i3 npuiimayem abo nepegasavem. Y mexax Kypcy
ue npuMpoAHMiA cnocib MNoKasaT, WO HaAilHICTb nepefaBaHHA AaHUX € OYHKUielo reometpii, 6araTonpomeHeBOCTi Ta
CNiBpO3TalLyBaHHA MPUCTPOIB, @ HE INLLE HaNaLTYBaHb NPOTOKOAY. Y NiTepaTypi Npo B3aemHi 3aBaau IEEE 802.15.4i IEEE 802.11b
NiAKPECNIOETHCA, O MPOCTOPOBUI YNHHMK € cucTemoTBipHMM (Shin et al., 2007a).

MN’ATUI KNac — NpoueaypPHi NPaKTUKM, AKI AOPEYHO NOAATM AK OCHOBY “BUMIpIOBanbHOI Jo6poyuecHocTi”. MaeTbea npo
dikcaujto napametpis SDR (ueHTpanbHa 4acTtoTa, CMyra, 4yacToTa Amckpetusauii, FFT-mapameTpu, noporu), KOHTPOAb
nepeBaHTaXKEHHA BXiAHOro TPAKTY, Y3rogyKeHHA aHTeHW, CTabinbHICTb YMOB i JOKYMEHTYBaHHA. Lleit Knac npakTuk i dopmye
BiAMIHHICTb MiXK “AemoHcTpauieto SDR” i nabopaTopieto 3 BUMiptOBaHMMM BUCHOBKAaMMW. TyT KOpUCHO cnupaTtuca Ha CISPR 16-1-1
AK Ha 6a3oBuit EMC-cTaHAapT, WO BM3HAYa€E XapaKTepUCTUKM anapaTypy BMMIpPIOBAHHA pafio3aBas: HaBiTb AKLWO HaBYasbHa
nabopaTopis He BiATBOPHOE CTaHAAPTHI Npoueaypu, BOHA NMOBMHHA HaCigyBaTW iXHIO NIOTIKY — KOHTPO/Jb MOXMBOK, CTanicTb
napameTpis, BiATBOPIOBaHiCTb pe3ybTaTis (International Electrotechnical Commission, 2019).
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Hapani nepengemo 0o onucy TaKCOHOMIT MPaKTUK OLHIOBaHHA HAAiIMHOCTI NepefaBaHHA AaHUX 33 HAABHOCTI 3aBaj,
yepes METPUKM MOMUIOK/BTPAT | METPUKM cepBicy (MPonycKHa 34aTHICTb, Yac, CTabisbHICTb).

BER (bit error rate) — 6a3oBa meTpuKa disnyHoro piBHs, a PER (packet error rate) —ii “npuknagHe” BisobpaskeHHsa gns
nepeaadvi Kagpis/nakeTiB. Y HaByaHHi BigobpaxeHHs PER 4acto AMAAKTMYHO NPOAYKTMBHIWI, 60 NpAmo BiAnoBigalOTb Ha
BMNAZOK “nakeT He Ainwos”. Baxknneo nokasaTu, wo PER morke 6yTh oTpumaHuit i3 BER nuwwe 3a neBHMX NpunyLweHb (40BXUHA
nakeTa, He3anexHiCTb MOMWIOK, KogyBaHHSA), i came TyT ¢i3nyHi ocHoBM IC BUXOAATb Ha piBeHb mogenei. KnacuuHi pobotu 3
aHanisy PER IEEE 802.15.4 nigTBepaKytoTb naHutor: iHTepdepeHuia - SINR - BER = PER natoc yacosi Konisii (Shin et al., 2007b).

PRR (packet reception ratio) 3py4yHa B nabopartopiax i3 NpocTUMM PaZioMOLYNSMU I CEHCOPHUMM By31amMU: ii NErko
064YMCOBATK, IETKO MOPIBHIOBAaTM MiXX YMOBAMM, i BOHA MPAMO MOKA3ye “CKifibKM NpUIMHATO” paHux. MeparoriyHo KOPUCHO
noeaHysat PRR 3 ouiHKO 3alHATOCTI KaHany: 3406yBay OcBiTM 6aunTb, WO 61M3bKICTb KaHaniB y 4acToTi Ta BUCOKUIA ¢OH
aKTUMBHOCTI 3HUXKYOTb PRR HaBiTb ToAi, KoM cneKkTpasbHa KapTUHA He BUTAAA€E KaTacTpodiuHow. [JocniaKeHHs B3aEMHUX 3aBaj,
IEEE 802.15.4 i IEEE 802.11b noka3sytoTb Aerpagalito NpoAyKTMBHOCTI NPU KOMOKaLi; e y3roaKyerbca 3 Tum, wo PRR pearye He
QLIE Ha CUAYy 3aBaZu, a M Ha MexaHiamu gocTtyny Ao edipy v YacoBy CTPYKTypy iHTepdepeHLuii (Shin et al., 2007a).

MponyckHa 3aaTHicTb (throughput) onucye 3aranbHy iHTEHCMBHICTL NepeAaBaHHA, a goodput — KOPUCHO AOCTaBAEHi
OaHi 6e3 cnyx60BMX HaknagHux i nosTopiB. Lli MeTpmKM noTpibHi, wob noacHMTM napagokc: iHkoau PER/PRR 3miHtolOTbCA
nomipHo, ane goodput nasae cyTTeBO Yepe3 NOBTOPHI nepesasBaHHA, backoff i KOHKypeHUjto 3a cepesosuwe. Lle npupoaHo
NnoB’A3yeTbCA 3 BUMOTaMM CiBiCHYBaHHA y CNiJibHOMY creKTpi, aki ¢ikcytoTbca B8 ETSI EN 300 328: Ha npaktuui iHbopmau,inHi
cMcTeMm MatoTb He anwe “nepeaasatn”, a i “ainntn” cnektp (European Telecommunications Standards Institute, 2019).

Y 6araTbox 3acTOCYBaHHAX BaXK/IMBMM CTa€E He cepeaHili piBeHb BTpaT, a 3aTpumKa (latency) Ta ii BapiaTuBHicTb (jitter
abo HepiBHOMIPHICTb 3aTPMMKKU nepenaBaHHA AaHWUX). 3006yBay OCBiTM 6aunTb, WO iHTEPPEPEHLIA BMNAMBAE HE TiNbKM Ha
“ycniwHy/HeycniwHy” A0OCTaBKy, @ ¥ Ha Yac AOCTaBKM 4Yepes MOBTOPM, afanTUBHI mexaHi3mu, odikyBaHHA edipy. Ocobanso
LEMOHCTPATUBHUMM € CLeHapii 3aBaf, Ae BapiaTUBHICTb 3pOCTAE 4Yepe3 NOOAMHOKI CRECKW, AKI CAPUYMHAIOTL “xBOCTW”
po3noainy yacy AOCTaBKM.

Outages (pospvBu/npoBann 3B'A3Ky) — METPMKa, AKa [03BOAAE BiAPIZHATM “noraHy cepeaHio AKICTb” Big
“HecTabinbHOCTI”, KOIM cMCTEMA TO NPALLIOE, TO PAaNTOBO NepecTae NpautoBaTh. Y NiTepaTtypi NigKPectoeTbca Poab 3aMHATOCTI
KaHasy Ta BiATBOPIOBAHOCTI NPOTOKO/IiB TECTYBaHHSA, W06 BU3HAaUYMTK Noporu 3anHaTocTi (LaSorte et al., 2012).

TaKkcoHOMiA NpakTMK EM3 i TakcOHOMIs METPUK HaAiMHOCTI NOEAHaHI Hamu y maTpuui BignosigHocTi (Tabn. 1), aka
33/1a€ NpaBuaIa NPOEKTYBaHHA NabopaTopHUX pobiT.

Ta6bauua 1. BignosigHicTb NPaKTUK BU3HAYEHHA/ONUCY eNeKTPOMAarHiTHUX 3aBag
i MeTpUK HagiliHoCTi nepeaaBaHHA gaHux (SDR i npocti pagiomopgyni)*

34aTHICTb Nagae
HeNiHiIMHO Yepes
NoBTOPM Ta BIACTYNN

(ouikyBaHHA gocTyny
a0 edipy), wo

36iraeTbcs 3 NIOriKOIO
cnisicHyBaHHA B ISM.

34aTHOCTI | N1aBUHHI
noBsTopM, L0
3HUKYHOTb KOPUCHUI
Tpadik.

Tpaodik 6e3 3miHn
npoTOKOAY,
[EeMOHCTpyoUmn
“@isnyHunin pecypc”
Ana ontumisadii IC.

MeTtpuka
HagjiiHocTi \ A B C D E
Mpaktuka EMI

1) BER/ PER 3icTaBuTK eHeprito B MokasaTtu 3pocTaHHA | PER yytauBuid o HeBenuki 3miHn PER nerko
CMy3i KaHany 3 PER y BiKHax BUCOKOi | KOPOTKUX CUNbHUX BiacTaHi/ opieHTauii CMOTBOPKETHCA
poctom PER npu 3aMHATOCTI HaBITb cnneckis binblue, AHTEH 3MiHIOITb nepeBaHTaXeHHAM
nepekpuTTi KaHanis/ | 6e3 pi3koi 3miHK HiX 0 cTabinbHoOro PER; BuaHO ponb SDR abo pisHumu
NOTYXHOCTI cepeaHboro $OoHY; AeEMOHCTPYE 6araTo- noporamu/FFT;
iHTepdepepa. dae cnekTpa. ponb “piaKicHMX npomeHeBOCTi Ta noTpibHa dikcaujs
NPAMUIA MiCTOK nogin”. KosloKawji HaNawTyBaHb i
“$isuka curHany - npucTpois. KOHTPO/b
nakeTHi BTpaTn”. HacuueHocTi (norika

BMMOT 10
BUMIpIOBaHb AK
OpiEHTMP).

2) PRR PRR Kopentoe 3 BusHauuTh noporu “3ybui” PRR y yaci PRR pi3Ko pearye Ha MopiBHAHHA PRR
iHTerpanbHoto 3aHATOCTI, 33 AKUX NOACHIOTbL bursty- KONOKaL,jto, KOpEeKTHe nuwie 3a
eHeprieto B cMmy3i PRR nepexoautb y nxkepena (Wi-Fi- eKpaHyBaHHA, €AMHOr0 NPOTOKONY
npuiimayda (SDR Ak HecTabinbHui cnanaxu, cTpubku «TiHb». MOKa3yeE, Wo norysaHHsA (naketu/
“cnocrtepiray”); pexum, nigBoauTb TOLLO). bi3nyHNiA piBeHb iHTepBanu/ pexvmm
3pYy4YHO Ana o igei MOXe AOMiHyBaTh noBTOpiB).
CEHCOPHUX MOAYNIB. cniBicHyBaHHA Ha/, NPOTOKONOM.

3) Throughput/ 3i 3pocTaHHAM Bucoka 3aliHATiCTb Cnanaxosi 3aBaau MpocTtopose MoTpibHi ogHakoBI

Goodput CneKTpanbHOi 3HUXKYE KOPUCHUI NOPOAKYIOTb po3HeceHHs/ iHTepsann
iHTEeHCMBHOCTI Tpadik HaBiTb Npu KOPOTKi NnpoBanu Opi€eHTaLis iHOAj BUMIpPIOBaHHA i
nponycKHa nomipHomy PER NponycKHOT nigHiMae KopUCHUA CMHXPOHi3aLia Yacy;

SDR-cnocTepexeHHsA
mae 6ytn
npue’s3aHe Ao
NaKeTHWX NOTiB.

4) Latency/ Jitter

IHTepdepeHLin
36iNbLUYE 3aTPUMKM
yepes nosTtopu/
ajanTauii; 3py4Ho
HOpMYNOETLCA AK
naHutor “disvka -
npoToKon -> yac”.

Hasitb 6€3 pocty
PER, 3aiHATICTb
36inbLye
NATEHTHICTb Yepes
OuiKyBaHHA gocTyny
[0 KaHany.

Cnanaxw pisko
36inbLYOTH
BapiaTUBHICTb
(BKMAm), wo
BaXKMBO ANA
PO3YMiHHA
HecTabinbHocTi
cepsicy.

BapiaTtuBHicTb moKe
pi3KO 3MiHlOBaTUCA
Bif, po3TallyBaHHA
yepes RSSI/ 6araTo-
NpPOMeHeBiCTb

Yacosi miTkM Ta
cTabinbHicTb
BMMIipIOBaHb; 6e3
apTedakris
BiATBOPIOBAHOCTI
BUCHOBKM Mpo
BapiaTUBHICTb
HeHaainHi.
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Mertpuka
HagiiHocTi \
MpakTtnka EMI

A

B

C

D

5) Yacosa
cTabinbHicTb
(outages)

MNepeboi B poboTi
4acTo BUAHO AK
nepioau
LOMIHYBaHHA
CUNbHOTO Axepena
B CMEKTpOrpami.

3alHATICTb NpaLtoe
AK NPOCTUI
NpeAVKTOp: 3a AKUX
3HaYeHb 3aMHATOCTI
BUHUKAIOTb
po3puBH.

Haltunosiwa
npuyrHa nepebois —
KOPOTKi, ane ayxe
CUAbHI nogii.

BaunsbkicTb g0
iHTepdepepa abo
eKpaHyBaHHA
NOopPOAKYE
NOBTOPIOBAHI
npoBany; Le Nerko
BiITBOPIOETHCA B
ayauTopii

Baxxnuso
BiflOKpemnioBaTH
peanbHi nepeboi Big
apTedakTis
(nepeBaHTaXKeHHs,
noporu geTekduii,
HecTani
HanawTyBaHHA).

TEeXHIYHMMMU
3aco6amm HaBYAHHA.

*[loscHeHHs 0o cmoenuie (npakmuku EM3): A — cnekTpasbHa iHTeHcuBHICTb (PSD/ cnektporpama); B — 3aiHaTicTb KaHany (channel
occupancy); C—imnynbcHicTb/ nepepusyacTictb (bursty); D —npocToposi YMHHMKK (BiacTaHb/opieHTalin/ ekpaHyBaHHA); E—npoueaypHi YAHHUKK
BUMiptoBaHHA (NapameTpu FFT, noporu, nepeBaHTaXKeHHA npuiimayda, dikcauia HanawTyBaHb; mexi SDR AK HaB4yanbHOro iHCTpymeHTa). SDR
pPO3rnAAAETLCA AK HAaBYaNbHUI 3acib cnocTepexkeHHsA, a He cepTUdiKaLiMHWIA BUMIPIOBANbHUIA NPUIAMaY; BUMOTU CTaHAAPTIB BUKOPUCTAHO AK
OpIEHTMP BaniAHOCTI Npoueaypu.

Lepeno: asmopcbka po3pobka (cmpykmypa i 38imHicme opaaHizoeaHi 3a Arksey & O’Malley (2005) i PRISMA-ScR (Tricco et al., 2018)).

HaBegeHa maTpuuA BiANOBIAHOCTI BBOAWUTLCA AK IHCTPYMEHT NPOEKTYBAHHA NabopaTopHOi poboTK, y AKil TeXHIYHI
3aco6bu HaByaHHA (SDR i npocTi pagiomoayni) 4onomaratoTb NEPenTH Big ONMCY e1IEeKTPOMArHiTHOro cepefoBuLLa A0 NOACHEHHA
noseaiHKkK iHpopmauiiHoi cuctemu. OaHa i Ta cama CnekTpasibHa KapTUHA MOXKe NPU3BOAUTM A0 PisHUX Hacniakie ans PER, PRR,
NPONYCKHOI 34aTHOCTI abo 3aTPMMKM 3a/EXKHO Bif 4YacOBOI CTPYKTYypu iHTepdepeHLii, goctyny Ao edipy Ta po3TallyBaHHA
npucTpois. MaTpuua 3agae “moBy y3rogxKeHHa”: (a) Akl came NposB 3aBag MU iKcyemo (CNeKTp, 3alHATICTb, cnanax-nogii,
npocTip, npoueaypa), (6) AKy METPUKY HaAIMHOCTI 0BMPAEMO AK HaBYasIbHY Lib, (B) AKUI NPUUMHHUI MEXAHI3M OYIKYEMO i K
noro nepesipAaemo.

MeparoriyHa UiHHICTb MATPUL NOAATAE B TOMY, LWO: 3400yBay OCBITU OTPUMYE CNEKTPOrpamy, asie BACHOBOK GopMytoE
He Ha piBHi 3aranbHUX ¢pa3 (“3aBaam noripwyoTb 38’A30K”), MaTpULA NPUMYLLYE KOHKPETM3yBaTK: “AKMiM TUN 3aBag”, “Aka
MeTpuKa”, “AKa npoueaypa BUMIpIOBaHHA”, “AKNI 3B"A30K Mix HUMK”. PamKa BNPOBaAKEHHA 331a€ EAMHUI CLLeHapil, y AKomy
TeXHIYHi 3acobun HaBuyaHHA He “intocTpyloTh” Temy, a NiATPMMYIOTb POPMYBAHHA NOACHEHHA Y NIAHLIOXKKY: €N1eKTPOMArHiTHi
3aBafu — NapameTpu curHany/goctyny Ao edipy — METPUKM HALiMHOCTI.

OBlrOBOPEHHA

3anponoHoBaHa MaTpuuA BiANOBIAHOCTI Ta pamKa BNPOBAAMKEHHA 3aKPMBaKOTb HAABHUN METOOUYHWI PO3pUB: Y
HaBYa/IbHIN NPaKTUL cnocTepiraeTbcA TeHAeHLia 380ANTH poboTy 3 SDR 40 AeMOHCTpaLii cnekTpa, Toai K ana iHbopmaLiiHmx
CUCTEM NPUHLUMMOBUM € iHLLE: AK 3MIHW B €N1EKTPOMArHiTHOMY cepefoBULLL NOPOAMKYIOTb 3MiHY METPUK HAZIMHOCTI NnepefaBaHHA
OaHUX, WO ONUCYIOTb CEPBIC y¥Ke Ha PiBHI cuctemn. MaTtpuua NponoHye GopmanizoBaHUn “micToK” Mixk LMMK PiBHAMU. BoHa
[03BONIAE MPOEKTYBATM nabopatopHy poboTy Tak, wob cnoctepekeHHa EM3 6yno nos’s3aHe 3 KOHKPETHOI METPUKOID
HagiiHocTi (PER/PRR/throughput/latency/outages) i mano nepeabayysaHmit MexaHi3m, a He iHTYITUBHMIN KOMeHTap.

3anponoHoBaHa CTPYKTYpPa 3MiHIOE CTaTyC TEXHIYHWUX 3acobiB HaByaHHA. SDR, pagiomoayni Ta nporpamHi iHCTPyMeHTH
(GNU Radio abo aHanoru) nepectatotb 6yT1 “intoctpatopamun” asuu,. BoHu cTatloTb 3acobamum opraHisauii gokasis: 3406yBay
OCBITM CNOCTEpIra€e CNeKTPasbHy KapTUHY, ONUCYE 3aNHATICTb KaHa/ly Ta YacoBY CTPYKTYpY iHTepdepeHL,ii, a noTim 3icTaBnse ue 3
IoraMu NakeTiB i OTPUMAHUMMN METPUKAMU. TaKke NOEAHAHHA NIATPUMYE iHKEHEPHUIA TUN MUCNEHHS, WO A06pe y3roaKyeTbea 3
nigXxo40oM “3aHATICTb - MPONYCKHa 34aTHiCTb/3aTpMMKa” y HaBuaHHi (European Telecommunications Standards Institute, 2019).
OKpemy MeToAMYHY PO/b Bifirpae npouesypHUit BUMIp BUMIPIHOBAHb, AKUIA Y3rodyKyeTbcA 3 norikoto 6asosux EMC-cTaHpapTis,
0, XapaKTepPUCTMKM anapaTypu i BUMiptoBaibHa NpoLeaypa BU3Ha4YaloTb BanigHICTb TBEpPAKEeHb NPO pagio3asagm (International
Electrotechnical Commission, 2019).

OBMEXEHHA

ObmexeHHsA Uiel poboTn BUNAMBAOTL Hacamnepes, i3 ii TMNY Ta 3 NPUPOAM 0BPAHMUX TEXHIYHMX 3acObiB HaBYAHHA.
Mo-nepwe, ornag mae ¢opmaT scoping review i He nepenbayae meTaaHanizy abo KifbKiCHOro y3araibHeHHs epeKTis, Tomy
3anNponoHOBaHA MATPULA Ta pamKa He € “AoBeseHo epeKTUBHOK METOANKOK” B CTaTUCTUHHOMY CEHCI. BOHM € KOHLLENTYaNbHO
CUCTEMATM3ALLIEID NPAKTUK, ONUCAHUX Yy NiTepaTypi, Ta NPOMNO3ULiEI0 IXHbOrO MeAaroriyHOro ynopazKyBaHHA BiAMOBIAHO A0
meTogonorii scoping review (Arksey, & O’Malley, 2005).

Mo-gpyre, y ctatti SDR HAaBMUCHO TPaKTYETbCA AK 3acCib HAaBYANbHOrO CMNOCTEPEXKEHHA, @ He K CTaHAAPTU30BaHWUM
BMMIPIOBANbHUIM NPUIAMaY ANA OLLHIOBAHHA eNEeKTPOMAarHiTHWUX 3aBag. Lle 03Hayae, Wo pe3ynbTaTv N1abopaToOpHMX CNOCTEPEKeHb
He MOMKYTb iHTepnpeTyBaTUCA AK BiANoBiAHICTb/HEBIANOBIAHICTL BMPO6iB EMC-HOpMam i He MaloTb NEePeHOCUTUCA Ha 3adaui
cepTudikaLiimHoOro KoHTponto. BogHouac BuKkopucTaHHA CISPR 16-1-1 sk OpieHTMP BUMIpHOBa/IbHOI Ky/bTypy 3400yBayiB OCBIiTU
He ycyBae obmeKeHb, NOB'A3aHMX i3 KanibpyBaHHAM, AMHAMIYHMM fiana3oHOM, AHTEHHOK CUCTEMOIO Ta PU3MKOM
nepeBaHTaXKeHHA NPUIMMayda, AKi B HaBYaZIbHUX YMOBAX iHKO/IM Ba)KKO KOHTpOAtoBaTM MoBHicTio (International Electrotechnical
Commission, 2019)

Mo-TpeTe, choKycoBaHicTb Ha 2.4 GHz ISM-ajiana3oHi mae ABOICTUIM XapaKTep. 3 04HOro 6oKy, Le HaUTUNOBIWKIK NPOCTIP
ONA OCBiTHIX nabopaTtopili i ToMy nesaroriyHo BUNpPaBAaHUN. 3 iHWOro 60Ky, He BCi BUCHOBKM WOAO MeXaHi3miB 3aMHATOCTI
KaHany, goctyny Ao edipy Ta TUNOBUX gyKepen iHTepdepeHLii MoXyTb ByTU 04HAKOBO MepeHeceHi Ha iHWi giana3oHu abo Ha
cneuianisoBaHi npomuncnosi pagiocuctemun. HopmatmsHi Bumorn ETSI EN 300 328 BigobparkatoTb came Knac LWMPOKOCMYTOBUX
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cuctem y 2.4 GHz i He NOBMHHI MexaHiYHO EeKCTPano/toBaTUCA Ha iHWI perynaTopHi pexkumun (European Telecommunications
Standards Institute, 2019).

Mo-yeTBepTe, 3aNpONOHOBaHa pPamKa 33[a€ MiHIMaNbHWUIA NaKeT pe3y/bTaTiB BiATBOPIOBAHOCTI, MPOTE He rapaHTye
04HaKOBOI AKOCTI peanisauii y pisHMX HaBYasbHUX cepefoBuLLaX. Ha nMpaKTuLi Ha pe3ynbTaTi BnaMBaloTb GOHOBI Axepena
BMNPOMIiHIOBAHHA, NPOCTOPOBI 0COBAMBOCTI ayauTOpil, pi3HMIA piBeHb NiAroTOBAEHOCTI 3406yBayiB OCBITM Ta BigMiHHOCTI y
nporpamHmx peanisauisx 36opy noris. Lle obmexKeHHa cnig, BpaxoByBaTH Mifg, Yac NepeHeceHH PaMKM MiXK 3aKnagamm OcCBiTH i
nig Yac iHTepnpeTauii HaBYaIbHUX Pe3yNbTaTiB, HaBITb AKLLO Npoueaypa Moxe 6yTh GopManbHO BigTBOPEHa.

BUCHOBKM TA NEPCNEKTUBM NOAANBLUOIO AOC/NIAXKEHHA

LleHTpanbHUM pe3ynbTaToM AOCAIAKEHHA CTana MaTpUuA BiANOBIAHOCTI «NpakTUKa EM3 — meTpuKa HaAiiHOCTI», AKa
33[3€ PaMKy NPOEKTYBaHHA /flabopaTopHMX POBGIT i 3MEeHWYe PU3KMK NiAMIHM iHXXEHEePHOro BUCHOBKY AEeMOHCTpaLielo
cnekTporpam. 3anponoHOBaHa pamKa BMPOBaAKEHHA BM3HAYA€E MOCNIAOBHICTL i i MiHIManbHUI nakeT apTedakTis
BiATBOpPIOBAHOCTI (KOH®Iirypauii SDR, onuc cepeaoBuLLa, cupi 10K, cnocib 06YNCNeHHA METPUK | KOPOTKUI XKypHa pilleHb), Wo
pobutb pesynbTaT HaBYaHHA TaKMM, WO MOXHa nepeBipUTU. [lepcnekTMBM MNOAANbLWIKMX AOCAIAMKEHb Y HaBYaJbHUX
ekcnepumeHTax i3 SDR noe’si3aHi Hacamnepeg, 3 eMNipMYHOK Banifaui€lo 3anponoHOBaHOI MaTpULi BigNOBIAHOCTI Ta pamKu
BNPOBagKeHHA. [louiNbHO NepeBipuTH, UM NIABULLYE TaKa CTPYKTYpMU3auia 34aTHICTb 3406yBadiB OCBITM ByayBaTU NPUYUHHI
NOACHEHHA “XapaKTepucTMKa 3aBag, — 3MiHa METPUKM HAAIMHOCTI”, @ TAaKOM YM 3MEHLUYE YACTKy AEeKNapaTUBHUX BUCHOBKIB Y
3BiTax 3400yBayiB 33 pe3y/IbTaTOM BUKOHaHHA pobiT. Moganblwi po3BigKM MOXKYTb BYTM CPAMOBaHI Ha afanTalio maTpuui 4o
3MillaHOro i AncTaHuiiHOro ¢opmMaTiB HaBYaHHSA; BaXK/MBUM € PO3LUMPEHHA NPEAMETHOrO NoA 33 MeXi 04HOro AianasoHy Ta
04HOrO KNacy NPUCTPOIB: NOPIBHAHHA HaBYaNbHUX edeKTIB | TUNOBMX MOMMUIOK iHTepnpeTaL,ii ANA Pi3HWUX TEXHONOFIN (HanpuKknag,
Wi-Fi, Bluetooth) i pisHux ymoB cepenoBwiia [03BONUTb YTOYHUTU YHiBepcasbHi Ta cneuudiyHi eNemeHTH 3anponoHoBaHoO!
MaTpULi 1 pamku.

KOH®NIKT IHTEPECIB

ABTOpPM NiATBEPAXKYIOTb BiACYTHICTL GiHAHCOBMX, OCOBUCTMX UM iHWMX iHTEpeciB, LLO MOXYTb PO3rNAAATUCA AK
NoTeHUiMHNIN KOHGAIKT iHTepeciB Wwoao nybnikauii wiei ctaTTi.

OXKEPENA ®IHAHCYBAHHA

Po60Ta BMKOHaHa 3a BiACYTHOCTI GiHaHCOBOT NiATPMMKM 3 BOKY ByAb-AKUX opraHisauin.

AOCTYNHICTb AAHUX

Lle TeopeTuyHe AOCAiOKEHHA He Nepeabadvae BUKOPUCTAHHA J0AATKOBKX Habopie AaHMX.

BUKOPUCTAHHA 3ACOBIB LUTYYHOTO IHTENEKTY

IHCTPYMEHTMU LUTYYHOTO iHTENEKTY BUKOPUCTOBYBAANCA NPU MOLLYKY HayKoBUX axepen (Perplexity), nepeknaai aHoTaui
(ChatGPT) Ta rpamaTuuHiii Kopekuii TekcTy pobotu (Grammarly). Yci pe3ynbTaTv KpUTUYHO NepernsHyTi, nepesipeHi Ta
BigpenarosaHi asTopamu. ABTOpW HeCyTb NMOBHY BifNOBIAANbHICTb 3@ 3micT NybaikaLii.
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